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PREFACE 


This  book  contains  the  Proceedings  of  the  Fourth  Conference  on  the  Numerical  Simu- 
lation of  Plasmas  held  at  the  Naval  Research  Laboratory.  Washington,  D.C.  on  the 
2nd  and  3rd  of  November  1 970.  The  conferences  on  the  Numerical  Simulaiiun  of  Plasmas 
were  used  in  the  past  to  disseminate  progress  in  the  state-of-the-art  of  plasma  simula- 
tion and  specific  applicstions  of  computer  experiments  to  plasma  physics.  The  first 
conference  was  held  in  1967  at  the  College  of  William  and  Mary;  the  second  was  held 
in  1968  at  the  Los  Alamos  Scientific  Laboratory  and  the  third  at  Stanford  University 
in  1969.  At  the  time  of  the  Fourth  Conference,  the  field  reached  a highly  sophisticated 
degree  of  maturity  and  won  the  acceptance  of  the  general  Plasma  Physics  Community. 
The  number  of  presentations  related  to  plasma  simulation  at  APS  Meetings  of  the  Plasma 
Physics  Division  has  been  exponential  since  1963.  Eight  percent  of  the  total  papers 
presented  at  the  1970  APS  Meeting  were  in  the  field  of  numerical  simulation.  Most  of 
these  papers  were  oriented  toward  the  application  of  numerical  methods  to  the  solution 
and  understanding  of  physical  phenomena.  Therefore,  the  decision  was  taken  at  the 
Third  Simulation  Conference  at  Stanford  to  restrict  the  papers  presented  at  the  Fourth 
Conference  to  numerical  techniques  rather  than  the  application  of  such  techniques  to 
plasma  physics.  It  was  further  decided  that  the  papers  should  be  more  comprehensive 
even  though  this  would  reduce  the  number  of  papers  which  could  be  presented  orally 
at  a two-day  conference.  The  selection  of  papers  for  oral  presentation  at  the  Conference 
was  based  on  the  detailed,  extended  abstracts  submitted  by  the  authors.  These  extended 
abstracts  provided  the  basis  for  evaluating  proposed  presentations  in  light  of  the  two 
objectives  of  the  Conference.  The  ultimate  objective  of  the  Conference  was  to  present 
the  state-of-the-art  to  which  plasma  simulation  has  evolved.  An  auxiliary  goal  was  to 
nuke  available  to  the  general  community  a set  of  proceedings  encompassing  all  aspects 
of  the  field  and  providing  the  researcher  with  a working  reference  and  the  graduate  student 
with  guidelines  in  this  area  of  research. 

The  Conference  was  comprised  of  four  sessions.  The  first  session  was  composed  of 
advanced  numerical  models  and  programming  methods  for  computer  representation  of 
plasmas.  The  second  session,  designated  computational  sciences,  was  comprised  en- 
tirely of  invited  papers  which  dealt  with  numerical  techniques  in  fields  other  than  plasma 
physics.  The  third  session  dealt  with  numerical  methods  for  the  solution  of  plasma  models 
other  than  particle  simulation.  The  fourth  session  included  the  theory  of  particle  simula- 
tion as  well  as  detailed  optimization  techniques. 

It  is  felt  that  this  Proceedings  provides  a reasonably  complete  and  detailed  exposi- 
tion of  the  current  state  of  numerical  plasma  simulation  and  will  be  useful  to  both  the 
novice  in  the  field  and  the  professional. 

We  wish  to  extend  our  thank . to  the  authors  and  participants  who  made  the  1970 
Conference  a success.  We  are  grateful  to  Professors  C.  K.  Birdsall  and  J.  M.  Dawson 
for  their  assistance  in  selecting  the  format  of  the  Conference.  We  would  like  to  acknowl- 
edge the  help  and  assistance  provided  by  the  Management  of  the  Naval  Research  Lab- 
oratory in  the  hosting  of  this  Corierence,  and  especially,  the  superb  efforts  of  the  Tech- 
nical Information  Division  in  the  preparation  of  these  Proceedings.  In  addition,  we  would 
like  to  acknowledge  the  help  and  assistance  of  Mrs.  Tena  M.  Mason  and  Mrs.  Melba 
O.  Doorosky  in  organizing  the  Conference  without  which  the  Conference  could  not 
have  been  held,  as  well  as  their  efforts  in  prodding  the  editors  in  the  preparation  of  manu- 
scripts. 
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Relativistic  Plasma  Simulation —Optimization 
of  a Hybrid  Code 

J.  P.  Don% 

Saval  Rr\earrk  t.-’ho-uuiry 
Washingum,  IKC. 


I.  httroduction 

This  paper  contains  the  description  of  a plasma-sljnulatlon  proeram, 
CURAD,  for  two-dinensional  systems  cf  charged,  fully  relativistic  partic"  es 
with  fully  retarded,  self-consistent  electric  and  magnetic  fields.  The  geointtry 
of  the  basic  physical  system  is  r-z  cylindrical,  so  tne  elemental  charges  are 
azlffluthally  synaetri'.  rings,  but  the  methods  generalize  to  other  geometries 
and  to  three  dimensions  quite  easily.  Two  and  three  dimensional  calculations 
on  such  a complete  plasma  model  would  have  been  rather  impractical  on  the  small, 
slow  computers  of  previous  generations;  therefore,  only  recently  has  the  pro- 
blem of  finding  efficient,  accurate,  numerical  models  for  solving  this  problem 
been  much  more  than  an  academic  exercise.  The  larger  and  faster  machines 
presently  available  make  these  calculations  possible  today,  however,  and  the 
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soaring  costs  of  hlgfa-technology  plsfaia  experistents  aaXe  tbeo  necessary.  Thus, 
the  author  hopes  that  CQ£AJ)  will  be  of  interest. 

Many  iaiportant  problems  in  astrophysics,  plaswt  physics,  high  energy 
accelerator  physics  and  electronics  can  be  approached  ccnputationally  by 
foUoHlng  the  orbits  of  a great  mmiber  of  representative  simulation  particles 
under  the  interactions  of  tteir  self-consistent  electrostatic  and  electrcnagnetic 
forces.  These  self-consistent  fields  are  often  augmented  in  real  probleais  by 
additional  forces  catised  by  charges  and  ciurrents  which  are  external  to  the 
donain  of  interest.  Electrostatic  calculations  in  plasma  codes  with  time 
indepenuent  applied  electric  and  magnetic  fields  have  been  used,  ’ ’ for  example, 
to  study  electrostatic  streaming  Instabilities  and  magnetic  cmtainment  problems. 

It  has  long  been  realized  that  self-consistent  magnetic  fields  would  have  to  be 
calculated,  as  well  as  the  electrostatic  fields,  to  tiave  an  adequate  description 
of  many  important  plasma  physics  problems.  Although  the  self-consistent  electro- 
static forces  dominate  in  some  non-charge -neutral  systems,  there  exist  many  regimes 
where  self-consistent  electromagnetic  effects  cannot  be  tgm-v ; 1. 

Two  rather  different  circumstances  can  occur  in  jj^sna  problems  which 
are  essentisJly  charge  neutral.  In  one  class  of  problems  fairly  large,  approxi- 
mately divergence-free  currents  are  present;  the  magnetic  fields  and  induction 
electric  fields  which  arise  can  then  be  comparable  to  or  larger  than  the  residual 

it 

electrostatic  fields  caused  by  deviations  from  charge  neutrality  in  the  plasma. 

In  another  class  of  charge -neutral  problems  there  need  be  no  large  plasma 
currents  and  yet  electroamignetlc  effects  contribute  significantly  to  the  plasma 

tS  Y s 

behavior,  for  exasple,  through  radiation  effects  or  anisotropy  Instabilities,  ’ ’ 

In  many  cases  the  approach  of  non-equilibrium  plasma  to  thermal  equilibrium  is 
detensine  .i  predominantly  by  relatively  weak  elcctrcmagnetic  effects  rather  than 
the  stroiiger  electrostatic  phenomena  simply  because  non-equilibrlua  plasmas. 


4 


Relativistic  Plasma  Simulation 


lAich  are  electrostaticalljr  utable,  are  oft«i  unstable  to  one  of  the  electro- 

■Bgnetlc  sodes.  Froblens  of  these  two  types  are  often  those  in  wliich  induction 

electric  fields  are  istportant  but  where  the  transverse  displsceaent  current  .’a 

not  the  dodnating  ten  in  As^ere's  Law.  This  induction  aodel,  where  the  aagnetic 

vector  potential  satisfies  the  ?alscon  Equation,  ~ 1.  > is  usually  called 

q 

Darwin’s  nodel.'  Electronagnetic  radiation  is  not  present  but  the  induction 
electric  field  is  retained  so  that  low-frequency  electronagnetic  plssna  phencneua 
such  as  Alfven  waves  will  be  properly  described.^ 

In  a third  class  of  problews,  the  particles  are  fully  relativistic.  The 
■agnetlc  and  electric  energies  are  then  comparable,  even  in  non-charge-neutral 
systens.  In  this  class  of  problesu  the  self-ccmsistent  electromagnetic  radiation 
can  also  be  important.  Altbou^  there  are  many  problems  where  the  particles  are 
relativistic  but  where  radiation  can  be  neglected,  and  many  probleiu  where  radia- 
tion interactions  are  isportant  but  where  the  particles  are  non-relativisth'^ , 
the  usefulness  of  a plamaa  simulation  prograai  which  handles  both  relativistic 
particle  effects  and  a fully  time-dependent  electixmagnetic  field  is  assured. 
Intended  ^plications  fcr  CUMD  are  relativistic-electron-beam  generation  and 
propagation,  electron-rlng-accelerator  design,  transmission  line  transfozmer 
design,  and  basic  plasma  studies. 

In  CYLRAD  ell  three  components  of  the  electric  field  and  all  three 
components  of  the  magnetic  field  are  advanced  forward  In  time  from  the  evolvant 
Maxwell  Equations, 


» cVx^-l*n 

(la) 

OB 

(lb) 

5 


Boris 


using  a fully  reversible  algorithm  which  ensures  that  the  constitutive  Maxwell 
Equations , 


£ • E ■ 4n  P , and  (2a) 

7 • B ■ 0 , (2b) 

are  satisfied  to  computer  round-off  accuracy  at  each  timestep.  Here  E and  ^ 
are  the  vector  electric  and  magnetic  fields  respectively,  ^ and  p are  the 
current  and  charge  densities,  and  c is  the  velocity  of  light.  Azimuthal  symmetry 
gives  simple  conditions  on  £ and  p at  the  axis  and  perfectly-conducting 

metallic  boundary  conditions  are  presently  being  applied  at  a finite  radius 
^nax  * ® tractable,  bounded  sytem.  The  system  is  periodic 

in  the  Z direction  with  a replication  length  of  * NZ‘6z. 

The  relativistic  Newton  Equation  for  each  particle  using  the  Lorentz 
force  in  the  laboratory  frame  of  reference. 


qE 

dt 

m^c 

(5a) 


completes  the  specification  of  the  system.  Here  q and  are  the  particle 
charge  and  rest  mass  and  the  velocity  V is  related  to  £ , by 


V --  P . 


(5b) 


Notice  that  the  rest  mass  has  been  ext.'acted  from  the  definition  of  An 
accurate,  reversible  single-pa.ss  method  for  integrating  these  particle  equations 
is  presented  which  gives  the  correct  particle  orbits  in  the  simple  limits.  This 
algorithm  takes  special  account  of  the  cylindrical  geometry  so  that  orbits  passing 
through  the  axis  can  be  integrated  without  loss  of  accuracy. 
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The  algorithm  described  here  is  more  flexible  than  those  given  pre- 
viously^ and  reduces  to  previous  algorithms  in  special  cases.  This  algor ithn 
retains  the  advantageous  property  of  being  fully  reversible  while  decoupling  the 
prescriptions  for  current  and  charge-density  apportionment.  Thus,  an  electro- 
static calcu.'atlon  can  be  recovered  by  setting  c and  ^ to  zero  in  Eqs.  (la-lb) 
and  various  charge  and  current  algorithms  can  be  tested  to  optimize  the  playoff 

between  accuracy  and  running-speed.  The  method  is  computationally  fast  because 

12  6 

expensive  divergence-conservative  cxirrent  * algorithms  can  be  bypassed.  Further, 
several  timesteps  of  the  electronagnetic  field  qmntities  can  be  performed,  for 
each  particle  timestep,  without  destroying  the  reversibility  of  the  algorithm. 

Thus,  particle  pushing,  which  is  at  best  an  expensive  process,  need  only  be  done 
once  every  few  timesteps  whe!i  the  particles  satisfy  « c and  « c/6x. 

In  this  paper  the  main  emphasis  has  been  placed  on  numerical  techniques 
with  the  aim  of  showing  how  the  various  aspects  of  program  optimization  can  be 
balanced  in  constructing  a fairly  general  plasma  simulation  code.  The  CYLRAD 
program  falls  into  the  category  of  a hybrid  code,  one  which  contains  features  of 
both  fluid  and  particle  calculations.  In  CYLRAD  the  partial  differential  Maxwell 
Equations  are  solved  by  finite  difference  techniques  while  the  particle  equations 
of  motion  are  integrated  using  techniques  specially  devised  for  performing  fast 
particle  trajectory  calculations. 

The  di^.cussion  of  the  methods  breaks  similarly  into  two  parts,  the 
solution  of  the  Maxwell  Equations  with  arbitrary  sources  £ and  p,  and  the  integra- 
tion of  the  particle  equations  of  motion  with  arbitrary  forcing  fields.  In 
Section  II,  the  details  of  the  Maxwell-Equation  integration  are  given  and  analyzed. 
Appendices  A,  B,  and  C discuss  important  side  issues  related  to  solving  the 
Maxwell  Eqxiations.  Foisson-solver  programs  are  discussed  briefly  in  Appendix  A. 

In  Appendix  B,  generalizations  to  other  geometries,  to  three-dimensions,  and  to 
implicit  difference  schemes  are  considered.  Appendix  C generalizes  the  discussion 
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to  cover  the  case  where  the  dielectric  constant  of  the  medlxra  c(z,r),  is  not 
constant  and  where  the  boundary  conditions  are  ccnpllcated.  Section  III  describes 
the  details  of  the  fully  reversible  particle  integration.  Section  IV  contains  a 
discussion  of  merging  these  two  major  parts  of  the  code.  A method  is  presented 
for  integrating  the  particles  over  a much  longer  timestep  than  is  possible  for 
the  electromagnetic  fields  while  keeping  the  overall  algorithm  fully  time  rever- 
sible. Section  V describes  of  a few  simple  test  calculations  performed  to  test 
the  code  and  to  point  out  the  various  computational  properties  of  the  method. 
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II.  SOLUTION  OF  THE  MAXWELL  EOmTIOMS  WITH  ARBITRARY  SOURCES 

In  this  section  the  particialar  s tagger ed-leapfrog  integration  of  the  Maxwell 
Equations  (la -2b)  used  in  CTLRAD  is  described  in  detail  assuming  that  the  charge 
density  p (r,z,t)  and  the  three  components  of  the  current  (r,z,t)  are  arbitrary 
but  given  functions.  These  sources  need  not  satisfy  the  charge-conservation 
condition,  Eq.  (U),  exactly.  The  CYLBAS  algorithm  corrects  for  any  discrepancy 
between  p and  £ as  related  by  Eq.  (U)  so  we  are  considering,  for  the  moment,  just 
a general  purpose  Maxwell-Equation  solver.  The  algorithm  given  here  decouples 
the  charge-and-current-apportionment  prescriptions  for  added  efficiency,  con- 
venience, and  flexibility.  The  discussion  concerned  with  relating  these  source 
terns  to  the  particles  is  deferred  until  Section  IV. 

Professor  0.  Bunetnan  of  Stanford  has  pointed  out  the  computational  advan- 
tages of  employing  a reversible,  fully-causal  formulaticm  for  the  electromagnetic 
field  equations.  He  argues  that  the  digital  computer  is  basically  a causal 

device,  processing  information  in  a deterainistic  way,  and  one  will  find  com- 
putational physics  an  easier  discipline  if  this  is  kept  in  mind.  He  further 
argues  that  reversible  algorithms  which  mirror  ths  reversibility  properties  of 
the  classical  manybody  problem  should  be  used  in  the  numerical  calculations. 
Whatever  other  misbehaviors  may  be  present,  certain  types  of  instability  and 
other  systematic  inaccuracies  will  be  absent.  Modem  computers  are  specially 
suited  to  simple,  very  fast  calculations  so  it  is  easier  and  usually  more 
profitable  to  use  simple,  clean,  low-order  algorithms  and  a highly  refined  mesh 
rather  than  complicated  high-order  schemes  and  coarser  meshes.  The  fomer 
course  conforms  more  closely  to  the  "mentality"  of  modem  computers  than  the 
latter  and  considerably  shortens  the  lead  tlaie  to  results.  In  other  words  it  is 
often  better  to  use  brute  force  subtly  in  computational  physics  rather  than  to 

try  to  be  brutal  in  the  use  of  subtlety  since  the  essence  of  high-speed  computers 
24 

is  brute  force. 
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The  numerical  algorithm  suggested  by  Buneman  fcr  solving  the  Maxwell 
Equations  in  three-dimensional  Cartesian  coordinates  automatically  ensured  the 
consistency  condition 

+ 7 • J « 0 (4)  . 

by  carefully  choosing  a current-accumulation  algorithm  to  complement  the 
charge-interpolation  algorithm.  Professor  Bunanan  further  suggested  a relatistic 
particle-pushing  algorithm  to  ensiire  that  V for  the  simulation  particles  could  never 
exceed^,  the  velocity  of  propagation  of  waves  in  the  Maxwell  Equatio  s.  Although 
Buneman  realized  that  this  algorithm  would  be  useful  for  solving  problems  where 
electromagnetic  modes  interact  strongly  with  plasma,  he  also  pointed  out  that  an 
artificially  small  value  of  c could  be  used  to  bring  the  various  time  and  length 
Scales  in  the  plasma  closer  together  for  computational  convenience.  This  is  much 
in  the  spirit  of  choosing  a 100:1  mass  ratio,  for  instance,  in  electrostatic 
calculations . 

A recent  application  of  these  ideas^*  has  generalized  the  charge  apportion- 
ment to  bilinear  interpolation  and  specialized  the  calculation  to  two  dimensions. 

The  CYLKAD  code  solves  the  Maxwell  Equations  in  a 2-D  azimuthally  symmetric, 
perfectly-conducting,  metalic  cylinder  but  the  basic  algorithm  is  applicaole 
for  three  dimensions  and  for  other  geometries. 

23  59 

A staggered- leapfrog  scheme  is  used  to  advance  £ and  E causally  in  a 

fully  space-  and  time-centered  way.  Figure  1 shows  the  entire  time  line  for 
CYLRAD  with  the  electromagnetic  field  integration  and  the  particle  integration 
separated.  We  are  primarily  interested  in  the  field  integration  here,  the  upper 
portion  of  the  figure.  The  electric  and  magnetic  fields  are  specified  at  different 
times  to  ensure  time  centering  and  the  cwrents  are  assumed  to  be  known  at  the 
magnetic  field  times.  The  electric  field  is  integrated  forward  from  t ■ -56t  to 
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Figure  1.  Time  centering  in  CYLRAD.  The  field 
and  particle  variables  are  specified  at  times  such 
that  the  temporal  integration  is  fully  reversible, 
centered,  and  second-order  accurate. 


CYLRAO  GRIDS  xEi;6r,  Jr  O E9,B^J9 

o Ez,Bz,J:  • p.  ^ 


Figure  Z.  The  four  interlaced  meshes  in  CYLRAD.  By 
fully  centering  the  meshes  consistent  definitions  of  the 
finite-difference  operators  allow  full  second-order  ac- 
curacy (except  near  the  axis). 
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t = -26t  using  the  magnetic  field  and  current  specified  at  t = -5/26t  to  compute 
the  right  hand  side  of  Eq.  (la).  The  magnetic  field  is  then  integrated  forward 
one  tinestep  from  t = -5/2^  to  t = -3/26t  using  _E_g  to  compute  the  right  hand 
side  of  Eq.  (lb).  This  leapfrogging  of  E and  ^ can  then  be  repeated  indefinitely 
to  give  the  numerically-computed  tine  evolution  of  the  electric  and  magnetic 
fields.  Since  ^ and  ^ are  both  needed  at  the  same  time  for  energy  diagnostics 
on  the  fields  euid  for  particle  pushing,  7^  is  computed  at  t = 0,  for  example, 
in  a fully  centered  way  by  averaging  B (t  l/26t)  and  ^ (t  - l/26t).  This  is 
done  by  integrating  ^ forward  only  half  a step  on  exit  from  the  field-integration 
fiubroutine  when  t = 0 in  the  figure.  ^ is  then  integrated  forward  another  half 
step  on  ent:ry  to  this  routine  prior  to  performing  the  leapfrog  integration  for 
the  next  few  timesteps.  This  recJuces  the  storage  required  since  ¥ and  can 
reside  in  the  same  matrices  in  the  computer  memory. 

Figure  2 shows  the  four  staggered  spatial  meshes  used  in  the  CYIRAD  program. 

Staggering  the  meshes  in  this  way  ensures  that  spatial  centering,  and  thus  second- 

order  accuracy,  is  maintained  throughout  the  bu'Jc  of  the  mesh.  This,  coupled  with 

complete  time  centering,  ensures  that  full  reversibility  is  also  retained.  The 

meshes  extend  from  IZ  = 1 to  NRl.  The  allowed  region  for  the  particles  extends 

from  z = 0 to  Z „ and  from  r = 0 (the  axis)  to  r = R (the  wall)  as  marked  in 
Bwkx  m&x 

the  figure.  The  r and  8 fields  (x  and  0)  meshes)  have  IR  = 1 at  the  axis  and 
IR  = NRl  half  a cell  outside  the  wall  of  the  metallic  cylinder.  The  Z and  scalar 
fields  (□  and  0 mesh  points)  have  IR  = 1 half  a cell  past  the  axis  and  IR  = NRl 
right  at  the  outer  metal  wall.  The  boundary  conditions  at  the  axis  are  then 

Ej.(l,J)  = 0 = B^(l,j),  (5a) 

Eg(l,j)  = 0 = Bg(l,j), 

p(l,j)  = p(2,j). 
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B (1,J)  - B,(2J),  and 
z z 

E (1,J)  - E (2,j). 
z z 

At  the  outer  limits  of  the  mesh  (the  radial  factors  are  defined  by  Eq.  (8)) 

p(NRl,j)  ■ irrelevant, 

6#(NR1,J)  - 0, 

E^(NR1,J)  - 0, 

B^(NRl,j)  “ computed  normally, 

E^(NR1,J)  - E^(NR,j)»  t'/t*'  , 

B^(NR1,J)  - -B^(NR,j)  , 

E0(NR1,.1)  ■ -Eg(NR,j),  and 
B0(NRi.,j)  - Bg(NR,j)*  rVr"^  . 

The  significance  of  60  will  be  brought  out  shortly. 


(5a) 


(5b) 


Periodic  boundary  conditic«s  on  z are  assumed  (see  Appendices  A,B,C)  so 
columns  IZ  » 1 and  IZ  = NZ2  are  replicated  from  columns  IZ  • I4Z1  and  IZ  = 2 respec- 
tively. These  extra  columns  are  used  as  guardlines,  a technique  also  used  on  the 

26 

MRHYBE  staggered  leapfrog  mesh  , to  simplify  the  calculation  thrcxighout  the  in- 
terior of  the  mesh.  The  value  of  WZ  = NZ2-2  must  te  a power  of  2 in  CYLRAD  to 
satisfy  the  fast-Fourier  transform  Poisson  solver  but  NRl  is  arbitrary.  The  mesh 
spacing  is  uniform  in  both  r and  z but  the  mesh  intervals  6r  and  6z  are  arbitrary. 


Figure  2 could  apply  equally  well  to  a Cartesian  grid  but  the  boundary  con- 
ditions at  the  axis,  Equations  (^a),  would  have  to  be  replaced  by  some  other 
set  appropriate  to  say  a metal  wall.  In  Cartesian  coordinates  it  is  easy  to 
show  that  the  usual  centered  difference  operators  defined  on  the  mesh  of  Fig.  2 
satisfy  the  usual  vector  differential  relations 


2d’V^  *0' 


(6) 
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= 0 , 


and 


(6) 


^0  s V_  • 7jj0  . 


The  maintenance  of  ',^se  relations  in  the  difference  analogues  of  the  differential 
operators  is  essential  if  the  distinction  between  transverse  and  longitudinal 
fields,  vital  to  the  solution  of  Maxwell's  equations,  is  to  hold  properly  in  the 
numerical  solutions.  This  separation  is  used  throughout  CHRAD. 

Since  we  do  not  wish  to  have  divergaice  of  ^ deviate  from  zero,  for  Instance, 

if  initially  set  to  zero,  the  divergence  of  the  curl  operator,  ^x,  must  be 

“D 

identically  zero  in  Faraday's  law,  Eq.  (^a).  This  condition,  when  satisfied, 
has  the  further  consequence  that  the  transverse  and  longitudinal  parts  of  the 
electromagnetic  field  can  be  decoupled  in  the  difference  as  well  as  the  dif- 
ferential Maxwell  Equations  when  the  dielectric  matrix  e = constant.  That  is, 
the  ^ X term  in  Ampere's  Law,  Eq.  (la)  cannot  contribute  to  the  longitudinal 
part  of  E^  either.  To  insure  this,  the  divergence  operator  7^  has  been  chosen  in 
a difference  form  to  ensure  that  7^^  • (7^^  x ^ is  identically  zero  for  any  vector 
field  A whatsoever. 


To  ensure  these  relations  in  cylindrical  coordinates,  I have  defined 

(V^0)^(i.j)  ^ .iLitliJl  - iLiJl  . 

6r 

(Vp0)^(i,j)  = 0(i,j)  -0(i,j-l)  , 

6z 

(Tj^X  A)^(i,j)  = Ag  (i,J+l)  -Ag(i,j) 

^ ’ 

=A^(i,j)  - A^(i,J-l) 

j- 


Aj,(i+l,j)  - A^(i,j)  , 


(7a) 

(7b) 

(7c) 

(7d) 
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(2j)*  A)(i,j)  = 


r^Ag(i,o)  -r‘Ag(i-l,j)  , 

r , fir 
1 

r^Aj.(i,j)  -r'Aj. 

6r 

Aj,(i,0+1)  -A^(i,j) 

62 


(7e) 


(7f) 


The  subscript  D refers  to  "difference"  operator.  Throughout  the  rest  of  this 
paper  the  indices  i and  j will  be  used  for  IR  and  IZ  respectively.  These 
variables  will  be  indexed  as  on  their  respective  grids  in  Fig.  2.  The  indices 
on  the  radial  factors  r.,  r^  and  r^^  have  the  following  meaning: 

^ (i-3/2)6r, 

r^  = rj^+fir/2,  and  (8) 

rT  s r.  - 5 r/2  . 

It  is  an  easy  matter  to  verify  relations  (6)  using  Eqs,  (7)  and  (8).  This  of 
course,  requires  the  definition, 

- r^0  (i+l,.j)-2r^0  (i,j)+r^0  (i-1,,1) 

r.  5r2 

" (9) 


+ 0(i...+l)-20(i..l)+0(i..1-l) 

6z2 

The  step-by-step  leapfrog  integration  of  the  Maxwell  Equations  can  thus  be 
written  symbolically  as 


E(i,J,t  = 6t)  = E(i,j,t  = 0)  + c&t^VjjXB(t  = 6t/2)j  (i,j) 
-4TTjJ(i,j,t  '•  6t/2)  , and 


(10) 


B(i,o,t  = 5/2  6t)  = B(i,j,t  = 6t/2)  - c6t  (t  = 6t)  j (i,j)  . (u) 
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P7  pA  pQ 

This  basic  integration  schene  has  been  tested  thoroughly  in  Synbolic  Algol  ’ ’ ^ 

23  59 

and  discussed  elsewhere.  ’ It  has  the  following  dispersion  relation  (in  Cartesian 
coordinates), 

•fit  c*6t*  k 6x  c®6t*  k 6y  /,„> 

-5 55-  ■l”'  -I-  " 15^  -1^  • 

and  thus  the  stability  condition. 


(15) 


because  it  is  an  explicit  algorithm.  Long  wavelength  modes  propagate  effectively 
at  c btit  there  is  a ntimerlcal  dispersion  of  modes  due  to  the  finite-difference 
approxlaatlons  used.  The  shortest  siode  which  can  be  represent  on  the  mesh 
has  wavelength  2 cells.  Here  k^ix  *tt  , for  instance,  and  the  dispersion,  as 
shown  in  Fig.  3>  Tor  one  dimension,  is  a maxlBium.  The  short  wavelength  modes  are 
slowed  down  below  the  speed  of  light  artificially.  In  one  dimension,  with 
c6t/6x  ■ 1,  this  dispersion  car.  be  minimized  but  in  two  dimensions,  there  are 
always  badly  dispersed  short  wavelength  modes.  In  all  (stable)  cases,  however, 
the  sx>des  are  non-dlffuslve  so  the  mode  lunplitudes  remain  unchanged  In  time. 

The  electromagnetic  part  of  the  CYIBAD  code  is  therefore  completely  energy  con- 
servative in  this  sense. 


Appendix  B considers  extensions  of  the  CYLRAD  electromagnetic  field  Integrator 
to  other  gecoetrlos,  to  three  dimensions,  and  to  other  difference  schemes.  In 
Appendix  C the  inclusion  of  a spatially  varyirg  dielectric  matrix  is  discussed. 

By  including  a matrix  (l/()(i,J)  defined  on  the  9 mesh  (and  averaged  onto  the  other 
3 meshes,  much  more  general  problems  including  Cerenkov  radiation  and  metal  bounda- 
ries cetn  be  Included  with  a minimum  of  effort  because  the  f -metal  bo\mdaries  are 
computed  exactly  as  all  other  points.  The  causal,  conservative  fomialation  of  the 
Maxwell  Equatiois  employed  here  makes  this  especially  easy  and  ensures  that  the 
boundary  conditions  arc  satisfied  for  all  time. 

The  question  of  the  current  source  teims  in  Eqs.  (la)  and  (lO)  mvjt  be  settled 

I 
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now.  In  physical  problesis  the  continuity  equation, 

ll+7-J-O,  (lU) 

Bust  always  be  satisfied.  This  ensures  that  every  charge  In  the  system 
has  ccme  frcm  soneirtiere  physically  and  will  be  going  scnewhere  physically.  It 
seems  sensible,  therefore,  to  ensure  this  condition  in  cur  f in' te-difference  model 
for  Maxwell's  Equations.  Since  our  divergence  operator  lias  alrea'y  been  specified, 
Eq.  (lU)  gives  a numerical  consistency  condition  between  p and  £.  We  have  no 
reason  to  suspect  that  p(r,z,t)  and  the  longitudinal  part  of  jj(r,z,t)  satisfy 
this  numerical  condition  since  we  are  treating  these  sources  as  arbitrary  inputs, 
suitably  discretized,  to  a field  integratlcxi  algorithm.  In  practical  plasma 
applications  where  P and  ^ come  from  particles'^’  , this  condition  can  be  enforced 
at  some  computational  expense  by  considering  current  fluxes  through  space-time 
cell  boundaries.  In  the  general  case,  where  boundary  conditions  may  be  compli- 
cated however,  the  continuity  equation  must  be  used  specifically  to  correct  the 
input  sources.  This  frees  the  input  to  allow  vector  fields  of  p and  the  longi- 
tudinal current  which  are  only  approximately  consistent.  In  pure  Maxwell- 
Equation  calculations  for  instance,  analytic  forms  for  p and  £ can  be  used  with- 
out worrisome  consideration  of  consistency.  In  plasma  calculations  the  current 
and  charge-apportionment  algorithms  can  be  completely  decoupled  for  simplicity, 
generality,  and  computational  efficiency.  Tnj.s  allows  one  to  greatly  speed  the 
calculation  of  particle  trajectories,  by  far  the  slowest  part  of  the  relativistic 
plasma  simulation. 

Of  course  extra  work  must  be  performed  elsewhere  to  ensure  Eq.  (lU)  but 
this  loss  is  small  compared  to  the  gains  realized.  To  enforce  consistency,  either 
the  charge  density  or  the  current  must  be  modified.  Since  only  the  currents 
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NUMERICAL  DISPERSION 
CURVES  FOR  CYLRAD 


Figure  3.  Dispersion  relations  for  explicit 
and  implicit  integration  of  Maxwell's  Eq- 
ual ns  with  fluid-like  plasma  represented 
by  a constant  «ip.  The  theoretical  modes 
are  shown  for  comparison. 
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a^ear  in  the  dynaadcnl  Maxwell  Equations  and  since  the  charge  density  is  a 
zeroth  acMent  while  J is  a first  SMsent,  it  is  natural  and  physically  sensible 
to  Modify  the  longitudinal  current  to  be  consistent  with  the  given  charge  density. 
This  is  done  throu^  the  Poisson  Eqmtion, 

7 • E ■ i»TTP  (15) 

rather  than  through  the  continuity  equation.  The  given  currents  give  rise  to  an 
electric  field  via  the  leapfrog  scheae,  which  has  both  a transverse  and  a longitu- 
dinal part.  Thus 

E^(t+«t)  «•  -Un«t  J^(t+6t/t)  (16) 

can  he  solved  for  E^(t+fit),  actually  calculated  simultaneously  with  a transverse 
park.  If -we  call  this  field  E*,  for  the  moaient, 

7^.  E»  ■ l*np*  ft  Unp  (17) 

because  of  the  asstsaed  inaccuvacies  in  The  corrected  field  E is  found  by 
subtracting  the  difference  gradient  of  a correction  potential  6#  from  E*.  Thus 

E ■ E*  - 7„  . (18) 

— — -D 

It  is  easily  seen  that 

6 « ■ Unp  - 7jj»  E*  (19) 

forces 

E ■ Unp  . 

It  must  be  stressed  the  it  (i,J)  is  only  a correction  potential,  not  the  full 

electrostatic  potential.  The  major  portion  of  the  longitudinal  part  of  Z is  found 

bp 

from  integrating  Ampere's  law;  only  discrepancies  between  J and  appeor  in  6 4 . 
The  boundary  condlti  is  on  , which  are  implied  by  Eq.  (19),  depend 
on  the  boundary  condlt.  ns  satisfied  by  ^*.  In  CYIRAI,  E^*  is  zero  on  the  metallic 
wall  at  r ■ IL_„  and  therefore  it  ■ 0 at  the  wall  is  both  simple  and  correct.  If, 
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as  is  possible  using  coapUcated  current  algorltfans , the  continuity  equation  In 
difference  font  is  autoaiatlcally  sutlsfied,  fi  0 is  zero  tbrcughout  the  system.  If 
on  the  other  he^id,  the  deviations  from  consistency  are  of  tje  order  of  truncation 
errors  in  the  finite  difference  scheme,  as  will  be  the  case  for  the  fairly  efficient 
current -charge  algorithm  used  foi  the  peu-ticles  in  CYLI^I),  small,  acausal  longltu- 
dintQ.  correction  fields  will  be  felt  throughout  the  system.  These  fields  propagate 
with  infinite  speed  across  the  system  but  are  generally  bery  srall. 

The  Maxwell  Equation  solver  described  nere,  even  without  self-consistent 
particle  orbits  premises  to  be  very  useful  in  transformer,  waveguide,  and  antenna 
cailcxtlatlons . Analytic  or  empirical  cxirrent  fields  can  be  specified  and  the  ra- 
diation fields  can  be  found.  Appendix  C,  as  mentioned  earlier,  allows  extension 
of  these  field  calculations  to  much  more  ccmpllcated  geometries  where  the  dielectric 
constant  is  am  arbitrary  function  of  position.  The  program  is  ccmpleted  when  equa- 
tions for  the  plasma  particles  liave  been  added  to  the  system.  The  next  section 
treats  integration  of  the  relativistic  equations  of  motion  of  charged  particles 
in  given  ^ amd  ^ fields.  These  particles  will  then  be  totalled  on  the  mesh  to  get 
self-consistent  current  conponents  and  charge  densities,  used  as  sources  in  the 
solution  of  Maxwell's  equations. 
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III.  THE  CYLRAD  BftRTICLE  PUSHER 

The  reL*tivistic  equations  of  notion  for  a point  particle  of  rest  mass 
and  charge  q in  a given  electric  and  magnetic  field  are 

dP(t)  q q 

“dt—  " i + ^ V i+p2(t)/c^  (20; 

o o 

^(t) 

— =v(t),  (21) 

where  £ = v/(l-V®/c*)^.  This  definition  of  £ will  be  noted  to  differ  from  the 
usual  relativistic  particle  momentum  by  the  factor  of  m^  which  has  been  extracted 
so  that  £ reduces  to  V in  the  Galilean  limit.  A finite  difference  algorithm  to 
integrate  these  equations  should  satisfy  three  basic  criteria: 

1)  accuracy, 

2)  speed, 

3)  simplicity. 

Several  algorithms  for  the  non-relativistic  case  with  arbitrary  E and  ^ fields 
have  beeti  used  previously;  a comparison  of  these  has  been  performed  by  Carl 
Wagner  of  NRL.^^  The  most  used  of  these  is  the  reversible,  so-called  "implicit" 
algorithm  where  ^ end  ^ are  given  at  t,  when  the  particle  position  X is  specified, 
and  where  is  Integrated  forward  one  timestep  from  at  t-6t/2  to  Vjj  at  t+6t/2. 
The  new  velocity  is  found  by  solving  the  3*5  system  of  equations 


(\-Vo)/6t  = ^E+^  (V„  + Vq)xB 


Here  0 and  N have  the  mnemonic  meaning  "old"  and  "new"  respective!;'  This  method 
is  characterized  by  the  time -centered  V.  x ^ term  using  the  average  of  the  new 
and  old  velocities.  The  name  "implicit"  arises  because  is  involved  Implicitly 
in  the  right-hard  side. 

This  method  has  several  nice  properties  which  make  it  quite  attractive: 
l)  The  algorithm  is  reversible.  The  particle  trajectory  can,  in 
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principle,  be  retraced  if  time  is  reversed  in  the  code.  This  neglects 
of  course,  computer  round-off  errors. 

2)  The  usual  electrostatic  leapfrog  algorithm  is  recaptured  when  ^“0. 

3)  When  ^*0,  the  particle  moves  in  a non-drifting  circle  and  the  radius 
of  the  r.rbit  is  constant.  By  dotting  (3)  with  (V^j  + V^)  6t  one  finds 

N 0 m - ^_N  V‘  (23) 

showing  that  |Vjjj  = Iv^^l  in  the  absence  of  an  electric  field. 

*»)  The  energy  gain,  by  (U),  is  just  ^ * V.>  would  be  expected  on 
physical  grounds. 

5)  The  frequency  of  the  finite  tlmestep  cyclotron  gyration  can  be  corrected 
by  the  standard  tan  q/q  correctlon^^  so  that  the  particles  themselves 
execute  the  classical  orbits  at  precisely  the  correct  gyrofrequency. 

An  additional  criterion  which  can  be  satisfied  is: 

6)  Simplicity  an ’ hence  speed.  The  implicit  algorithm  can  be  made 
acceptably  fast  if  programmed  carefully.  Solving  Eq.  (22)  by  a 3 x 3 
matrix  inversion  is  not  the  fastest  way,  as  shown  shortly. 


The  orbits  generated  by  the  implicit  algorithm  even  in  the  case  of  constant 
^ and  ^ are  not  exact  but  can  be  improved  to  give  the  correct  £ x ^ drift  by 
modifying  the  electric  field  vector,  as  well  as  the  magnetic  field,  to  include 
corrections  for  the  finite-difference  features  of  the  algorithm.  This  can  be 
done  in  another,  simpler,  way.  As  long  as  ]^x  ^|  < B®,  these  exists  a frame  of 
reference  in  which  the  electric  field  is  zero.  By  subtracting  the  velocity 
V ■ c ^ X ^ / B^  where  E and  ^ are  evaluated  at  the  current  particle  position, 
we  get  the  following  "E  xB"  algorithm  for  advancing  the  velocity. 
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X ^ (plus  tan  a/a), 


2mc 


(24) 


V ■ V + V . 
^ ^ ^ 


The  advantages  of  the  ^ x ^ over  the  Implicit  algorithm  are  that  exact 
cycloidal  orbits,  without  modifications  to  the  electric  field  can  be  obtained 
in  the  limit  where  E and  B are  constant . Furthermore,  V,,  can  be  precomputed 
as  a cell  quantity  and  so  (24)  can  be  made  somewhat  faster  than  (22).  The 
method  (24),  for  all  its  physical  appeal,  suffers  a serious  defect.  When 
1^  X ^1  > B®  there  is  no  frame  of  reference  where  E is  zero  but  ^ can  be  trans- 
formed away  Thus  a wholly  different  algorithm  is  needed  when  V^,  > c.  Still  a 
thlid  algorithm  wculd  be  required  when  V “ c.  These  problems  arise  in  practice 
when  the  magnetic  field  is  zero  and  thus  pose  serious  problems,  for  instance, 
when  configurations  with  neutral  points,  lines,  or  planes  are  being  considered. 

There  exists  a third  variation  of  the  implicit  particle  pushing  algorithm 
which  possesses  advantages  of  both  the  Implicit  and  E x ^ methods  and  can  be  made 
somewhat  faster  than  either.  In  addition,  it  generalizes  conveniently  to  the 
fully  relativistic  equations  (l)  whereas  direct  solution  of  Eq.  (22)  in  the 
implicit  algorithm  does  not.  The  algorithm  is  basically  three-step  in  nature: 


^ V + ()^  + V^)  X B (using  tan  a/a). 


(25) 


V 


By  applying  half  the  electric  field  before  the  magnetic  field  rotation  and 
half  afterward,  the  algorithm  becomes  fully  reversible  and  yet  the  ;aagnctic 
interaction  can  be  treated  in  the  absence  of  an  electric  field.  This  latter 
fact  is  very  isqwrtant  when  one  generalizes  to  the  relativistic  Eq.  (20). 

When  the  algorithm  in  (25)  is  used,  it  is  easy  to  show  that  the  implicit  result 
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is  recovered.  When  the  magnetic  field  ^ is  zero,  the  usml  electrostatic  leap- 


frog method  is  recovered  so  that 


(V„  + V»)  • 


q«t 


E. 


N m - 

Since  thf  orrect  cyclotron  frequency  can  be  achieved  by  corrections  to  B, 
the  solution  arising  from  Eqs.  (23)  must  be  ;]udged  scnewhat  superior  to  the 
other  methods  mentioned  because  it  is  faster.  It  is  made  fast  using  the  two- 
step  rotati<m  procedure  given  above,  rather  than  the  usual  ^ x 3 linear-equation 
reduction,  to  solve  for  V given  V (with  JB  absent).  This  is  done  by  setting 


V “V  + fV  xB, 
-2.  _1  “ 

V "V  + fV  xB 

_a.  2L2.  ~ 


(26) 


tan 


q6t 


irtiere 


f - 

1 


|b| 


and  f « 2f  /(I  + f^B®). 
2 1 1 


In  practice  f is  expanded  up  throu^  fourth  order  and  evaluated  very  efficiently 
giving  roughly  single-precision  round-off -sized  truncation  errors  on  the  IBM  560/9I 
where  6 to  7 digits  can  be  kept  tlirougb  most  calculations. 


Figure  U shows  the  geometric  Interpretation  of  this  method  in  the  plane 

perpendicular  to  The  pure  magnetic  push  over  timestep  ^t  with  constant  B is 

reedly  a rotation  of  ^ in  the  velocity  space  by  the  angle  P ■ «>^6t  ■ |b|  . 

The  correction  factor  f ensures  that  V is  displaced  an  angle  of  exactly  P/2 

from  V even  though  V does  not  lie  on  the  orbit  circle  beacuse  it  has  the  '/rong 
-1  -2 

magnitude.  x J3  does  point  from  ^ through  beca\ise  the  angle  has  be«.n 
bisected,  however,  so  the  magnitude  correction  ensures  that  foW„  x B stops  exactly 
on  It  should  be  fairly  clear  that  the  amount  of  work  involved  computationally 
is  much  less  than  required  to  solve  Eq.  (22)  directly  even  with  ^"0.  The  two- 
step  "half  E^"  algorithm,  which  is  shown  in  Eq.  (25)  requires  in  fact  about  35^ 
fewer  operations  than  the  implicit  push. 
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CONFIGURATION  SPACE  ROTATION 

Figure  4.  Geometric  inter preUtiona  of  the 
particle  puahing  algorithm.  Both  the  con- 
figiuation  apace  and  velocity  apace  portiona 
of  the  algorithm  contain  energy  conaervina 
rotationa . * 
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When  the  relativistic  equations  are  being  solved,  the  relativistic  mass  must 
be  used  in  expressing  the  factor  Thus,  J ^ ^ ' where  P is  the 

relativistic  mcmentun  ( over  Bq  } replaces  V in  the  previous  arguments.  Pro- 
vided that  P^  is  constant,  therefore,  the  relativity  merely  amounts  to  a re- 
normalization of  the  magnetic  field.  Ihls  is  the  great  advantage  of  the  *lialf  E" 
a7gorithm.  By  separating  the  electric  and  magnetic  interactions  in  the  relativis- 
tic generalization  of  Eqs.  (2^),  P^^”  P^^  has  been  assured  and  thus  inside  the 
square  root, 

which  is  used  in  the  magnetic  field  renormalization,  can  be  treated  as  constant 
over  the  tlmestep  and  evaluated  explicitly.  Except  for  this  square  root  factor, 
the  relativistic  and  classical  integrations  exe  the  same. 

Actually,  in  the  course  of  updating  the  particle  position  as  well  as  its 
velocity,  three  more  square  roots  must  be  taken,  one  to  retrieve  the  laboratory 
velocity  frcm  P and  two  to  correct  for  cylindrical  coordinates , a problem  dis- 
cussed below.  To  handle  these  four  square  roots  in  the  optimized  code  (they 
take  about  of  the  particle-pushing  time  in  the  Fortran  version  of  the  code), 
a special  hand-coded  P1^60  program  has  been  written  which  requires  no  power  series 
expans ioHi.  to  start.  A table  look-up  process  on  the  floating  point  exponent  and 
the  floating  point  fraction  is  used  to  get  a very  good  starting  value  for  a 
simple  iteration  which  doubles  the  ntnber  of  significant  figures  every  cycle. 

This  routine  requires  ~ 3 usee  per  square  root  and  thus  uses  only  of  the  time 
taken  by  the  system  sq\iare  root.  One  pays  for  this  with  a table  of  over  1000 
words,  a fairly  small  price  on  the  IBM  36o/91. 

The  integration  of  £ from  t - ^ to  t + ^ constitutes  only  half  of  the 
particle-pushing  algorithm.  Integration  of  X from  t to  t t 6t  is  accomplished 
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M follows  in  Cartesian  codes: 

X(t  * 6t)  = X(t)  + «tV(t  + 1^)  . (27) 

In  the  relativistic  case  V^(t  > is  detemined,  as  nentioned  above  by  talking  a 
square  root,  an  annoying  but  not  prcddbltlve  procedure.  Vfhat  is  More  constricting 
is  the  cylindrical  coordinate  system  in  which  we  Must  operate.  In  Cartesian 
coordinates  X executes  circular , motion  in  constant  B with  zero  ^ and  moves  with 
the  proper  parabolic  motion  when  B is  constant  and  B zero.  Great  difficulties 
arise  from  the  angular  momentum  accelerations  of  the  charged  rings  in  the  r-d 
plane  of  a cylindrical  system.  At  the  axis,  for  instance,  there  is  a cubic 
singularity  L^/z^  lAen  the  angular  manentus  is  nonzero.  Furthermore,  we  would 
like  to  preserve  helical  orbits  (circular  in  the  r-0  plane)  for  single  particles 
in  a constant  axial  magnetic  field.  The  algorltfan  given  below  accomplishes  this 
in  a very  simple  and  therefore  efficient  way  by  focusing  on  the  Cartesian-cylin- 
drical transformations.  Therefore  singularity  and  circularity  problems  are  com- 
pletely bypassed. 

We  need  only  consider  the  perpendicular  plane  and  are  given  and  Vg  , 

6t 

defined  at  t + — , with  which  we  must  advance  r and  0.  Since  the  basic  enzatz 

is  azimuthal  symmetry,  however,  only  the  radius  r of  the  charge  rings  is  given 

as  no  0 variation  is  pezmltled.  We  are  free,  therefore,  to  focus  on  the  ring 

element  at  0 = 0,  as  shown  in  Figure  ^b.  The  particle  traverseo  the  straight 

line  element  V fit  from  r,  to  r».  At  the  starting  point  V ■ V and  V ■ Vq. 

X r y ® 

Since  these  velocities  continue  constant  throughout  the  time  interval  fit,  we 
have: 


Xg  = Vgfit  . 


(28) 
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The  initial  radius  is  r^.  The  final  radixis  r^  is  given  by 

r^  * (29) 

The  optimized  square  root  is  used  of  course.  During  the  next  thaestep  r^  becomes 
r^  and  is  again  assused  to  lie  along  the  x axis.  The  matter  does  not  end  here. 
Since  jr  has  rotated  an  angle  ce,  the  resolution  of  V along  r and  6 must  be  changed 
at  the  end  of  the  tlmestep  even  though  the  actual  velocity  of  each  ring  element 
is  constant  over  the  entire  Interval  6t.  The  transformation  \ised  is  simple, 

V = ’■  cos  a + Vo  sina  , 

*■2  ”1 

(30) 

Vo  = -V  sina  + Vo  cos  a , 

”2  *■!  ”1 

tdiere  sina  = , cos  a * X^/r^  . The  only  problem  arises  when  a "particle" 

stops  exactly  '.b  ^he  axis.  In  this  case,  we  can  arbitrarily  set  cos  a = 1 and 
sina  =0.  This  makes  all  mcmcntum  radial  idiich  it  would  have  to  be  for  a 
particle  to  stop  on  the  axis. 

Stringent  tests  of  this  entire  technique  b?.ve  been  performed.  Energy  is 
coa<<erved  exceedingly  well  wiien  ^ is  zero  because  the  particles  execute  perfect 
circular  motion  about  a constant  axial  magnetic  field.  It  is  obvious,  in  this 
respect,  that  transformation  (30)  is  energy  conserving.  It  is  also  clear  that 
the  algorithm  is  fully  reversible,  a property  generally  considered  good  in  particle 
pushers . 

The  data  fcimat  of  the  coordinates  and  velocities  for  each  ring  is  floating 
point  althouj^  the  positions  are  treated  in  fixed-point  Insofar  as  area  weighting 
is  concerned.  The  DIC  method  of  area  weighting  is  used,^^  a fixed-point  tech- 
nique particularly  well  suited  for  use  when  the  multi  Le-mesh  feature  of  the 
field  definitions  is  taken  into  account.  Normal  bilinear  area  weighting  of  E, 

^ ^ and  p is  used  but  four  distinct  meshes  and  hence  four  distinct  sets  of 
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welgbts  are  needed.  (The  currents  are  also  being  treated  NQP,  as  discussed 
elsewhere.)  By  using  DIG,  these  weights  are  precoinputed  for  a finite  set  of 
X subcells  with  each  coe^tational  cell.  and  are  powers  of  2 so 
that  the  subcell  nunbers  are  represented  as  log^M^  and  log^M^,  sequential  bits 
in  the  fixed-point  representations  of  z and  r respectively. 

In  actual  use,  of  course,  the  accuracy  of  the  particle-equation  integra- 
tions is  not  perfect.  The  method  is  fully  second  order,  due  to  the  time  centering 
and  reversibility  and  thus  the  well  established  guidelines  for  particle  pushers 
must  hold  as  discussed  in  Section  IV.  13ms  6t  should  be  chosen  sufficiently 

snail  that  o)  6t  and  oi  6t  are  considerably  less  than  unity.  One  also  expects?^ 

® P 

that  the  code  will  misbehave  idien  and  c/<Opg  lengths  considerably  less  than 
one  cell.  From  preliminary  runs,  as  discussed  in  Section  V,  the  greatest  errors 
seem  to  arise  frcn  interpolating  particle  wource  terms  and  field  quantities  to 
and  from  the  cylindrical  mesh. 

The  initial  Fortran  version  of  the  particle  pusher  used  145  usee  of  computer 
time  per  particle  o.i  the  560/91.  A highly  optimized  FI560  version  has  been 
written  which  is  computationally  identical  but  which  requires  only  95  usec  per 
particle.  The  savings  result  from  special  computational  techniques'^ 
which  can  be  written  effectively  only  in  machine  code.  Shifts,  rather  than  fix 
and  float  operations,  can  be  used  to  sort  out  the  cell  and  subesU  ntsnbers  for 
Instance.  It  is  felt  that  even  greater  improvements  can  be  made  by  Increased 
use  of  fixed-point  operations. 

Although  the  FI56O  version  is  highly  machine  dependent,  similar  techniques 
would  be  profitable  on  other  machines  with  a greatly  different  structure.  Of 
particular  importance  in  peu-ticle  pushers  is  the  one-pass  aspect  of  the  overrjl 
algorltfam.  An  entire  timestep  can  be  performed  with  only  a single  reference  to 


29 


Boris 


the  particle  tables.  It  exterml  mass  storage  is  being  used  for  the  particle 
table,  the  relatively  evpenslve  transfer  times  to  and  from  disc,  say,  need  only 
be  paid  once  per  tlmestep.  In  the  present  exaaq^ile,  magnetic  disc  transfer  times 
per  particle  are  about  63  (isec  for  reading  and  writing,  quite  comparable  to  the 
particle-integration  time.  Since  these  transfers  can  be  overlapped  with  each 
other  and  with  the  one-pass  integration  of  particles  in  the  CHI  as  well,  optinal. 
use  is  being  made  of  the  computer.  Even  when  direct  core  residence  time  is  not 
being  charged  as  CHI  time  for  l/o  transfers,  as  is  the  case  on  the  IBM  360/9I, 
total  program  residence  time  must  be  considered.  If,  for  exaaq>le,  overlapping 
were  not  possible,  the  running  of  a 1 houc  CHI  job  would  require  roughly  3 hours 
of  wall  time.  If  the  program  filled  core  (as  these  jobs  often  do),  nonoverlap- 
ping (or  a poor  cocnpute-transfer  balance,  could  mean  that  two  thirds  or'  more 
of  the  CHI  computing  power  was  being  wasted.  Since  computer  centers  are  also 
aware  of  this  possibility,  it  is  not  surprising  to  see  that  most  charging  algori- 
thns  charge  by  the  core  request  as  well  as  the  CPU  time  used.  Thus  jobs  which 
fill  core  usually  pay  for  the  whole  machine  since  fractional  utilization  of  the 
CHI  is  no  longer  a factor. 
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IV.  MEH5IWS  THE  FIEU)  IHIEGRAIItW  WITH  THE  PARTICIE  IMTEGBATKW 

la  Sectlcm  II  a rather  general  algorithm  waa  given  for  numerically  integra- 
ting the  MucHell  Equations  for-ward  in  tine  to  detemine  the  three  components 
of  E and  the  three  coaipaDents  of  B on  the  two-dimensional  r-z  mesh  with  all  values 
being  specified  at  the  sane  point  in  time.  In  Section  HI  an  optimized,  ef- 
ficient algorithm  is  given  for  integrating  the  relativistic  charged-particle  equations 
of  motion  given  £ and  B fields  on  a unlfoznlly  spaced  r-z  mesh.  To  con^lete 
tqpecificatlon  of  the  entire  CYLBAB  algorltlin,  the  prescription  for  merging 
theme  two  phases  of  the  calculation  is  now  discussed  in  more  detail. 

Intezpolatlng  E and  B from  the  mesh  to  the  particle  position  is  carried 

through  according  to  the  usual  area-welding,  or  hillneetr  interpolation 

algorltfam.^^ Although  the  mesh  is  basically  cylindrical,  this  part  of  the 
calculation  is  carried  out  as  if  the  mesh  were  Cartesian.  At  the  axis,  where 

problems  with  the  metric  will  he  most  severe,  E,,  E-,  B , and  B.  vary  linearly 
anyway  so  the  calculation  will  he  accurate.  The  z congpooents  of  E and  B 
typically  vary  quadrlcatlcally  away  from  the  axis  so  the  straight  area  weight- 
ing wiU  only  be  accurate  to  zero  order  in  these  two  cases. 

The  calculation  of  the  sources  is  currently  being  carried  out  in  the 
usual  charge-and  current-sharing  approximation  as  on  a Cartesian  grid  but 
several  extra  degrees  of  freedom  are  permitted  the  physicist  here.  Even  though 
the  charge  and  current  densities  are  required  in  Maxwell’s  Equations,  the  CHJtAI) 
peurtlcle  pusher  gives  the  total  charge  and  total  currents  in  each  cell. 

Presently  this  total  charge  and  current  is  being  divided  by  the  exact  cell 
volume  but  this  part  of  the  calculation  can  be  modi.fled  in  many  ways.  Averaging 
over  several  adjacent  cells  could  reduce  spurious  fluctuations,  for  example. 

In  area  weighting  to  determine  the  fields  and  sources,  the  geometric  inter- 
pretation is  that  of  an  azlmuthally  symmetric  ring  with  rectangular  cross-section 
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eapmdlng  and  shrinking  as  it  Boves  on  the  aesh.  The  zing  extends  fzas 
r-6r/2  to  r44r/2  in  ralliia  and  frosi  z>ftz/2  to  z46z/2  along  the  axis.  Although 
nore  than  half  of  the  ring’s  charge,  if  of  unifoni  density,  lies  outside  r,  the 
simple  area  miffing  prescription  does  not  take  this  into  account.  To  treat 
this  properly,  the  radius  r^  used  in  eo^iuting  the  sources  Bust  he  sosKwfaat 
larger  thm  r in  order  that  simple  charge  sharing  have  or-  systeBstic  error. 

It  is  easy  to  show  that 


r a 

c 


Vr2  + i 


(31) 


foarees  the  usual  charge  sharing  to  allocate  the  correct  proportion  of  charge 
inside  and  outside  of  the  particle  radius  r since  r^  is  the  center-of-charge 
radius  of  the  extended  ring  (The  inproved  square  root  routine  is  used  here). 

One  also  has  the  possibility  of  eaploylng  k-space  SBoothlng^^*^  of  p and  J by 
Fouler  analyzing  In  the  z direction.  This  would  not  throve  the  radial  varia- 
tion at  all  but  would  be  helpftel  where  the  radial  variation  is  SBOothed  by 
other  Beans.  Thus  flnitS'-slzed  partlclci^^coald  be  used  easily  in  Cartesian 
codes.  Perhips  then  the  MGff  algorltlsi  for  charges  and  currents  could  be  used 
with  sufficient  accuracy. 

It  has  been  Bentlonad  that  the  or  Discretized  Interpolation 

in  Celia,  aethod  has  been  used  for  all  the  bilinear  interpolations  and  charge 
sharing.  In  this  progrsB  each  cell  is  thought  of  as  subdivided  into  an  array 
of  l6xl6  subcells.  For  each  siAeell  tbs  four  welidxts  for  tbs  cell  comers  ore 
precalculated  as  if  the  particle  were  at  the  center  of  the  subeell.  Thus  the 
pertieles  are  effectively  calculated  Bearest  Orld  Point  in  the  subcells  rather 
than  the  aajor  cells.  These  wel^s  are  stored  in  a table  and  "looked  up" 
lAen  needed  ly  a vezy  fast  algoritha  rather  than  recalculated  each  tlae. 
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Die  is  particularly  useful  in  CYLRM)  where  four  distinct  ae&hss  Bast  be 
treated  so  that  the  saw  set  of  wei^tts  cannot  be  reused  for  all  the  cose* 
ponents  of  E and  3 or  J and  p.  A table  of  weights  is  calculated  for  each  aesb 
and  all  can  be  referenced  by  locating  the  particle  on  one  of  the  seshes.  The 
present  particle  pusher,  in  optlKlzed  fans,  takes  °f)  ueec/particle  of  which 
about  30^tis  area  weighting.  If  direct  recalculation  of  all  of  the  wei^its 
were  perfoned,  epprorinately  four  tines  as  such  woric  would  be  done  on  the  area 
weighting  thus  doubling  the  CHI  tlsn  required  per  particle. 

A glance  at  Figure  1 show*  that  the  current  J is  qwclfied  at  the  velocity 
tine,  half  way  between  the  two  position  tinea  at  the  beginning  and  the  end  of 
the  tinestep.  To  ensure  centering,  therefore,  the  current  nust  be  area 
weighted  twice;  half  of  the  current  la  apportioned  before  the  position  is 
dated  (but  using  the  new  velocity)  and  half  of  the  current,  using  the  sane 
velocities,  is  aigtortloned  to  the  new  position  at  the  end  of  the  tinestep. 

In  addition  to  centering  J and  thus  keeping  the  algorithn  fUlly  reversible,  a 
sort  of  averaging  is  being  perfotnr  a which  will  help  greatly  in  snoothing 
fluctuations  which  are  highly  enhanced  in  this  OAMrlcal  plasna  due  to  the 
paucity  of  particles  in  a Dabye  epbere  relative  to  noet  real  pi  sews. 

Figure  1 shows  the  entire  tlnellne  for  CTLMD  with  particle  as  well  as 
field  tines  indicated  for  a case  where  3 xedlation  steps  are  perfotned  for 
every  particle  tinestep.  The  currant  J , . is  used  in  each  of  the  3 radiation 
steps  integrating  I , f ^ B • These  latter  fields  are  then  perfectly 
centered  to  integrate  Zja/g  ^ -a/  bence  X fron  toX^.  The  ability 
to  perfoiB  fully  reveraible  nultiple  field  tinestepe  for  each  partlclw 
tinestep  is  very  important  to  the  optinisation.  In  Section  II  the  stcbillly 
criterion  for  the  field  integration  was  given.  This  nsans,  in  practice,  that 
light  can  traverse  only  half  a cell  or  less  per  tinestep.  Even  for  extrenely 
relativistic  particles,  two  or  three  radiation  steps  could  elapse  between 

partiels  ntnpn  thus  ipseiHin  the  cods  by  a factor  of  two  or  three.  In 
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non-relativistic  plasmas  the  sltuatlcm  is  even  :rorse  and  decoupled  timesteps 
are  even  more  necessary.  An  average  particle  traveling  at  0.1c  would  need  20 
timesteps  or  so  just  to  cross  a single  cell  regardless  of  or 

When  the  presence  of  the  particles  are  included  in  the  stability  analysis 
in  a simple  way,  one  finds  the  dispersion  relation. 


(52a) 


for  the  case  of  one  particle  step  for  each  radiation  step.  Eq.  (32a),  in  the 
long  wavelength  limit,  reduces  to  the  correct  physical  dispersion  relatiai, 

(jp  a (i)  ® •»  • (52b) 

pe 

Since  sin®  / cannot  exceed  unity  for  a numerically  stable  mode,  we  now 

have  a much  more  stringent  stability  condition  on  6t  , 

1 i + ^pe^  . (55/ 

flt^  6x2  ~T~ 

2 

In  dense  plsismaa  m * will  dominate.  Then  6 1 — for  stability, 

pe  * pe 

When  the  density  is  very  low,  we  approach  the  previous  result.  In  all  cases, 
however,  the  presence  of  plasma  acts  to  require  a shorter  timestep  for 
stability  and  hence  makes  multiple  timestepping  more  attractive. 

Bq>lrically,  multiple  timestepping  has  been  found  stable  and  othexvlse 

I numerically  well  behaved.  There  is  some  evidence,  although  not  conclusive,  from 

i 

i early  runs  that  multiple  timestepping  reduces  the  emission  of  bremsstrahlung 

! 

! fT'ja  particle  l ■''lisions.  This  is  very  much  to  be  desired  in  a numerical  model 

where  collision  frequencies  are  too  large  anyway  due  to  the  relatively  small 
number  of  particles  which  can  be  followed.  Dispersion  relations  can  be  found 
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analytically  but  they  are  extremely  complicated  even  in  the  case  of  only  2 or  3 
radiation  steps  per  particle  step.  In  some  of  the  simpler  limits,  however, 
the  dispersion  relation  has  been  solved  with  the  result  that  the  algorithm 
is  numerically  stable  as  expected. 

25 

The  data  structure  of  CYLRAD  follows  that  of  P POWER  closely.  The  grid 
quantities,  11  in  number  (3  E's,  3 B's,  3 J's,  p,  and  l/r  ),  are  all  kept  in 
fast  core  storage  as  single  precision  floating  point  numbers.  Given  330K 
words,  certainly  available  on  an  IBM  360/91,  we  have  30K  word?/matrix.  This 
is  120  X 236  in  resolution.  The  particles  are  stored  in  an  arbitrary  nuxiber 
of  records  of  fixed  length  which  can  reside  either  in  core  or  on  an  external 
l/O  device.  The  program  is  transparent  to  the  actual  node  of  the  record 
storage  so  the  program  runs  Identically  on  small  in-core  systems  and  large 
out-of-core  systems. 

Figure  5 a.  shows  the  structure  of  each  record.  The  first  16  words  of 
each  record  contain  pertinent  information  about  the  particles  in  the  record 
such  as  charge,  mass,  the  speed  of  light,  At,  5r  , 6s  , etc.  The  first  word 
of  the  record  heading  contains  the  number  of  particles  in  the  record.  All 
records  have  the  sane  number  of  particles,  NFART. 

Following  the  heading  are  N ’ART  disposition  bytes,  one  for  each  particle 
in  the  record.  The  disposition  byte  can  have  any  one  of  256  values,  each  in 
principle  specifying  a different  specific  action  to  be  taken  lor  the  corres- 
ponding particle.  At  present  0 means  the  particle  is  to  be  integrated 
nomally  and  any  other  value  means  that  the  particle  is  to  be  ignored.  Some 
particles  could  be  integrated  for  a while  without  contributing  to  the  sources. 
Others  could  have  their  charge  varied  slowly,  for  example. 

Following  the  disposition  bytes,  actually  held  in  NBARtA  words,  are 
5*  NEAR?  words  containing  the  positions  and  velocities  for  each  particle. 
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5a  DATA  STRUCTURE  5b.  INITIALIZATION 


RECORD  HEADING 

IE  WORDS 

OR.  OZ.  HASS,  ETC. 

NPART/A 

DISPOSITION  RYTFS- 

WORDS 

1 PER  PARTICLE 

POSITIONS  ANO  MOMENTA 

5*NPART 

FIVE  WOROS  FCR  EACH 

WORDS 

OF  THE  NPART  DIFFER 

ENT  PARTICLES 

_ 

RECORD  I RECORD  2 

IZM.AX  COLS. 


ZOFF  ZOFF 


AXIS  —to 


TOTAL  RECORD  LENGTH  (HOROS) 
IE  ♦ NPART/A  ♦ 5*NPART 


|RMAX*IZMAX  ■ NPART 


Figure  5.  Record  data  structure  of  CYLRAD.  (a)  The  organization  of 
sach  record  with  heading,  disposition  bytes,  and  particle  coordinates 
and  momenta,  (b)  Record  initialization  of  particle  locations.  Uniform 
density  cylinders,  slugs,  and  tubes  can  be  initialized. 
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The  order  is  z,  r,  P^,  Pg,  P^  for  each  particle.  The  momenta  (divided  by  rest 
mass)  are  in  real  physical  units  but  the  positions  are  carried  ii.  cell  units 
to  aid  in  locating  the  particles  on  the  grid  in  fixed  point. 

The  records  of  particles  can  be  grouped  into  larger  units  ci-lled  classes. 

The  classes  could  comprise  different  species  of  say  n records  each  but  their  use 
is  somewhat  more  general.  It  is  convenient  to  consider  electroiic  in  oppositely 
directed  beams  as  being  in  different  classes,  for  example,  since  the  kinetic 
energy  and  momenta  of  each  class  are  printed  out  as  well  as  the  total  kinetic 
energy  and  the  total  momenta  of  the  system.  Different  classes  could  also  have 
different  q values  but  the  same  q/mo  value  in  order  to  pack  rather  finely  certain 

4o  4l 

important  regions  of  phase  space.  ’ 

In  initializing  the  positions  and  velocities  of  the  particles,  the  record* 
class  structure  is  also  useful.  All  records  in  a class,  using  the  present 
initializer,  are  given  the  same  drift  and  thermal  velocities,  these  six  num* 
bers  being  specified  as  data  for  each  class.  The  positions  of  the  particles 
within  a class  are  initialized  as  shown  in  Fig.  3b.  The  charge  density  arising 
from  each  record  is  nearly  constant  over  a cylinder  extending  from  RST  to  RMUC 
and  from  ZST  to  ZST+IZMAX*DZ  where  IZMAX  is  an  integer  factor  of  NEART.  The 
number  of  particles  distributed  radially  from  RST  to  RMAX  for  each  value  of  IZ 
is  lEMAX  2 NBART/iZMAX.  After  each  record  in  the  class,  ZST  (Z  start)  is  incre- 
mented by  ZOFF  (Z  offset).  Thus  continuous  cylinders,  hollow  cylinders,  full 
tubes  of  plasmas,  slugs,  and  point  blobs  can  all  be  initialized  with  the  same 
program.  This  capability  covers  most  of  the  simple  configurations  of  Interest 
Including  homogeneous  plasmas,  streaming  instabilities,  E layers,  and  electron 
beam  drift  tubes  and  thus  helps  to  optimize  a programmer's  time  by  minimizing 
reprogramming. 
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V.  TESTS  OF  CTLRAP 

Several  cf  the  test  problems  used  to  check  out  various  facets  of  the  CTIiRAS 
program  are  described  in  this  section  and  the  results  are  given.  The  tests 
performed  to  date  have  been  quite  conprehenslve  but  the  testing  phase  is  still 
incon^)lete.  Simulatioi  with  plasma  in  the  system  has  only  recently  been  achieved 
and  much  remains  to  be  done  with  diagnostics,  radiation  levels,  and  stability. 

The  tests  chosen  for  discussion  here  will  be  described  in  chronological  order. 

The  first  part  of  the  program  written  was  the  main  program  with  data  struc- 
ture, loop  logic,  and  provision  for  data  buffering.  This  framework  was  largely 

25 

copied  from  the  PPCWER  program  and  thus  has  been  thoroughly  tested  and  used 
extensively.  To  this  framework  was  added  the  Maxwell  Equation  Integrator  without 
provision  for  source  terms.  Figure  6 shows  selected  computer  output  of  the 
Transverse  Magnetic  cavity  modes  from  one  of  the  test  runs.  The  system  was 
initialized  at  t = 0 by  setting  all  fields  to  zero  except  for  Eg  and  Bg. 

These  two  components  were  made  nonzero  only  in  a small  torus  as  shown  in  the 
first  picture  for  Bg. 

As  noted  in  Appendix  B,  TE  and  radiation  separates  conveniently  in  the 
code  as  well  as  in  real  wave-guides.  Thus  the  field  components  (Eg,  B’^,  B^) 
and  (Bg,  E^,  E^)  remain  totally  decoiqjled  in  the  code.  The  code  was  run  with 
only  E.  nonzero  and  tlien  with  only  B.  nonzero  proving  that  TE  and  TM  are  actually 
decoupled  in  the  code. 

In  Pig.  6,  the  Initially  localized  radiation  spreads  out  at  velocity  c 
until  it  fills  the  cavity.  The  eigenmodes  excited  then  continue  to  oscillate 
independently.  Since  Maxwell's  Equations  are  linear,  perhaps  the  most  important 
tests  of  this  phase  of  the  calculation  were  the  energy  and  divergence  checks. 
Without  sources  7 • E euid  ^ • B are  both  zero  to  computer  roundoff  ats  they 
should  be,  for  runs  lasting  thousands  of  timesteps.  The  energy  in  the  system 
is  conserved  to  about  0.03 < over  the  same  length  of  time  with  no  observable 
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CYLRAO-TM  RADIATION  1X23/70 

R>*I3l75  Z.*3e4 
C-20  dt-0.05 
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Figure  6.  Transverse  magnetic  cavity  modes.  An  initially  localized 
distribution  of  B^(r,z,t=0)  (all  other  fields  zero)  was  released  and 
followed  in  time.  Energy  conservation  holds  to  a few  hundredths  of 
a percent  with  an  infinite  conductivity  metallic  wall. 
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systematic  trends.  This  is  reasonable  because  the  staggered  leapfrog  cchene 
is  saurginally  stable  amd  because  the  wave  equations  are  linear  and  the  eigen- 
modes  of  the  cavity  are  orthogonal  moaerlcally  as  well  as  physical] Jy.  The 
fluctuations  observed  are  due,  In  fact,  to  the  small  incoaipatlbilltles  between 
the  energy-cadculatlng  algorithm  and  the  actual  conserved  asplitudes  of  the 
modes.  The  energies  of  TE  and  TH  fields  aure  conserved  separately  as  expected. 

The  Poisson  sclver  Is  described  In  Appendix  A.  Several  severe  tests  were 
conducted  separately  and  then  the  subroutine  ras  inserted  into  CYLRAD.  The 
most  severe  test  perfomed  In  CYLRAD  had  J set  by  a random  number  generator  and 
p set  to  zero  at  each  tine  step.  The  divergence  of  E was  printed  out  before 
and  after  the  Poisson  solve*  Since  CYLRAD  forces  the  longitudlneil  part  of 
E to  be  consistent  with  p,  v * E should  be  zero  atf^^r  the  Poisson  solve  In 
this  test.  In  the  runs,  the  magnitude  |v  • “^lopped  by  roughly  5 orders  of 
magnitude.  This  Is  about  the  best  one  could  expect  taking  the  roundoff -error 
figures  for  the  Folsson-solver  accuracy  Into  account. 

The  particle  pusher  was  then  written  and  tested  separately  in  a number  of 
slinple  applied  lleldr.  Figure  7 shows  the  radius  versus  time  curves  for  four 
particles  In  a constant  axial  magnetic  field.  The  electirc  field  Is  zero  in 
this  case.  Each  particle  had  Identically  the  sane  axial  and  perpendicular 
energy  but  the  particles  were  started  at  different  radii.  As  can  be  seen  in 
the  figure,  all  particles  have  exactly  the  same  frequency.  This  frequency, 
furthermore,  is  given  correctly  by 
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m c 

° ’ p2+c2 


correction  described  in 


to  roughly  machine  roundoff  because  of  the  — ^ 

Section  III.  The  particles  were  Initialized  so  that  each  started  at  a different 
radius  or  in  a different  direction.  One  of  the  particles  looped  around  the 
axis  so  that  its  radial  excursion  apparently  differs  from  that  of  the  other 
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CYLRAD  PARTICLE  ORBITS 


Figure  7.  Radius  versus  time  for  four  particles 
at  fixed  momentum  in  a constant  axial  field.  The 
electric  field  was  chosen  zero.  The  diameter  and 
period  of  the  four  orbits  are  identical.  The  par- 
ticles are  executing  off-axis  circular  orbits  as 
theoretically  predicted. 
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particles  but  tbls  is  not  actually  the  case.  If  the  effective  negative  r posi- 
ticn  is  marked,  as  shewn  by  the  dashed  lines  In  the  figure,  all  particles  can  be 
seen  to  have  orbits  with  the  sasie  diaaeter. 

One  of  the  particles  passes  throu^  the  axis  during  each  orbit.  The  two 
cceponents  of  the  perpendicular  skosienta  are  shown  in  Figure  8 for  this  parti- 
cle. The  radial  moaentun  changes  discontinuously  (drawn  linearly)  over  one 
tinestep  and  the  aslsuthal  mcmentun  has  a cuqp.  Even  for  this  particle  the 
energsr  is  cemserved  out  to  naclilne  roundoff  In  the  absence  of  electric  fields. 
The  ability  to  treat  orbits  accurately  near  the  axis  for  bean  problems  was  one 
of  the  reasons  for  choosing  to  solve  the  mcoentum  equaticxi  directly  rather  than 

to  utilize  conservation  of  angular  nanentuii^^  to  get  V.  from  A . 

0 0 

A radial,  linearly  increasing  electric  field  was  applied  to  this  particle 
and  the  test  performed  again.  Energy  is  not  conserved  exactly  in  this  case 
because  the  electric  field  was  not  self-consistent,  but  the  orbit  was 
periodic  and  did  return  to  the  initial  energy  when  the  particle  returned  to  the 
axis.  The  main  feature  of  this  test  was  the  presence  of  an  azimuthal  E x B 
precession  of  the  orbit  which  appeared  as  expected.  During  these  various 
particle  tests,  the  source  matrices  calculated  were  pvAnted  out  and  checked  In 
detail  to  ensure  that  the  area-weighting  algorithm  works  properly. 

The  particle  pusher  was  then  Inserted  into  the  CYIRAD  code  and  the  entire 
program  was  tested  on  the  increasing-current  run  whose  results  are  show  in 
Fig.  9.  A colunn  of  charge  was  initialized  along  the  full  length  of  the  axis 
extending  out  to  a finite  radius  less  than  the  tube  radius  and  then  accelerated 
slo/ly  along  the  axis  by  an  applied  non-electrcoagnetic  force.  Initially  only 
the  radial  electrostatic  electric  fields  were  present  plus  a low  level  of 
cavliy  nodes  included  to  tickle  any  Instabilities,  if  present.  In  this 
problem  the  acceleratim  was  sufficiently  slow  that  a quasi-static  azimuthal, 
magnetic  field  could  be  eiqpected  to  develop  where  varies  as  r inside  the 
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PARTICLE  MOMENTA  VS  TIME 


C = 2.0  Px^  = 0.2  Pr 


t 


Figure  8.  Radial  and  Azimuthal  Momenta  for  a particle  passing 
through  the  axis  of  the  cylinder.  The  orbit  is  exartly  periodic 
and  energy  conserving  even  though  Pr  reverses  discontinuously 
as  the  particle  passes  through  'he  axis. 
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charged  cylinder  and  drops  off  as  l/r  outside  the  cylinder.  The  mass  of  the 
particles  in  the  charge  cylijider  was  taken  so  large  that  no  appreciable  radial 
e:^an8ion  took  place  from  the  radial  electrostatic  field  during  the  course  of 
the  run. 

In  the  figure,  rB^(r)  is  plotted  at  three  equally  spaced  times  after  the 
beginning  of  the  run.  The  quantity  rB.(r)  should  vary  quadratically  out  to  the 
beam  radius  and  then  should  be  constant  outside  this  radius.  The  theoretical 
curve  is  shown  for  the  particle  current  at  t = 150.  The  numerical  data  from  one 
29-point  radial  jine  is  also  shown  for  comparison.  The  agreement  is  excellent. 

The  levels  of  irBg(r)  seem  to  be  getting  closer  together  as  time  goes  on.  This 
occurs  because  of  the  relativistic  saturation  of  V at  c;  only  the  quantity 
is  being  accelerated  uniformly. 

Two  other  features  of  this  particular  test  will  be  of  interest.  The  radia- 
tion fields  .enerated  when  the  char  jed  beam  is  accelerated  would  normally  rattle 
about  in  the  cylinder  forever  were  it  not  for  the  radiation-absorbipg  layer 
included  in  the  calculation.  This  layer  extends  over  two  cells  in  radius,  shown 
cross  hatched  in  Fig.  9,  and  along  the  full  length  of  the  system.  The  electric 
fields  in  this  region  are  knocked  down  at  each  timestep  as  they  would  ue  in  a 
resistive  mediur.  Thus  the  radiation  energy  which  develops  does  not  continue 
indefinitely.  During  the  course  of  the  run  the  transverse  electric  energy,  which 
does  not  interact  with  the  beam  at  all,  decreases  by  two  orders  of  magnitude  due 
to  the  absorption. 

The  second  featiure  of  the  calculation  is  the  presence  of  an  €-raetal  wall  two 
cells  inside  the  real  wall  of  the  cylinder.  Appendix  C discusses  the  inclusicn 
of  a spatially  varying  dielectric  constant  in  CYLRAD.  This  allows  more  complicated 
physical  problems  to  be  handled  where  the  radiation  propagates  through  a spatially- 
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CYLRAD  CURRENT  TEST  t=75.0  • • •• 

c = 2.0  Sf=05  t*  150.0  oooo 

t«225.0 

5 STEPS  TO  I 


0-  0 


Figure  9.  Azimuthal  magnetic  field  of  a slowly- 
accelerated  charged  cylirder.  The  solid  line 
shows  the  theoretical  magneto- static  field  which 
would  prevail  at  t=  150.0  if  the  charged  cylinder 
were  moving  at  constant  velocity. 
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varying,  frequency  independent  dielectric  medium  (Cherenkcjv  radiation  could  be 
treated  for  instance).  An  important  ise  for  this  flexibility  is  the  case  for 
f -*  *,  which  is  really  treated  as  l/f  ■ 0.  As  noted  in  the  appendix,  the  code 
treats  this  as  a metallic,  perfectly-conducting  boundary  condition.  Hius  com- 
plicated metal  boundarys  can  be  included  quite  easily  by  reducing  the  valves  in 
the  l/f  matrix  from  1.0  to  0.0  in  regie  is  which  are  supposed  to  be  metal. 

In  the  test  shown  by  Fig.  9,  'tlie  outer  wall  of  the  calculation  was  taken  to 
be  two  cells  of  this  f-metal,  explaining  the  two  points  at  zero  near  the  outer 
radius.  This  f-metal  conserves  energy  properly  and  does  not  contribute  to  the 
divergence  of  ^ or  t’.ie  divergence  of  These  convenient  propertie  - are  all  made 
possible  by  the  fully  causal  treatment  of  the  Maxwell  Equations  embodied  in  the 
code. 


A final  series  of  tests  are  being  ccnducted  in  which  the  cylinde'  is  filled 
uniformly  with  electrons  and  with  a smeared  out  ion  background.  The  particle 
distribution  is  initially  random  in  velocity  with  all  fields  zero  except  the 
electrostatic  field  caused  by  initial  discrepancies  from  charge  neutrality. 

These  tests  were  designed  to  check  overall  energy  conservation  and  the  bremsstrah- 
lung  radiated  from  the  particle  collisions.  The  plasma  temperature  was  low,  taken 
so  that  nXp  ~ 15,  and  the  particles  were  initialized  so  that  there  wer^  only  2 
per  cell  on  average.  These  conditions  give  fairly  high  collision  times  and  fluc- 
tuation and  therefore  fairly  fast  bremsstrahlung  thermalization.  Furthermore, 
because  the  fluctuation  levels  are  high,  conservation  of  total  < nergy  in  the 
code  should  be  all  the  more  difficult  to  achieve.  In  typical  runs  the  energy 
was  conserved  to  better  than  if  over  toO  ^ when  prea  weighting  v;as  used  on 
all  fields  and  sources.  When  I^iP  was  used  on  the  currents,  however,  with  all 
other  quantities  area  weighted,  the  energy  conservation  disappeared  entirely. 
Errors  of  500f  were  recorded  for  the  same  length  run.  The  large  NGP  error 
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is  explained  when  one  realizes  that  no  k-space  ssoothing  to  the  sources  or  fields 

25 

is  being  applied  as  in  electrostatic  simulations. 


Electromagnetic  collision  (themalization)  times  go  roughly  like 
times  the  corresponding  electrostatic  times.  In  simulation  plasmas,  IDnX.^  is 
a rule-of- thunk)  electrostatic  collision  time.  In  the  present  case,  therefore, 
150B»p  ^ is  a good  estimate  of  the  Coulomb  collision  time.  Since  there  are  at 
most  a few  modes  in  the  system  tested  (dimensions  l6  cells  x 29  cells),  the  very 
shortest  wavelengths,  which  are  the  slowest  modes  to  thermalize  have  (ui/(u^)*  < 10. 
Thus  iiOOiUp  ^ is  a reasonable  estimate  for  the  bremsstrahlung  thermalization  time, 
in  good  agreement  with  the  computer  simulation. 


When  several  timesteps  for  the  fields  are  taken  for  each  particle  timestep, 
the  bremsstrahlung  radiation  rate  became  considerably  slower.  Thus  the  ability 
to  take  multiple  timesteps  was  found  to  improve  the  physical  properties  of  the 
simulation  as  well  as  the  computational  properties.  This  effect  clearly  results 
because  radiation  arises  from  orbit  deflections.  When  the  orbits  suffer  fewer 
deflections,  even  though  of  larger  amplitudes,  the  radiation  at  short  wavelengths 
will  saturate  moie  slowly. 


The  field  energy  saturation  levels  ere  also  fairly  well  explained  for  these 
tests.  In  the  cas’  of  NGP  currenia  one  would  expect  roughly  ^T  of  energy  for 
each  field  component  at  each  grid  point.  Here  T is  the  temperature  at  equilibriun. 
One  also  expects  energy  in  kinetic  motion  for  each  particle.  Since  there  are 
2 particles  per  cell  in  these  runs,  the  NGP  field  energy  at  saturation  should  be 
roughly  twice  the  kinetic  energy.  The  actual  ratio  observed  was  about  5.  When 
area  weighting  is  used,  wavelengths  shorter  than  about  **  cells  are  strongly 
supressed;  that  is,  three  fourths  of  the  modes  are  ?jirgely  inoperative.  This 
means  that  kinetic  energy  should  be  twice  tlie  field  energy,  a ratio  clcse 
to  the  50^  number  given  by  Fig.  1C. 
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Figure  10.  Radiation  of  Bremsstrahlung  by 
a non- equilibrium  plasma  in  CYLRAD.  The 
electromagnetic  field  (initially  zero)  ap- 
proaches equilibrium,  as  estimated  by  equi- 
partitionarguments.as  up^t approaches 450. 
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VI.  COKCUEIONS 

The  two  dinencilonal  relativistic  plasma  simulation  program  CVLRAD  has  been 
described  in  seme  detail.  Two  main  modules  have  been  developed,  the  general  pur- 
pose r-z  cylindrical  Maxwell-Equation  solver,  and  the  relativistic  particle  pusher. 
The  overall  algorithm  is  fully  time  reversible.  In  several  instances,  alternative 
algoritlaas  have  been  mentioned  and  the  reasons  for  each  choice  given.  General 
criteria  of  simplicity,  flexibility,  accuracy,  and  efficiency  have  been  balanced 
in  each  of  the  algoiitlmi  choices.  The  paper  has  stressed  the  numerical  aspects 
of  the  CYLBAD  program  in  order  to  show  first,  how  such  a program  can  be  constructed 
to  be  both  flexible  and  efficient,  and  second,  how  the  interplay  between  partial 
differential  finite-difference  techniques  (fluid  codes)  and  particle  techniques 
can  be  n rged  in  the  development  of  a hybrid  code.  These  techniques  will  find 
application  throughout  computational  physics.  In  incompressible  flow  the  vor- 
ticity  can  be  discretized,  for  example.  Or  in  the  study  of  galactic  evolution, 
the  gas  clouds  could  be  followed  in  an  MHD  approximation  while  the  stars  could 
be  followed  as  particles. 

Several  of  the  ideas  presented  here  may  be  of  special  interest. 

1}  Separation  of  the  longitudinal  and  transverse  contributions  of  the 
currents  to  the  electromagnetic  fields  has  been  previously  recognized.^^  The 
method  given  in  Section  II  and  Appendix  A is  both  flexible  ani  efficient. 

2)  A spatially  varying  dielectric  matrix  is  allowed.  The  correct  boundary 
conditions  are  automatically  satisfied  everywhere  even  when  € -*  •,  thus  quasi- 
metalllc  or  dielectric  obstacles  and  walls  can  be  placed  arbitrarily  in  the 
cavity. 

5)  A method  for  accurate  integration  of  the  particle  orbits  near  the  axis 
of  symmetry  is  given.  Thus  axis  crossings  can  be  handled  smoothly  without  singu- 
larity. 
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4)  The  relativistic  mass  correction  is  performed  in  a simple,  reversible, 
energy-conserving  manner.  This  integration  method  is  to  be  contrasted  with 
algorithms  where  V and  y_  are  advanced  independently. 

5)  The  completed  plasma -simulation  algorithm,  including  the  solution  of  the 
Maxwell  Equations  and  the  relativistic  particle  pusher,  allows  the  fields  to  be 
advanced  on  a shorter  timescale  than  the  particles.  This  increased  freedom  has 
been  found  to  reduce  coUlslonal  effects  as  well  as  improve  program  efficiency. 

6)  The  completed  plasma  simulation  algorithm  is  fully  space-centered  and 
fully  time-reversible.  Thus  a host  of  problems,  which  might  otherwise  occur, 
can  be  avoided. 

Proposed  calculations  on  the  IBM  560/9I  computer  (~  400K  words  of  52  bits 
each  of  useable  fast  core  memory)  can  be  performed  on  a 50  x 512  mesh  at  less 
than  2.0  seconds  per  3 radiation  steps  plus  Poisson  solve.  Using  11  grids,  then, 
of  25K  points  each  still  leaves  plenty  of  core  for  program,  diagnostics  matrices, 
and  particle  buffers.  By  stretching  the  computational  cells  5:1  in  the  axial 
direction,  systems  with  a 30:1  aspect  ratio  can  be  treated  easily.  The  running 
time  for  this  problem,  assuming  1*  particles  per  spatial  grid  point  is  12  seconds 
(lOOK  particles  x 100  ^sec/particle  + 2 seconds  for  fields).  In  physical  units 
this  is  about  one  u)  of  real  time  per  minute  of  CPU  time. 
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Appendix  A - Poisson  Solvers 

In  this  paper,  the  constitutive  Maxwell  Equation, 

7 • E ■ l^np  , (A-1) 

is  ensured  by  an  auxiliary  calculation  rather  than  by  choosing  one  of  the 
conservative  charge-current  algorithms  The  many  advantages  of  this  are 

discussed  in  Section  II.  One  disadvantage  is  that  a Poisson  equation  must  be 
solved.  This  Poisson  equation, 

V®  50  - 7 • E -l^^p  , (A-2) 

generates  a correction  potential  60(r,z),  whose  gradient  is  subtracted  from 
E*  to  ensure  that 


E = E*  - 760  (A-5) 

satisfies  Eq.  (A-l).  Calling  the  ri^t  hand  side  of  Eq.  (A-2)  S(i,j),  consistency 
of  the  difference  analogues  to  the  differential  operators  necessitates  using  the 
5-point  Poisson  approxination  (r^"^,  r^,  r^“  are  defined  in  Section  II), 


r+  60  (i  + 1,  o)  - 2r^  50  (i,J)  + r"  60  (i-1,  i) 

6r^ 

+ 50  (i..m)  - 250  (i..1)  + 50  (i..1-l)  = S (i,j)  , 


(A-U) 


for  i * 2,5  ...,  NR  and  j = 2,5  ...,  NZl.  Here  we  again  use  i as  the  radial 
index  IR  and  j as  the  axial  index  tZ.  The  boundary  conditions  on  60  are 
60  (l,j)  ■ 50  (2,j)  from  azimuthal  symmetry  and  &0  (NRl,j)  = 0 because  the 

outer  wall  is  considered  to  be  perfectly  conducting.  This  second  condition  is 
true  only  because  E^*,  the  electric  field  from  the  staggered  leapfrog  integration 
of  Maxwell's  Equation^,  satisfies  E^*  (NRl,j)  = 0 already. 


It  is  clear  from  Eq.  (A-t)  that  S(l,j)  are  not  used.  Thus  p is  effectively 
discarded  at  these  points  even  though  the  charge-sharing  algorithm  does  attribute 
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some  charge  to  these  cells.  At  the  axis  all  of  this  charge  is  \ised,  however, 
in  going  from  a charge  matrix  to  a charge  density  matrix.  At  the  wall,  the 
charge  lost  can  be  attributed  to  a numerical  indeterminacy  principle  which  states 
that  all  charge  within  half  a cell,  6r/2,  of  the  wall  connot  be  distinguished 
frcm  the  cancelling  image  charges  in  the  wall,  which  also  lie  in  the  same 
computational  cell.  Thus  this  charge  can  have  no  effect  on  the  longitudinal 
fields  in  the  system. 


In  CYIi^AD,  Eq.  (A-U)  is  solved  directly  without  iteration  by  a combin- 
ation fast  Fourier-transform  reduction  in  the  z direction  and  a double  sweep 
matrix  inversion  of  the  tridiagonal  equations  for  the  resultant  Fourier  harmonics. 
After  Fourier  transforming  each  row  of  S in  the  z direction,  we  need  only  con- 
sider individual  harmonic  terms  of  the  form  (i)  exp  (2tt  iKj/NZ).  Sub- 
stituting into  (A-**)  gives 


— *f— 

6r®  L 


(i  + 1)  - 26#^(i)  -A-  6 0 


-1+  sin^  ttk/nZ  6 0„(i)  = 
6 z ^ 


(A-5) 


Solving  the  tridiagonal  system  of  Eqs.  (A-5)  for  i = 2,3  ...,  MR  gives  a matrix 

of  6 0 to  overwrite  S . 1 

1\  1\ 

the  final  result,  6 0(i,j). 


of  6 0 to  overwrite  S . These  harmonics  are  then  Fowier  synthesized  to  give 
K K 


The  fast-Fourier-transform  method  was  developed  b;  the  author  at  Culham^^ 

and  has  been  in  use  for  over  a year  at  NRL  in  the  PPOWER  electrostic  simulaticr 
2k  25 

code  ’ . Every  effort  has  been  made  to  make  the  code  efficient  and  accurate. 

With  the  FFT  subroutine  in  assembly  language  and  the  tridiagonal  solver  in 
Fortran,  a 128  by  128  system  can  be  Poisson  solved  in  cylindrical  coordinates 
in  .1*8  seconds  on  the  590/91-  The  tridiagonal  solver  is  presently  being  coded 
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in  FL360,  a syaAiollc  assembly  language  for  3^  computers,  and  is  being 
modified  to  solve  two  harmonic  equations  simultaneously.  The  estimated  Polsson- 
solvlng  time  for  the  128  by  128  system  will  then  be  about  .33  sec.  For  compar- 
ison, a single  radiation  tlmestep  leapfrogging  jE  and  ^ forward  takes  about  .20 
sec.  in  Fortran.  Thus  the  field  integration  part  of  the  CYLEtAS  code  will  be 
slowed  by  about  50/^  if  3 radiation  steps  are  performed  for  every  particle  step 
(Poisson  solve).  This  'joh  slow  down  of  the  field  integration  is  snail,  however, 
idien  particle  integration  times  are  considered  as  well.  With  only  2 particles 
per  cell,  we  have  over  30,000  particles  to  integrate  every  tlmestep.  This  is  3 
seconds  per  tlmestep  for  particles,  .6  second  for  fields,  and  .35  second  for  a 
Poisson  solve.  Thus  the  Poisson  solve  costs  at  most  lOji  of  the  cycle  time.  By 
contrast,  the  conservative  charge-current  algorithm,  except  for  possibly  knotty 
problems  at  the  boundaries,  would  allow  us  to  do  away  with  the  Poisson  solve 
entirely  but  would  rou^ly  double  the  particle  integration  time.  Thus  the 
Poisson  solve  method  saves  a factor  of  about  2 overall. 

As  a special  case,  the  conservative  charge-current  prescription  could  be 
used  in  the  CYLRAD  algorithm  resulting  in  6 0 (i,j)  ■ 0 to  computer  roundoff  error 
everywhere  in  the  region  of  calculation.  Since  single  precision  is  only  6 figures 
or  so  on  the  360  computers,  however,  it  seems  quite  likely  that  some  form  of 
"divergence  cleaning"  would  still  be  necessary  every  1000  tlmesteps  or  so.  The 
divergence  of  ^ in  CYI£AD  is  zero  to  only  about  4 or  5 places,  for  example,  since 
roundoff  errors  accunulate  over  a few  thousand  tlmesteps  of  the  radiation  fields. 
Thus  it  may  be  necessary  to  use  such  a divergence-cleaning  routine  for  ^ as  well. 

It  is  advantageous  to  calculate  in  single  precision  as  much  as  possible 
since  the  useable  core  storage  is  then  effectively  doubled.  Therefore  close 
error  checks  on  the  Poisson  solver  have  been  performed.  The  test  cases  were  on 
small  16  x 29  systems  and  on  larger  128  x 128  systems.  In  the  former  case 
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V®  60  ■ S to  about  5 figure  accuracy;  in  the  latter  case,  to  about  U figures. 

As  2.  is  typically  only  a few  percent  relative  to  E*,  however,  the  actual 
error  in  the  physical  fields,  in  the  worst  cases  would  only  be  a few  parts  per 
million. 

Other  methods  of  Poisson  solving  would  suffice  for  this  problem,  of  cowse, 
since  the  consistency  conditions  for  the  difference  analogues  of  the  vector 

differential  operations  prevent  the  use  of  Poisson  coefficient  smoothlng^^’^^ 

i8  19  20  21 

imnedlately.  Buneman"  , Hockney  * , Golub  and  Nielson  all  have  direct 

methods  for  Poisson  solving  which  may  be  adapted  to  this  problem.  In  addition, 

22 

the  classical  iteration  methods  , could  also  be  applied  but  at  a large  expense. 
The  Fourier  method  seems  more  flexible  than  these  methods  and  is  of  comparable 
speed  and  so  has  been  used  here.  The  Fourier  method  also  generalizes  conveniently 
to  other  geometries  and  to  three  dimensions  since  harmonic  analysis  in  the  6 
direction  (or  X,  Y,  Z)  as  well  as  the  Z direction  is  allowed. 
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Appendix  B - Generalizations  of  the  Maxwell  Equation  Solver 

Since  the  particle-pushing  algorithm  treats  one  particle  at  a time  and 
only  five  coupled  ordinary  differential  equations  must  be  solved,  generali- 
zation of  the  algorithms  given  or  suggested  here  to  different  geometries  or  to 
three  dimensions  will  be  quite  straight  forward.  Modification  of  the  Maxwell- 
Equation  algorithms  including  the  Poisson  Solver  used  here  presents  a far  more 
difficult  problem  from  a practical  viewpoint.  This  Appendix  considers  Maxwell- 
Equation  Solvers  in  other  than  r-z  cylindrical  coordinates  and  gives  vari- 
ations on  the  staggered  leapfrog  integration  algorithm  which  have  special  pro- 
perties for  various  applications.  1 consider  first  the  integration  of  the 
Maxwell  Equations  using  an  implicit  rather  than  an  explicit  formulation  of  the 
partial  differential  equations. 


An  implicit  difference  equation  is  one  in  which  the  time  derivative  terms 
Include  the  quantity  being  solved  for  at  the  new  time.  For  the  Maxwell  i'quations 
we  write,  in  analogy  with  Eqs.  (10-U), 


E(t+6t)  ■ E(t)  + ^ iCt)  B(t+6t)j 

-4TT6t  J(t+6t/2), 

B(t+6t)  ■ B(t)  ■ Qd  * * E(t+6t)j. 


(B-1) 

(B-2) 


In  these  vector  equations  the  desired  fields  ^(t+6t)  and  ^(t+6t)  appear  explicitly 
on  the  left  hand  side  and  implicitly  on  the  right.  When  the  finite  difference 
operators  7^  are  expanded,  a complicated  coupled  system  of  equations  is 
obtained  which  must  be  solved  either  directly  or  iteratively.  These  equations 
can  be  decoupled  into  2 three-component  sets  in  either  of  two  manners.  Equation 
(E-1)  can  be  substituted  into  the  right  side  of  (B-2)  and  (B-2)  into  the  right 
side  of  (B-1)  to  obtain  second-order  spatial  equations  for  E^(t+6t)  and  ^(t+6t) 
separately. 
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Alternatively,  the  Transverse  Electric  (EgB^B^  in  r-z  cylindrical  and 
Transverse  Magnetic  (BqE^E^  in  r-z  cylindrical)  nodes  can  be  decoupled  in  solving 
(b-1)  and  (B-2).  This  decoupling  is  both  convenient  and  physically  reasonable  in 
2D  systems.  In  testing  the  present  version  of  CTflBAD  the  distinction  between 
TE  and  TM  radiation  has  been  rigorously  maintained  and  each  set  of  cavity  modes 
has  been  checked  for  energy  conservation  and  numerical  stability  independently. 

The  dispersion  relatlcn  for  Equations  (B-1)  and  (B-2),  when  the  spatial 
derivatives  are  all  fully  staggered  in  Cartesian  coordinates,  is 

tan^  u)6t/2  ■ sin^  k^6x/fe  + sin^ky6y^  + ^ 

This  dispersion  relation  differs  from  that  found  earlier,  Eq.(32a),  by  the  conver- 
sion of  the  sin^  term  to  tan^  with  no  other  change.  This  means  that  the  stability 
condition  found  earlier,  because  the  right  side  of  Eq.  (J2a)  could  not  exceed 
\mity  for  any  wave  vector,  can  be  relaxed.  In  the  fully  5mplicit  algorithm 
under  discussion  here,  marginally  stable  oscillatory  solutions  exist  for 
any  6t  because  tan^  ranges  from  zero  to  infinity.  The  dispersion  properties 
of  this  method  are  as  bad  as  for  the  explicit  algorithm,  however,  as  can  be 
seen  in  Figure  3 for  a one -dimensional  case  with  low  plasma  density.  Thus  the 
implicit  algorithm,  if  used  with  substantially  longer  timesteps  than  allowed  by 
the  explicit  stability  condition,  will  suffer  unacceptably  large  numerical  dis- 
persion in  physically  interesting  wavelengths. 

The  more  appropriate  regime  for  use  of  the  implicit  formulation  is  in 
coordinate  systems  having  a singularity.  Polar  cylindrical  coordinates  is  a good 
example  and  will  be  considered  briefly.  The  method  also  generalizes  easily  to 
r-0-z  systems  since  the  z coordinate  is  particularly  easy  to  treat  and  Cartesian 
systems,  x-y  and  x-y-z,  are  even  simpler.  Figure  U shows  an  appropriate  r-0 
grid  whose  major  difference  fron  Fig.  2 is  the  ncn-staggering  of  meshes  in  0. 
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A MESH  FOR  POLAR 
COORDINATES 

O 


Figure  11.  An  r-fl  mesh  for  the  implic 
integration  of  Maxwell’s  Equations.  Nc 
tice  the  interchange  of  0 and  z coordinate 
radially  reUtive  to  the  CYLKAD  Mesh. 
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This  added  conplication  is  removed  because  a fast  Fourier  transform  of  (B-1)  and 
(B-2)  in  9 is  to  be  performed  to  decouple  the  radial  variation  from  the  azimuthal 
variation.  This  transfoim  allows  derivatives  in  9 to  be  taken  analytically  in 
m-space  and  does  not  couple  adjacent  m values.  The  TE  (E^  , B^  , Bg)  and  TM  (B^, 
E^,Eg)  equations  therefore  become  tridiagonal  systems  in  r for  each  9 harmonic 
labelled  by  m. 

To  pursue  this  in  greater  detail,  consider  the  foUovring  difference-operator 
definitions  (assuming  their  use  in  m-space  for  9 riations ) ; 


)g(i,m) 

(7p*A)(i,m) 


y(i+i)  - ni)  , 


imY  (i) 

r. 

1 


A^(i)  - r/A^Ci-l)) 


i "r' 


6r 


(^xA)^(i,m)  « ^i^Aji), 


(^n*A)g(i,m)  = -9 


(A  (i)  - A (i-1)) 

2 Z 

6r 


_2f  1 Im  . ,.,1 

(VjjXA)  (x,m)  - I gj 

L 1 i J 


, fr  fCi+D-ar  ’i'(i)+r,  Y (i-lj 
7^=Y(i,m)-^[-^ i -i- 


where  the  radial  factors  are  defined  as 
r^"^  = (i-1)  or 

r^  = (i-5/2)  6r  , 
r^  = (i-2)  6r  . 


(B-4) 

(B-5) 

(B-6) 

(B-T) 

(B-8) 

(B-9) 

(B-10) 


(B-U) 
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Here  "m"  can  be  replaced  by  any  particular  finite  difference  analogue,  say 
® derivative  if  desired. 

When  these  definitions  are  substittited  into  (B-l)  and  (B-2),  the  following 
two  systems  of  tridiagonal  finite-difference  equations  are  obtained 

B^(t+5t,i)  =■  ^B^(t,i)  - ^7jjXE(t)^^(i)J  - ^^E^(t+6t,i), 

BQ(t+6t,i)  ■ ^Bgrt.i)  - ^7jjXE(t)^g(i)j 


E^(t+6t,i)  -[E^(t,i)  + ^^^7jjXB(t)J^(i)  - kvl 
, c6t  fVl  Bg(t+6t,i)-| 

5? J 


J 


1^  imB^(t+6t,i) 


for  Transverse  Electric  modes  arid 

c6t 


E^(t+«t,i) 


- j^E^.(t,i)  + -|^^^pXB(t)j^(i)  - '•TT5W^j 


•f- in  B^(t+6t,i), 


,(t+6t,i)  - ^Eg(t,i)  + ^^VjjXB(t)^g(i)  - l*Tl6tJgj 


c6t 


[ 


^ B^(t+6t,i)  - B^(t+6t,i-l)  , 


(B-12) 


(B-U) 
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Bj,(tf6t,i) 

= k(t.i)  -•^(v^(t)]^(i)l 

c6t 

L \ / J 

r Vi  h Ee(t+«t,i)' 

-2?7 

L 

. c6t 
2^ 

iaE^(t+6t,i) 

(B-35) 


for  Trsnsverse  Nsgnetlc  Bodes.  In  both  the  TE  and  the  TM  cases  the  equations 

to  be  solved  can  be  reduced  to  a single  scalar  tridiagonal  system.  For  exsBqile, 

in  Eqs.  (B-12)  for  TE  radiation,  the  equations  for  B (t+6t,i)  and  B«(t+6t,i) 

r w 

can  be  substituted  into  the  equation  for  E^(t-*^t,i).  Once  the  resultant  scalar 
equation  is  solved,  B^(t'*'6t,l)  and  Bg(t-i-6t,l)  can  be  found  explicitly  by  sub- 
stitution. This  algorithm  has  the  disadvantage  of  requiring  Fourier  transforms, 
in  d,  of  all  the  field  variables.  Longer  time  steps  can  be  taken,  however.  This 
algorithB  also  suffers  in  that  the  dielectric  matrix  technique  mentioned  earlier 
and  discussed  in  Appendix  C can  only  be  used  in  axially  symsMtric  configurations. 
There  is  the  compensation  that  Fourier  smoothing  techniques  can  be  applied  in  6 
and  somewhat  coarser  0 resolutions  can  be  allowed  than  would  be  possible  using 
an  unsBootbed  finite-difference  approach. 


In  3D  cylindrical  and  in  2D  and  3D  Cartesian  coordinates  similar  equations 
are  obtained.  In  each  case  the  implicit  equations  can  be  solved  directly  with- 
out iteration  by  Fourier  transfoming  in  all  but  one  of  the  dimensions  and  then 
solving  the  resultant  scalar  tridiagonal  equation  k>  a two-sweep  Gaussian  reduc- 
tion as  used  in  the  CXIMD  Poisson  solver. 


The  Fourier  hannonlcs  labelled  by  k in  the  z direction  and  by  a in  the  8 
direction  can  be  treated  "exactly"  in  the  following  sense:  The  sin^  terms  on 

the  right  hand  side  of  Eq.  (B-3)  get  replaced  by  the  corresponding  analytic 
derivatives.  Thus,  if  Fourier  analysis  were  usel  for  both  the  x and  the  y 
derivatives  in  Eq.  (B-3),  one  would  have  (for  Cartesu  i coordinates) 
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t%n*(s6t/2 


*(k^  + k=)  + 


(B-l4) 


The  only  dispersion  remaining  arises  from  the  finite  tiaestep  used  in  the  integra- 
tion. This  resiilt  suggests  a fully  dispersionless  integration  of  the  Maxwell 
Equations  in  Carteslsin  systems  where  Fourier  analysis  is  possible  in  all  direc- 
tions. Bather  than  using  a finite  difference  integration  in  tine,  giving  rise 
to  a dispersion  relation  like  Eq.  (B-l4),  the  correct  dispersion  relation 


= c^(k  ® + k (B-lb) 

can  be  used  to  advance  the  phase  of  each  of  the  Fourier  harmonics  analytically. 
When  this  is  done,  no  numerical  dispersion  is  present,  only  the  aliasing  wtiich 
occurs  because  a finite  discrete  representation  of  an  essentially  continuous 
system  cannot  be  avoided.  This  method  of  dispersionless  integration  would  allow 
much  more  accurate  treatment  of  short  wavelengths  and  would  permit  much  longer 
luns  with  strong  phase  coherence  of  waves  in  systems  where  (6-15)  applies. 

The  treatment  of  the  plasma  sources  would  be  sonewiiat  more  complicated  than 
indicated  above  in  Eq.  (B-15)  and  would  involve  the  charge-current  con- 
siderations mentioned  earlier  in  connection  with  the  CYIBAP  algorithm.  Tliese 
problems  are  all  handled  quite  easily  and  accurately  in  k-space  however.  One 
such  problem  arises  in  the  form  of  a numerical  inaccuracy  because  the  source 
£(t+6t/2)  will  be  assumed  constant  over  a timestep  when  advancing  the  amplitude 
and  phase  of  the  ) mode.  The  (k  ,k  ) component  of  £ must  actually  be  re- 
duced by  about  sin  to  reduce  this  inaccuracy.  This  is 

»(k  ,k  ) 6t/2 
x’  y 

just  the  factor  by  which  ® ^*^dt  differs  frto  J^.  e the  value 

of  the  current  at  the  center  of  the  timestep. 
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The  general  purpose  Maxwell  Equation  solver  discussed  xn  Section  II  can  be 
generalized  very  3 imply  to  include  the  presence  of  a spatially  varying  dielectric 


i 

? 


i 

The  properties  of  this  dielectric  ffledivm  are  assiused  to  be  time  and  frequency  ) 


Independent.  The  pertinent  Maxwell  Equations  become 

1 

1 

6D* 

4 

^ - c^xB  - Unj  , 

(C-l) 

1 

6B 

•5^  * -c  2jj  X [ ^<  ] , and 

(C-2) 

Vjj  • D ■ 4ttP  . 

(c-5) 

The  superscript  * in  Eq.  (C-l)  indicates  that  the  D*  contains,  in  principle,  error 
components  in  the  longitudinal  field  due  to  discrepancies  between  p and  J as 
discussed  in  detail  in  Sections  II,  IV,  and  in  Appendix  A.  These  error  components 
can  still  be  eliminated  \ising  the  Poisson  Equation  arising  from  (C-j),  as  before, 
with  simple  boundary  conditions  on  regardless  of  the  spatial  distribution  of 
dielectric,  <(r,z).  In  CYLRAD  the  quantity  l/€(r,z)  is  stored  in  a matrix 
defined  at  the  S mesh  of  Fig.  2.  The  values  of  on  the  other  meshes  are  found 
by  interpolation  from  the  stored  values  when  needed. 

The  term  d/<  is  found  by  a multiply  inside  the  difference  operator  v^^x  and 

thus  ^ ■ 0 is  still  assured.  Furthermore  ^ (longitudinal)  arises  onlj' 

from  Jjj,  as  required  by  physics  although (transverse)  can  arise  in  part  from 

Jjj  through  coupling  caused  by  the  l/<  term  in  Eq.  (C-2).  The  usual  boundary 

conditions  E continuous,  D continuous,  at  a dielectric  interface  with  no 
-H  -A  ’ 

siurface  charge  are  also  preserved  in  the  staggered  leapfrog  solution  of  the 
finite-difference  Maxwell  Equations.  Thus  a very  complicated  elliptic  boundary 
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value  problem  is  solved  in  an  essentially  simple  manner  by  solving  the  causal, 
hyperbolic,  time-dependent  physical  equations. 

The  quantity_p/c  is  the  electric  field,  of  co\irse.  When  is  not  contin- 
uous across  a dielectric  interface,  the  curl  of  ^ is  also  non-zero  so  a burst 
of  radiation  is  emitted  through  time  variation  of  ti.e  magnetic  field.  This 
so\irce  of  te/bt  turns  off  when  the  boundary  condition  is  satisfied.  The  method 
is  sufficiently  flexible  to  allow  perfectly-conducting  metallic  boundary  condi- 
tions to  be  simulated.  By  setting  l/c  “ 0 in  some  region,  the  electri'*  fields 
in  that  region  are  brought  to  zero.  The  longitudinal  displacement  £ does  not 
even  see  these  complicated  <-metal  regions,  however,  so  a very  simple  set  of 
bo\indary  conditions  is  retained  for  the  Ksisson  Equation  and  the  difference- 
formula  integration.  The  importance  of  being  able  to  solve  the  wave  equations 
with  arbitrary  dielectric  media  in  the  calculation  cannot  be  overstated.  Very 
complicated  problems  become  easily  tractable.  Cherenkov  ladiaticn  of  particles 
traveling  through  dielectric  media  at  velocities  faster  than  the  light  velocity 
in  the  medium  can  be  studied  in  a detailed  way  for  quite  general  dielectric- 
particle  configiirations . Complicated  dielectric  wave  guide  and  transformer 
problems  beccme  tractable.  Most  important  of  all  is  the  ability  to  treat  radi- 
ation and  plasma  in  fairly  arbitrary  metallic  containers. 

When  f approaches  infinity  in  a dielectric,  the  medium  imitates  metallic 
beiiavior  because  the  polai  ization  charge  hecanes  almost  totally  free  to  move 
and  therefore  moves  as  would  the  equivalent  conduction  charges  in  a metal.  If 
a point  charge  is  Imbedded  in  an  f -metal,  for  instance,  the  "metal"  polarizes 
and  all  the  charge  from  the  point  particle  appears  at  the  surface  of  the  C-metal 
region  since  ^ is  zero  inside.  Further,  since  the  equilibrium  must  be  con- 
tinuous across  the  f-metal  bounding  surface,  and  since  ^ is  zero  inside,  the 
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electric  field  leaving  the  C-netal  will  becone  perpendicular  to  the  surface  when 
all  the  radiation  fields  from  initial  transients  have  been  damped  away.  This 
means  that  very  complex  electrostatic  problems,  as  well  as  time -dependent  electro- 
magnetic problems  can  be  solved  quite  trivially  by  CYISAD. 

The  equations  can  undoubtedly  also  be  generalized  to  treat  problems  where 

a spatially  varying  ti(r,z),  the  pt'rmeabllity,  is  included.  In  many  cases  it 

may  be  necessary,  in  fact,  to  run  the  entire  problem  with  a false  value  of 

in  order  to  scale  the  electric  and  magnetic  fields  in  a convenient  way  so  that 

the  scale  length  c/u)  and  = V., /<»  will  not  be  too  dispaiate.  An  equi- 
pe  Dg  th'  pe 

valent  way  of  looking  at  this  is  to  rescale  c or  to  decouple  the  electrostatic 
and  electromagnetic  masses  of  the  particle. 
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Bit-Poshing  and  Distribution-Pushing  Techniques 
for  the  Solution  of  the  Vlasov  Equation* 

K.  R.  Symoa.  D.  ManbaU,  and  K.  W.  U 
Department  of  Physics 
University  of  Wisconsin 
Madison,  Wisconsin 


ABSTRACT 

In  a bit-pushing  program  a plasma  is  simulated  by  manipulating  a pattern 
of  bits  in  the  computer  memory  representing  the  pattern  of  particles  in  phase 
space.  The  method  is  analyzed  and  compared  with  conventional  particle- 
pushing techniques.  In  a distribution-pushing  program  the  particle  distribu- 
tion function  is  modified  according  to  the  leap-frog  equations  of  motion  for 
the  particles.  Algorithpaare  developed  for  accuracy  and  efficiency.  Sample 
results  of  both  kinds  of  programs  are  presented.  Results  are  presented  from 
a one  and  one  half  dimensional  distribution  pushing  program  simulating  a plasma 
beam  emerging  from  a circular  hole. 


* Work  supported  by  the  Atomic  Energy  Coomission. 
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Techaiquet  for  Solution  of  Vlftoov  Equation 


I.  INTRODUCTION 

In  this  we  present  two  ^roadtes  to  the  coiqaiter  slautation  of 
plasaas  which  have  been  investigated  as  ways  of  econoaizlng  on  nenoiy  storage 
space  and  tine  required  for  the  solution.  In  order  to  illustrate  the  Method, 
we  will  consider  priaarily  one  diaensional  probieas.  Prograas  utilizing  these 
■ethods  for  ono  and  one  half  and  two  diaensional  probieas  are  under  developaent. 

We  wish  to  find  the  behavior  of  a systea  of  particles  of  a single  species 
Moving  according  to  the  equations: 


ij  ■ Vj,  Vj  - a(xp,  , (1) 

where  Xj,  v^  are  the  coordinate  and  velocity  of  the  jth  particle  and  the 
acceleration  is  given  by 


a(x.)  - a (X.)  ♦ E K(x.-x.), 
3 e j i^j  3 I 


(2) 


where  K(x)  is  the  force  (per  unit  mass)  between  two  particles  a distance  x 
q>art,  and  where  a (x)  is  the  acceleration  due  to  the  externally  applied 
force,  if  any,  on  a particle  at  position  x.  The  force  kernel  K(x)  nay  have 
various  foras  depending  upon  the  particular  prbblea  to  be  sinulated.  Typical 
exaaples  are  shown  in  Fig.  3.  For  the  case  of  a Coulomb  force  between  plane 


Fig.  1.  Forms  for  the  force  kernel  K(x). 
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diarged  sheets,  the  kernel  has  the  fom  shown  in  Fig.  1(a),  where  a is  the 
charge  density  per  unit  area  and  p is  the  nass  density  per  unit  area.  If  we 
take  the  charged  sheets  to  have  a finite  thickness  d,  then  the  abrupt  step 
becooes  nodified  as  shown  in  Fig.  1(b);  this  is  also  the  fon  for  the  force 
kernel  associated  with  the  cloud  in  cell  model  in  one  dimension.  If  we  are 
dealing  with  & beam  of  particles  of  finite  cross-section,  the  kernel  will 
have  the  form  shown  in  Fig.  1(c),  where  the  force  falls  off  at  large  distances 
as  1/x  if  the  beam  is  in  eapty  space,  and  falls  off  exponentially  if  the  beam 
is  confined  between  conducting  walls.  Me  will  assume  that  the  plasma  is  con- 
tained within  a length  L along  the  x-axis,  -)jL  < x < i^L.  Me  will  take 
periodic  boundary  conditions,  that  is  we  will  assume  that  for  every  particle 
in  this  interval  there  is  an  identical  particle  at  the  same  relative  point 
in  every  other  interval  of  length  L along  the  x-axis.  For  this  reason  it 
will  usually  be  convenient  to  dioose  a kernel  of  the  form  1(c)  for  which  the 
force  between  two  particles  falls  to  zero  before  they  reach  a distance  L apart. 

The  energy  integral  for  the  above  equations  is 


E - Z Jjv,  ♦ S V,(x.)  ♦ 
j J j e J 


where  the  external  and  pair  potential  energies  are  given  by 

X 

Ve(x)  - - I a^(x)  dx,  (4) 

X 

Vp(x)  - -J  K(x)  dx.  (5) 

If  we  use  the  couloib  kernel  1(a)  for  a large  nujd>er  of  charge  sheets  distri- 
buted with  a density  k(x)  per  unit  length,  then  the  electric  field  is  given  by 
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CM  - ^ I 


K(x-x')  ic(x')  dx'. 


(6) 


and  we  can  show  that  the  third  tern  on  the  right  in  Eq.  (3)  reduces  to  the 
usual  fonula  for  the  electrostatic  potential  energy: 


fl 


h I k(x)k(x')  V (x-x')  dxdx*  » 
P 


(X)  dx 


The  Vlasov  equation  corresponding  to  this  pit^lem  is 


a(x)  « a 


>.«)  • II 


K(x-x')  f(x'.v')  dx'dv'. 


(7) 


(8) 


(9) 


The  linear  dispersion  relation  for  waves  of  wave  nuirt>er  k,  frequency  u)  is 
readily  shown  to  be 


(10) 


(11) 


where  g(v)  is  the  unperturbed  velocity  distribution, 

perturbed  j 

where  k is  the  number  of  particles  per  unit  length  along  x,  and  where 

2 

\ « LkK^.  (12) 

We  have  assuned  that  the  kernel  K(x)  is  an  odd  function  of  x and  have  expanded 
it  in  a Fourier  series: 

K(x)  • E 2K.  sin  kx  , (13) 

k»2irn/L  * 

For  the  coulosb  kernel  l(aj  for  plain  sheets,  kK^  has  the  constant  value 

kK^  - 0^/Lue^,,  (14) 
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1 

1 

! 


and  (U|^  is  independent  of  k and  is  just  equal  to  the  plasm  frequency 

■ <0^/V£q  * (IS) 

For  finite  thickness  sheets,  the  Fourier  coefficients  of  the  kernel  have  the 
value  (14)  for  long  wavelengths,  but  approach  zero  for  wave  lengths  shorter 
than  the  thickness  d.  For  the  kernel  1(c),  the  quantity  kKj^  falls  to  zero 
for  both  long  and  short  wavelengths;  we  my  in  this  case  define  th^  plasaa 
frequency  by  the  fonula  (12)  for  the  value  of  k for  which  kK^  is  a aaxiaua. 

Throughout  this  paper  we  will  assune  that  the  notion  of  the  particles 
my  be  coaputed  by  using  the  standard  leap-frog  algorida.  We  divide  the  tine 
axis  into  intervals  t according  to 

tjj  ■ nr.  (16) 

The  positions  x are  to  be  calculated  at  integer  tine  points  t^,  and  the 
velocities  v at  half  integer  tine  points.  The  leap-frog  advancenent  algoritha 
is  then 


* "j.n-i,  * ‘(*jn)^' 
*j,n*l  " *jn  * ’'j,nV* 


(17) 


II.  BIT- PUSHING  PROGRAMS 

Let  us  divide  the  fundamntcl  period  L along  the  x axis  into  J intervals 
each  of  length  h,  (L  > Jh) . Let  us  likewise  choose  a ■axinua  and  ainiaua 
velocity  v^^  which  are  relevant  to  a particular  problea,  and  let  us 

divide  the  interval  (v_^^  - v^^^)  into  I intervals  each  of  length  g, 

(v^^  - v^^  ■ Ig).  The  intervals  h and  g are  to  be  chosen  sufficiently 
smll  so  that  they  represent  the  aaxiaui  precision  with  which  we  care  to 
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specify  the  positions  and  velocities  of  the  particles.  The  i^ase  space  for 
the  problea  is  now  divided  up  into  IJ  cells.  Ne  aay  locate  any  particle  by 
specifying  the  cell  in  whicl  its  position  and  velocity  are  located.  Con- 
versely, we  aay  describe  the  particle  distribution  by  specifying  the  cells 
which  are  occupied  by  particles. 

In  a bit-pushing  pro>raa,  a rectangular  array  of  IJ  bits  is  reserved  in 
the  aeaory,  each  bit  correlated  with  a cell  in  the  rectangular  phase  space. 

A cell  which  is  occiq)ied  by  a particle  is  denoted  by  a one  bit.  A zero  bit 
denotes  an  unoccupied  cell.  This  pattern  of  bits  is  then  pushed  according 
to  the  leap-frog  algoritbaa (17) . At  a half-integer  tiae  step,  each  row 
corresponding  to  a particular  velocity  is  advanced  in  the  x direction  by  an 
appropriate  increaent  vt.  At  an  integer  tine  step,  each  column  correspondin'; 
to  a particular  position  is  advanced  in  the  velocity  direction  by  an  increment 
at.  Some  time  can  be  saved  in  the  conputation  by  utilizing  the  fact  that  at 
a given  time  step  all  bits  in  a given  row  or  column  are  advanced  at  the  same 
tiae  and  by  the  sane  number  of  intervals.  Even  aore  time  could  be  saved  in 
a computer  whose  logic  is  well  suited  to  pattern  manipulation.  Since  the  same 
J intervals  along  the  x-axis  are  used  in  calculating  the  acceleration  field, 
no  interpolation  or  area  weighting  is  required. 

Ne  have  found  it  convenient  to  align  words  in  the  phase-space  memory 
bank  along  the  velocity  direction.  That  is,  a complete  word  corresponds  to 
a group  of  phase  cells  having  different  velocities  at  a single  position  x. 

The  velocity  increments  at  an  integer  time  step  can  then  be  accomplished 
simply  by  a series  of  shifts.  Pushing  a row  in  the  x direction  at  a half- 
integer time  step  requires  an  individual  examination  and  manipulation  of  each 
bit  on  present  computers.  Such  an  examination  is  in  any  case  required  to 
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parfoia  the  sun  appearing  in  Eq.  (2)  for  the  self  field.  In  order  to  facili- 
tate the  calculation  of  this  sui,  we  store  in  a linear  array  of  J words  the 
nuri>er  of  particles  in  each  x Interval  (the  density).  Mien  a row  is  to  be 
shifted  at  the  half-lntepcr  tine  step,  we  scan  along  the  row,  noting  those 
poi.its  at  which  there  is  a change  frun  a zero  to  a one  or  froa  a one  to  a zero 
bit.  The  ^ipropriate  succeeding  bits  are  corrected  and  at  the  sane  tine  the 
corresponding  densities  are  corrected.  Thus  if  we  encounter  a sequence  of 
enpty  or  full  cells  we  need  aake  no  changes  until  we  coae  to  the  end  of  the 
sequence.  At  each  half-integer  or  integer  tiae  step  the  increaent  vt  or  ax 
is  calculated  according  to  the  algoritha  (17)  and  rounded  off  to  the  nearest 
integer  nuaber  of  position  intervals  h or  velocity  intervals  g,  for  each  row 
to  be  moved.  If  the  round  is  unbiased  and  if  the  remainder  is  discarded,  a 
randoa  error  of  h/r'T  or  g//~?  (ras)  is  made  in  the  position  or  velocity  at 
each  half-integer  or  integer  tine  step.  This  error  can  be  reduced  by 
accuaulating  the  rounded  off  reaainders  for  each  row  and  column  and  adding 
the  accuaulated  reaainders  to  the  calculated  increments  at  the  next  tine  step. 

A particle  which  stays  in  a given  row  at  a particular  velocity  then  suffers 
no  net  position  error  during  successive  position  increnents  until  it  is  shifted 
to  another  velocity  row,  whereupon  it  suffers  an  ^as  position  increment 
This  procedure  reduces  the  round-off  error  considerably  in  those  cases  where 
increments  in  position  or  velocity  per  time  step  are  of  the  order  of  or  less 
than  one  interval  h or  g.  There  is  little  improvenent  when  the  increments  are 
nany  Intervals  per  tine  step. 

A similar  scheme  has  been  used  by  Miller  and  Prendergast^  in  the  simulation 
of  many-body  problems  in  galactic  astronomy.  Miller  and  Prendergast  avoid  the 
round-off  error  by  choosing  position,  velocity,  and  time  increments  so  that 
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gr  ■ h.  All  position  increaents  are  tlTen  integral  aiiltiples  of  h.  Miller  and 

Prendergast  quantize  the  forces  so  that  ax  is  always  an  integer  Multiple  of*g. 

Ihe  round-off  error  then  effectively  appears  only  in  the  quantization  of  the 

force,  this  procedure  seens  to  place  very  severe  restrictions  on  the  choice 

of  paraaeters  unless  a very  large  nueber  of  phase  cells  is  used. 

A little  reflection  will  show  that  the  following  theorea  is  true: 

Theorea.  A bit-pushing  prograa  with  J > 2^  position  intervals 
and  I B 2^  velocity  intervals  is  precisely  equivalent  and  will 
give  identical  results  to  a conventional  particle-pushing 
prograa  in  whidi  the  positions  and  velcclties  of  the  particles 
are  stored  as  fixed-point  nuabers  of  i and  j bits  respectively. 

If  the  sane  round-off  procedures  are  used  in  both  cases  for  the 
position  and  velocity  increaents,  then  the  round-off  errors  will 
also  be  the  sane. 

If  floating  point  nuabers  are  used  for  the  positions  and  velocities  in  the 
particle-pushing  code  then  the  equivalence  is  not  precise,  but  it  is  still 
very  close  if  the  nuabers  of  significant  bits  in  the  position  and  velocity 
are  j and  i.  If  we  assuae  that  the  precisions  j and  i in  position  and  velocity 
nay  be  freely  chosen,  then  once  they  are  chosen  and  once  the  nuaber  of 
particles  has  been  chosen,  it  is  entirely  a natter  of  econony  in  meaory  space 
and  in  conputing  tine  whether  we  choose  to  push  bits  or  to  push  particles. 

The  nunber  of  nesnry  bits  required  to  store  the  particle  distribution  in 
a bit-pushing  prograa  is 

V 

The  nunber  required  to  store  the  sane  information  in  the  corresponding  particle- 
pushing  prograa  is 

N « N (i*j  ),  (19) 

PP  P 
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where  is  the  nuaber  of  particles.  So  far  as  aeeory  space  is  concerned, 
the  bit-pushing  prograa  will  be  eore  econoaical  then  the  particle-pushing 
prograa  when  the  ratio 


n 

-C 


(20) 


is  greater  than  one.  Bit-pushing  prograas  are  generally  run  with  a aean 

particle  density  per  phase  cell  N/2^*^  of  the  order  of  1/3  or  1/4,  and 

with  i + j of  the  order  of  IS  to  20.  Under  these  conditions,  the  bit-pushing 

prograa  is  evidently  aore  efficient,  as  aight  be  expected.  Conversely, 

particle-pushing  prograas  are  nomally  run  with  i j of  the  order  of  SO  and 
12 

with  N of  the  order  2 or  aore.  Under  these  conditions,  the  particle-pushing 
prograa  is  aore  efficient,  and  a bit-pushing  program  would  be  out  of  the  question. 

We  are  also  interested  in  comparing  the  economy  of  tine.  Ihe  relative 
computing  tine  for  the  two  programs  depends  rather  sensitively  upon  the 
co^>uter  which  is  used,  and  in  particular  upon  the  machine- language  vocabulary 
which  is  available.  One  night  imagine  an  ideally  flexible  computer  in  which 
computing  tine  would  be  strictly  proportional  to  the  nuid)er  of  bits  to  be 
manipulated.  Although  this  ideal  is  not  very  closely  approximated  with  existing 
computers^we  will  confine  our  comparison  of  the  two  programs  to  the  number  of 
memory  bits  which  must  be  reserved  in  each  case,  and  assume  that  the  computing 
times  required  will  be  at  least  roughly  proportional. 

Let  us  imagine  an  ideal  computer  in  which  the  word  length  is  entirely 
flexible.  For  a given  total  storage  capacity  in  a particle-pushing 
program,  we  are  then  free  to  trade  off  the  word  lengths  i and  j against  the 
number  of  particles  to  be  followed.  In  most  computers  this  trade  off  can 
in  fact  to  a considerable  extent  be  made  by  using  word  pscVlng  tec-hniques.  We 
may  then  ask  the  question,  for  a particular  problem  to  be  simulated,  what  is 
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the  optimum  trade-off  among  these  parrmeters.  If  we  could  answer  this  question, 
we  could  then  compare  the  numbers  and  to  determine  for  the  optimum 
case  whether  a bit-pushing  or  a particle-pushing  program  would  be  more 
efficient.  Unfortunately,  we  do  not  as  yet  have  any  satisfactory  answer  to 
this  question.  The  following  paragraph  presents  a preliminary  approach. 

Let  us  consider  a problem  in  which  the  relevant  phase  space  is  divided 
up  into  2^^^  cells,  (see  Fig.  2).  Let  us  assume  that  the  smallest  relevant 
phase  element  for  the  problem  to  be  simulated,  that  is  the  size  of  the  smallest 
bundle  of  particles  to  be  distinguished,  is  a rectangle  of  dimensions  ^v.  Let 
the  entire  phase  rectangle  be  divided  into  ki  elements  of  area  Cv,  where 


f,£,  V - V . 

* max  min 


kv. 


(21) 


Let  the  total  time  period  during  which  the  system  is  to  be  followed  be  T = nr. 
If  an  unbiased  round  is  used  for  the  position  and  velocity  increments  and  if 
the  remainders  are  discarded,  the  rms  error  in  position  and  velocity  of  a 
particle  at  the  end  of  the  calculation  due  to  round-off  errors  will  be 


« hn^//T,  Oy  • gn^/r^.  (22) 


Fig.  2.  Relevant  element  in  phase  space. 
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Ihe  niai>er  of  bits  in  the  phase  eleaent  Bust  then  be  at  least 

tvAg  > a/  6.  (23) 

if  round-off  is  not  to  carry  a particle  out  of  the  eleaent  If  the 
ainiaua  relevant  particle  density  is  f^^«  and  if  we  wish  to  detexaine  this 
density  to  within  an  ras  fractional  error  ’ , then  the  ainiaua  nuaber  of 
particles  in  the  phase  eleaent  aust  be 

Let  the  ratio  of  the  aean  overall  phase  density  f to  t*'e  Riniaua  phase  density 


- ^/^ain*  (25) 

The  idniauB  nunher  of  particles  which  must  be  followed  is  then 

Np  - kl  Rj/p2.  (26) 

If  the  ratio  of  the  aaxiaua  to  the  aean  phase  density  is 

«2  • (22) 

then  the  aaxiaua  number  of  phase  cells  in  a phase  eleaent  must  be  at  least 

Cv/hg  > - RjR2/p^  (28) 

We  have  then  for  the  required  number  of  phase  cells,  depending  upon  whether 
we  take  the  limit  given  by  equation  (23)  or  (28)  (whichever  is  greater). 


k»n/  6,  for  (23),  or 
ktRjR2/p2,  for  (28). 


Correspondingly,  the  ratio  (20)  is  given  by 
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i4un,  (ktn/  6 ) , for  (23) , or 
np  (30) 

(ktRjRj/p^),  for  (28). 

If  for  exa^>le  we  choose  p * 1/8,  Rj»R2=2,k«f=8,  n=  256,  then 
Eq.  (28)  is  the  ^>propriate  Unit,  and  we  find  N^p/Nj^p  • 7,  so  that  the  bit 
pushing  algorithawould  appear  to  be  nore  efficient  in  this  case.  For  these 
paraaeters,  we  find  5v/hg  * 256,  2^*^  = 16,384,  i * j = 7,  Np  « 8,  192.  As 
the  nuAer  of  tine  steps  to  be  coiiq>uted  increases,  the  limit  (23)  will 
eventually  prevail,  and  we  can  then  see  from  formula  (30)  that  for  a sufficiently 
large  number  of  tine  steps  the  particle-pushing  program  eventually  wins  out. 

The  reader  nay  enter  his  own  numbers  and  juggle  the  formulas. 

Some  preliminary  observations  of  the  two  stream  instability  have  been 
2 

made  with  the  bit  pusher.  The  Coulomb  kernel  (Fig.  la)  was  used.  The  phase 

space  was  216  x 216  bits  square,  for  a length  of  38  X^.  A total  of  15,500 

particles,  approximately  one  third  of  the  nuiAer  of  cells,  were  used.  The 

length  of  the  runs  was  9.6  Tp,  where  Tp  = 2itUp*^.  In  Fig.  3a,  b,  and  c we 

show  total  and  potential  energy  vs  time  for  three  different  time  steps, 

approximately  0.1  T , 0.05  T , and  0.025  T . These  runs  were  made  on  a univac 
P P P 

1108,  using  approximately  one,  one  and  one  half,  and  two  minutes  of  computing 
time,  respectively,  not  including  time  to  output  results. 

Initially  all  phase  cells  in  velocity  rows  tl9  to  t54  were  filled,  to 
give  two  uniform  rectangular  beams,  and  rows  ±18  were  half  filled  randomly  to 
provide  a spatial  density  perturbation  of  1.3t.  For  the  large  time  step, 
note  the  oscillation  in  total  energy.  This  has  an  amplitude  of  'v<l\  of  the 
total  energy,  or  '''20t  of  the  variations  in  potential  energy.  The  oscillation 
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FIGURE  3a.  TWO  STREAM  INSTABILITY 


STREAM  INSTABILITY 
- (E)  AND  POTENTIAL  (P)  ENERGY 


FIGURE  3b.  TWO  STREAM  INSTABILITY 


FIGURE  3c.  TWO  STREAM  INSTABILITY 
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is  caused  by  truncation  error,  and  its  asiplitude  is  proportional  to  t . As 
the  tiae  step  is  reduced,  he  oscillation  disappears  and  a steady  growth  in 
total  energy  appears.  This  growth  is  due  to  increasing  round-off  errors, 
and  is  proportional  to  the  number  of  time  steps.  The  round-off  also  causes 
an  apparent  dashing  of  the  nonlinear  oscillations,  for  the  smallest  time  step. 
As  the  round-off  errors  accumulate,  the  potential  energy  is  reduced  due  to  a 
"smearing"  of  the  density.  At  the  same  time,  "smearing"  in  velocity  space 
causes  the  kinetic  energy  to  increase.  The  sum  of  these  two  effects  spears 
as  a growth  in  total  energy.  The  time  step  0.05  Tp  represents  the  best  compro- 
mise between  truncation  and  round-off  errors. 

Methods  of  removing  the  order  truncation  error  are  now  being  investi- 
gated. If  this  error  were  removed,  a larger  time  step  could  be  used, 
resulting  in  further  reduction  of  round-off  errors. 


111.  DISTRIBUTION-PUSHING  ALGORITHMS 


Let  us  assume  that  for  a particular  problem  to  be  simulated,  the  leap- 
frog algorith®  (17)  with  an  appropriately  chosen  time  step  has  adequate  accuracy 
Let  us  then  replace  the  actual  system  of  particles  moving  according  to  F-qs.  (1) 
by  a system  of  leap-frogging  particles  moving  according  to  Fqs . (17).  The 
Vlasov  equations  describing  the  behavior  of  a system  of  leap-frogging  particles 
are 


fn+c(*«v)  = f„(x,v-a^(x)T), 


(31) 


where  a(x)  is  given  by  F.q.  (9 j and  the  subscript  refers  to  the  time  (Fq.  (16)). 
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Ne  have  now  separated  the  problen  of  discretizing  the  tine,  a problem  which 
is  presunably  reason..hly  in  hand  and  need  receive  no  further  consideration 
in  the  present  treatnen. . from  the  problem  of  following  a very  large  nuaber 
of  particles  which  is  stiil  with  us  in  Eqs.  (31)  and  which  is  by  no  means  so 
well  in  hand.  We  assume  then  that  if  we  can  find  a satisfactory  way  of 
solving  Eqs.  (31),  the  result  will  be  a satisfactory  solution  of  the  Vlasov 
Eq.  (8)  corresponding  to  the  differential  equations  (1). 

In  order  to  find  a computer  simulation  method  for  Eqs.  (31),  we  must 
first  choose  a way  of  specifying  the  distribution  function  f(x,v)  by  means 
of  some  finite  set  of  numbers  which  can  be  stored  in  the  computer.  We  assume 
that  a set  of  parameters  has  been  chosen  suited  to  the  problem  to  be  simulated, 
the  number  of  parameters  being  large  enough  to  specify  in  adequate  detail  the 
distribution  function  f(x,v),  and  small  enough  to  be  stored  in  the  computer 

4 

memory  (10  words  for  example).  We  assume  further  that  a rule  is  given  where- 
by to  any  particular  set  of  values  of  these  parameters,  there  corresponds  a 
specified  function  f(x,v).  As  an  example,  a suitable  set  of  basis  functions 
may  be  chosen  in  terms  of  which  to  expand  the  function  f(x,v),  and  the  coef- 

4 

ficients  of  perhaps  10  terms  in  this  expansion  may  be  taken  as  the  parameters 
to  be  stored.  Since  a complete  set  will  contain  an  infinite  number  of  basis 
functions,  in  order  to  specify  uniquely  the  function  f(x,v),  it  will  be 

4 

necessary  in  addition  to  give  some  termination  rule  whereby  from  the  10  given 
coefficients  the  remaining  coefficients  in  the  expansion  may  be  determined.  A 
common  rule,  though  not  a necessary  one,  is  simply  to  truncate  the  series, 
that  is,  to  specify  that  the  remaining  coefficients  are  to  be  taken  as  zero. 

4 

A second  method  of  choosing  the  paiamctcrs  is  to  set  up  a grid  of  perhaps  10 
points  in  the  x,v  phase  space  and  to  choose  as  the  parameters  to  be  specified 
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the  values  of  the  function  f at  these  grid  points.  Again  the  function  f(x,v) 
is  not  uniquely  specified  by  these  valties  until  we  have  given  an  interpolation 
rule  which  specifies  the  function  at  all  points  in  the  phase  space.  Note  that 
we  are  requiting  that  a specific  function  f(x,v)  be  uniquely  specified  by  a 
particular  set  of  values  of  the  paraaeters  chosen.  Since  there  are  only  a 
finite  nuaber  of  paraaeters,  the  set  of  functions  which  may  be  so  specified 
will  by  no  means  include  all  possible  functions,  or  even  all  continuous  or 
analytic  functions,  but  will  be  instead  a particular  family  of  functions 
specifiable  by  the  given  finite  set  of  parameters  according  to  the  given  rule. 

A function  belonging  to  this  set  we  will  call  a representable  function. 

Although  not  every  possible  distribution  function  is  representable,  if  the 
method  of  representation  has  been  well  chosen,  then  presumably  for  any  dis- 
tribution function  f(x,v)  whicn  might  occur  in  the  prol>lca  to  be  simulated 
there  is  a representable  function  which  is  sufficiently  close  to  it,  in  the 
sense  that  the  two  functions  would  lead  to  the  same  present  and  future  behavior 
of  the  system  so  far  as  the  phenomena  to  be  studied  are  concerned  and  within 
the  required  accuracy.  It  is  in  this  sense  that  we  have  required  that  the 
representation  method  chosen  be  suitable  to  the  problem  to  be  simulated. 

Since  a satisfactory  experiment  must  produce  repeatable  results,  and 
since  the  mud>er  of  parameters  which  would  need  to  be  controlled  in  an  experi- 
mental situation  in  order  to  repeat  the  experiment  is  probably  considerably 
less  than  the  information  storage  capacity  of  a modem  computer,  we  may  at 
least  hope  that  suitable  methods  of  representation  in  the  above  sense  can 
indeed  be  found.  This  plausibility  argument  is  not  an  existence  proof;  it 
might  for  example  turn  out  that  in  order  to  know  whether  two  distribution 
functions  are  sufficiently  close  to  be  represented  by  the  same  representable 


8S 


Symon,  Ktoraluill,  imd  Li 


functioa,  w*  would  noed  already  to  have  solved  the  slaulation  problea.  In 
any  case  it  would  sees  that  the  nethod  we  are  suggesting  provides  a very  great 
degreo  of  flexibility.  It  even  includes  the  particle-pushing  Methods,  since 
one  possible  choice  of  paraneters  would  be  to  choose,  either  at  randoai  or 
otherwise,  a finite  SMple  of  the  particles  in  the  systen  to  be  followed  and 
to  specify  the  positions  and  velocities  of  this  set  of  particles.  Ihe  dis- 
tribution function  could  then  be  defined  by  regarding  these  at  any  given 
nonent  as  a randon  (or  otherwise)  saaple  in  the  set  of  all  particles.  Fran 
this  point  of  view,  particle-pushing  does  not  appear  to  be  very  efficient, 
since  because  of  statistical  fluctuations  the  precision  with  whidi  we  can 
define  the  distribution  function  is  considerably  less  than  if  we  used  the 
sssw  nudier  of  paraneters  in  aii  expansion  schene  or  an  interpolation  schene 
between  grid  points. 

Let  us  assune  that  at  a particular  tine  t^  we  have  stored  the  values  of 
a set  of  paraneters  which  specify  then  a particular  distribution  function 
f^(x,v).  The  first  of  Eqs.  (31)  then  specifies  uniquely  the  distribution 
function  which  follows  at  tine  Unfortunately,  if  f^(x,v)  is  a repre- 
sentable function,  then  in  general  is  not  necessarily  also  repre- 

sentable. It  is  possible  to  find  representation  schenes  in  which  the  second 
of  Eqs.  (31)  leads  fron  one  representable  function  to  another,  hut  it  is 
alnost  certainly  inpossiblc  to  find  a representation  schene  in  which  each  of 
these  equations  leads  free  one  representable  function  to  another.  We  do  not 
know  of  a proof  of  this  inpossibility,  ' iit  it  is  clear  that  if  such  a repre- 
sentation schene  exists,  then  we  can  find  exact  solutions  of  Eqs.  (31)  valid 
for  all  tines,  an  unlikely  piece  of  good  luck  except  for  very  specialized 
problens.  We  are  faced  therefore  with  the  problen  of  choosing  a suitable 
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representable  function  with  whidt  to  replace  the  function  given  at  any  par- 
ticular tiaw  step  by  the  fonulas  (31).  If  the  representation  we  have  chosen 
is  suitable  in  the  sense  defined  d>ove,  then  it  should  be  possible  to  find  a 
suitable  replacenent  rule.  Either  of  Eqs.  (31),  together  with  a replaceaent 
rule,  will  lead  to  an  advanceaent  algorittefor  converting  the  paraaeter  values 
at  a given  tiae  to  the  paraaeter  values  at  a tiae  later.  The  best  replace- 
awnt  rule  will  be  soae  sort  of  coaproaise  between  the  requiresants  of  accuracy 
and  speed  of  coaputation. 

It  is  just  in  the  replaceaent  rule  that  an  approxiaation  enters  into  the 
distribution-pushing  scheaes.  (Recall  that  we  have  already  disposed  of  the 
approxiaation  involved  in  the  ler  frog  a Igorilha  itself).  Note  however  that 
the  approxiaation  is  one  whiui  is  ciaipletely  within  our  control.  Equation 
(31)  tells  us  precisely  wi.at  the  r<ew  distribution  function  should  be.  The 
replacenent  rule  tells  us  with  precisely  what  function  we  have  r placed  it. 

Me  therefore  know  at  each  tiae  step  precisely  what  error  we  have  aade  in  the 
distribution  function.  If,  for  exaaple,  we  require  that  the  replaceaent  rule 
be  such  that  it  at  least  preserves  the  total  nuaber  of  particles,  then  the 
representable  replaceaent  distribution  aay  be  obtained  froa  the  correct  dis- 
tribution given  by  Eq.  (31)  by  aoving  each  particle  froa  its  position  in  the 
latter  distribution  to  its  position  in  the  forsar.  (The  set  of  particle  dis- 
placenents  required  is  of  course  not  uniquely  deterained,  but  there  is  presiatably 
a set  of  displaceaents  for  which  the  ms  displaceaent  is  a ainiaua.)  We  aay 
then  say  that  the  particles  in  the  distribution-pushing  algoritha  aove  according 
to  the  Eqs.  (31)  but  in  addition  suffer  at  each  tiae  step  a snail  error  displace- 
aent. The  characteristics  of  the  error  displaceaents  can  be  deterained  by 
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studying  the  replaceaent  rule.  One  aight  try  to  ainiaize  the  las  error  dis- 
placeaent  in  dioosing  the  replaceaent  rules,  althou^  this  goal  secas  to  lead 
.n  practice  to  rather  foraidable  algebraic  probleas.  Alternatively,  one  aay 
place  certain  plausible  physical  requireaents  and  certain  convenient  coaputa- 
tirnial  requireaents  on  the  replaceaent  rule,  sufficient  to  determine  the 
advanceaent  algorithm. 

It  has  been  the  authors'  admittedly  somewhat  limited  experience  that 
the  numerical  analytic  methods  of  developing  difference  equations  fcr  approxi- 
mating the  Vlasov  equation  (8)  lead  to  errors  whose  physical  nature  and  con- 
sequences are  often  difficult  to  determine,  although  of  course  the  magnitude 
of  the  errors  at  any  given  time  step  is  known.  In  contrast,  our  experience 
with  the  development  of  algorithms  following  the  distribution-pushing  philosophy 
has  been  that  one  usually  has  considerable  physical  insight  into  the  nature 
of  the  approximations  being  made.  Me  have  indeed  had  very  few  surprises; 
methods  which  we  predicted  in  advance  would  have  unacceptable  errors  indeed 
turned  out  to  have  such  errors,  and  more  important,  methods  in  which  these 
errors  were  supposed  to  have  been  removed  indeed  turned  out  to  produce  satis- 
factory results.  A study  of  the  replacement  problem,  or  of  the  representation 
problem  which  proceeds  it,  usually  leads  to  an  insight  into  the  nature  of  the 
errors  involved  in  any  given  procedure  and  into  ways  in  which  these  errors  can 
be  reduced.  Ne  will  give  an  example  below. 

It  can  be  shown  t <t  the  grid  interpolation  schemes  and  series  expansion 
schemes  are  essentially  the  same  in  the  following  sense.  Given  on  the  one  hand 
any  set  of  N grid  points  in  the  phase  plane  and  an  interpolation  rule  which 
defines  the  function  f'.x,v)  everywhere  in  terms  of  its  values  at  these  N grid 
points,  and  given  on  the  other  hand  a set  of  basis  functions  in  terms  of  which 
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a function  f(x,v)  can  be  eiqtaiuied,  we  can  find  a corresponding  temination 
rule  «dtich  tells  us,  given  N coefficients  in  the  series,  how  to  find  the 
reaaining  coefficients.  Ihe  correspondence  is  such  that  the  set  of  repre- 
sentable functions  is  the  sane  in  both  cases.  The  choice  between  the  two 
nethods  is  then  a natter  of  nathenatical  and  conputational  convenience.  In 
this  paper  we  will  confine  ourselves  prinarily  to  grid  interpolation  repre- 
sentation schenes.  Although  nore  general  grid  arrangenents  are  under  study 
and  have  advantages  for  nany  kinds  of  problens,  wc  will  confine  ourselves 
here  to  rectangular  grids  of  points.  Let  us  take  a rectangular  array  of  N«1J 
gri.d  points  located  at  the  positions  given  by  all  coafcinations  of  the  following 
values 


X.  * 


J 


v.  * 
1 


V 


nax 


jh,  j • 1 


V , ♦ 


■ in 


V , ♦ 

Bin 


g a • * g Jg 
g i * ^ g • • 

(1  ♦ l)g  * 


Ig 


(32) 


We  will  take  the  ayste*  to  be  periodic  in  x with  period  L * Jh»  and  we  will 
assime  that  the  distribution  function  vanishes  for  v > and  for  v < v^.  . 

We  now  show  that  it  is  possible  to  treat  separately  the  interpolation 
problea  for  x and  for  v,  and  still  achieve  a fairly  high  degree  of  accuracy. 

Let  us  assuae  that  we  have  an  interpolation  lule  in  x which  defines  the 
function  f(x,ig)  on  the  horizontal  grid  lines  in  the  phase  space.  (See  Fig.  4). 
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Let  us  further  assume  that  we  have  found  a suitable  advancement  algorithm  for 
the  second  of  Eqs.  (31)  or.  the  horizontal  grid  lines,  so  that  we  can  represent 
precisely,  or  at  any  rate  with  sufficient  accuracy  for  our  purpose,  the  function 
f(x  - ihT  ,ih)  for  any  value  of  i.  Let  us  further  assume  that  we  are  inter- 
polating linearly  in  v between  the  horizontal  grid  lines.  The  effect  of  the 
second  of  Eqs.  (31)  is  to  produce  a linear  horizontal  shear  in  the  phase 
space.  The  points  marked  o in  Pig.  4 which  were  initially  in  the  same  vertical 
line,  one  at  v = ig,  the  other  one  at  v = (i  + l)g,  will  after  the  shear  be 
on  the  same  horizontal  line  but  displaced  in  x by  an  amount  oh,  where 

a = gi/h,  (33) 

Consider  now  the  point  marked  + in  Fig.  4 on  the  line  joining  the  two  points 
o at  V = (i  + 6)g.  The  correct  value  of  f at  this  point  after  the  shear  is 
to  be  linearly  interpolated  between  the  values  f^^j  and  f^  at  the  two  points 
o.  This  value  will  be  replaced  by  a value  linearly  interpolated  between  the 
points  directly  above  and  below  the  point  + on  the  two  ):orizontal  grid  lines. 

The  error  in  this  process  is  readily  calculated  to  be 

Af  = f - f , = oed  - 6)h  ,-f.),  (34) 

corr  repl  3x^  i+l  ^ ^ 


where  we  have  kept  only  the  linear  terra  in  a Taylor  series  for  f(x)  along 
the  two  horizontal  grid  lines  about  the  points  o.  !f  we  average  the  above 
result  assuming  that  S is  equally  likely  to  be  any  where  between  zero  and  one, 
we  find 


<Af> 


oh  j 


(f. 


i + l 


(35) 


If  a is  not  too  large,  say  a < 'i,  then  the  error  is  less  than  or  of  the  order 
of  5«  of  the  difference  between  the  function  values  at  adjacent  grid  points  and 
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is  therefore  presuaibly  of  the  ssae  order  of  Mgnitude  as  the  error  involved 
in  replacing  a physical  distribution  function  by  a linearly  interpolated 
fimction,  a replaceaent  which  we  have  assuaed  above  is  suitable.  It  is 
furtheraorc  worth  noting  that  the  error  (3S)  vanishes  if  integrated  horizon- 
tally along  any  horizontal  line  or  if  integrated  vertically  along  a vertical 
line  in  the  phase  space.  Therefore  the  distribution  in  x,  (|f(x,v)dv),  and  the 
distribution  in  v,  (|f(x,v)dx),  are  not  affected  by  the  error.  In  particular, 
neither  the  kinetic  energy  nor  the  acceleration  fields  nor  the  potential 
energy  are  affected  by  this  error.  Although  the  above  result  was  derived 
assuaing  a linear  interpolation  in  v,  it  is  presuoably  correct  in  order  of 
magnitude  for  any  reasonable  interpolation  rule  in  v.  A similar  argument 
applies  to  the  replacement  problem  associated  with  the  first  of  Eqs.  (31). 

We  therefore  direct  our  attention  to  the  problem  of  finding  suitable  replace- 
ment algorithm  for  functions  of  a single  variable  x or  v.  Ne  should  keep  in 
mind  however  that  the  Taylor  series  in  x used  in  the  derivation  of  Eq.  (34) 
is  not  generally  valid  for  typical  interpolation  rules  on  x,  so  that  the 
result  expressed  by  F.q.  (35)  is  only  an  estimate  of  the  error.  Furthermore 
the  difference  between  this  estimate  and  the  true  error  will  not  in  general 
have  the  property  that  its  integral  along  a line  parallel  to  either  the  x- 
or  the  v-axis  vanishes. 

Let  the  period  L along  the  x-axis  be  divided  into  sub-intervals  of  length 
h according  to  the  first  of  Eqs.  (32).  Let  an  interpolation  rule  be  given  for 
finding  a function  f(x)  when  its  values  at  the  grid  points  are  given,  kfe 
define  the  interpolation  function  G(x)  as  the  function  obtained  from  the  piven 
interpolation  rule  when  the  function  values  are  specified  to  be  f.  • 5.  . As 


Fig.  5.  Interpolation  function  for  linear  interpolation. 
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an  exaaple,  we  show  in  Fig.  S the  Intsipolation  function  for  linear  :'.nterpola- 
tion.  Any  interpolated  function  f(x)  can  be  written  in  the  fon 

J 

f(x)  - E f.G(x  - Jh).  (36) 

j-1  J 

If  f(x)  passes  throu^  the  values  f^  at  the  grid  points,  the  function  G(x) 
will  have  to  have  the  property 

GOh)  “ (37) 

It  is  usually  desirable  that  the  interpolation  procedure  be  such  that  it 
yields  a horizontal  straight  line  when  all  the  function  values  f^  are  equal. 
This  entails  the  condition 

J 

E G(x  - jh)  - 1.  (38) 

In  view  of  the  periodicity  requirenent,  the  function  f nay  be  Fourier 
analyzed: 

^(x)  • J Fj  e . (39) 


The  Fourier  coefficients  are  given  by 


"3frdx.F(j)G^, 


where  is  the  Fourier  coefficient  of  G(x)  defined  by 

•*Jh  _ 2vltx 

Gj  • J-  J G(x)e  dx. 

-Wh 

and  F^  is  the  Fourier  point  transfora  of  the  function  values  fj : 

, J 

^ J ^ ' 

I J j«l  3 
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(VI) 

f.  ■ E F 

^ )U-(VJ) 

Ihe  function  is  periodic  in  t with  period  J,  so  that  we  may  restrict 
the  values  of  I to  lie  within  a single  period,  say  fron  >VI+1  to  VI  if  J 
is  even,  and  fto«  -VI*V  to  VI-V  if  J Is  odd.  This  is  the  neaning  of  the 
parentheses  around  VI  in  Eq.  (43).  The  parentheses  around  the  subscript  f 
in  Eq.  (40)  renind  us  that  the  coefficient  F^^^  is  periodic  in  t,  although 
the  coefficient  is  not.  Ne  see  that  instead  of  defining  the  function 
fM  by  giving  its  J values  at  the  grid  points  and  interpolating  between 
using  the  function  G(x),  we  could  alternatively  define  f(x)  by  giving  J of 
its  Fourier  coefficients  and  then  using  Eq.  (40)  to  provide  all  of  the 
remaining  Fourier  coefficients,  tie  thus  see  that  any  interpolation  ile  on 
a nesh  is  equivalent  to  a rule  (40)  for  teminating  a Fourier  series,  in  the 
sense  that  both  yield  the  sane  set  of  represented} le  functions. 

The  Mooents 

f^"^  « j x”f(x)dx  (44) 

of  an  interpolated  f(x)  are  given  by  the  formula 


«!»')  fj.  (45) 

where  is  the  nth  SKUwnt  of  the  interpolation  function,  defined  also  as 
in  Eq.  (44).  It  will  be  useful  to  record  here  the  noaents  of  the  interpola- 
tion fiS'.ction  for  linear  interpolation  shown  in  Fig.  5; 


G^®^  * h,  G^^^ 


(46) 
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I 


I 


1^. 


! 

i 

I 

i 

I 

i 

I 
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For  purposes  of  illustration,  let  us  consider  the  simplest  possible 
approach  to  the  replaceaent  problem.  Let  us  assume  that  we  are  using  linear 
interpolation  and  that  we  wish  to  find  a replacement  rule  for  the  function 


f^(x)  = f(x  - oh).  (47) 

where  we  nay  assume  |a|  < since  if  a is  an  integer,  we  nay  make  the 
replacement  exactly,  simply  by  setting 


f . = f.  . 
cj  j-a 


A simple  way  to  obtain  a replacement  rule  would  be  to  set 


(48) 


f^.  = f^(jh)  = f(jh  - cdi),  (49) 

so  that  the  interpolated  n 'lacenent  function  f^(x)  coincides  at  the  grid 
points  with  the  correct  function  f^(x)  which  it  is  supposed  to  replace. 

It  is  a simple  natter  to  calculate  f^^  from  Eq.  (49).  If  a is  positive, 
the  result  is 


= (l-a)f.  ♦ of.  j.  (50) 

The  function  f^(x)  is  certainly  not  equal  to  the  function  f^(x)  which  it 
replaces.  For  example,  wc  show  in  Fig.  6 a sketch  of  the  situation  for 
the  case  when  f(x)  » G(x)  and  a • 1/3.  One  can  readily  verify  that  the 


Fig.  6.  Spreading  of  f(x)  with  two-point  advancement  algorism. 


m 
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’serot*'.  and  first  aoaents  of  the  function  f^(x)  agree  with  those  of  f^(x), 
so  that  th*}  total  niM>er  of  particles  and  their  nean  positions  in  the  two 
distributions  are  the  saae.  Ihe  second  uorents  are  however 


f^^^^  » j x^f(x-(di)dx  » j (x*odi)^f(x)dx 

. f(2)  . 2chft'^  . aVff®^ 

« h^(a^  ♦ Zf.  ♦ 2oZjf.  ♦ Zj^f.], 

j ^ j ^ j ^ 


f 

r 


(2) 


♦ zj’f.D. 
j ■* 


(52) 


Ihe  difference  is 


;^f(2)  „ f^(2)  . f^(2)  _ 

If  we  assuae  a is  equally  likely  to  have  any  value  between  0 and  li,  the 
average  difference  is 


(S3) 


<Af^^^>  « h^/12  . (54) 

Since  the  difference  is  positive  the  replaceeent  distribution  is  more  spread 
out  than  the  correct  distribution  f^(x),  ls  is  also  evident  from  Fig.  6. 

According  to  our  previous  discussion,  the  distribution-pushing  advance- 
ment xlgorkha  for  the  second  of  Eqs.  (31)  requires  us  to  displace  horizontally 
the  function  f(x,ig)  along  each  horizontal  grid  line  by  an  amount  cih  > vt  > igt. 
For  each  grid  line,  we  use  the  rule  (48)  to  displace  the  function  by  an  amount 
equal  to  the  nearest  integer  to  a,  and  then  use  the  replacement  rule  (50)  to 
displace  the  function  by  the  fractional  part  of  a.  We  follow  a similar 
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procedure  to  obtain  the  algoritka  for  the  first  of  Eqs.  (31)  by  displacing 
the  distribution  function  along  the  vertical  grid  lines.  Equation  (54)  then 
tells  us  that  the  resulting  algoridH  is  equivalent  to  a»ving  each  particle 
according  to  the  leap-frog  equations  and  subjecting  it  in  addition  to  a 
random  walk  at  each  tine  step  of  ns  step  h/v'I?  in  the  x direction  and  g//T7 
in  the  v direction.  Such  a randon  walk  leads  to  an  unacceptable  spreading 
of  the  distribution  function  for  a reasonable  nuhber  of  tine  steps  unless  the 
grid  spacings  are  taken  unreasonably  snail. 

Since  the  effect  results  fron  the  way  we  are  solving  the  Vlasov  equations 
(31),  and  not  fron  the  self-field  calculation  (Eq.  (9)),  we  nay  study  it  by 
studying  a systen  of  particles  subject  only  to  an  external  force  field  a^, 
without  any  Interaction  between  then.  As  an  exaaple,  we  have  used  the  above 
described  advancenent  algorkha  to  find  the  distribution  function  for  an 
ensehble  of  hamonlc  oscillators.^  A grid  of  IJ  > 91  x 91  nesh  points  was 
taken.  The  nunbers  were  so  .hosen  that  the  orbits  in  phase  space  are  circles, 
with  60  tlaie  steps  required  for  one  complete  cycle.  The  initial  distribution 
function  at  t > 0 was  taken  to  be  zero  at  every  grid  point  except  the  point 
A ■ 0,  V ■ 30  g.  where  it  had  the  value  42  (per  cell  gh).  The  results  after 
15,  30  and  60  tine  steps  are  shown  in  Figs.  7a,  7b  and  7c.  At  each  grid  point, 
we  print  the  nearest  integer  value  to  f^^,  except  that  if  f.^  < 0.1,  we  do  not 
print  anything.  As  predicted,  the  distribution  function  spreads  out  rapidly. 
Already  after  15  tine  steps  the  naxlnun  value  has  dropped  fron  42  to  3.  The 
distribution  after  that  continues  to  spread,  but  nore  slowly,  in  proportion 
to  the  square  root  of  the  tine.  Ths  center  of  nass  of  the  dist'ibution  moves 
correctly  around  the  circle.  We  offer  our  apologies  for  the  fact  that  the 
function  values  are  printed  sideways  on  the  graphs.  It  is  perhaps  too  severe 
a test  to  start  with  a single  non  zero  function  value  f^^;  in  Fig.  8 we  show 
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the  initial  and  final  distribution  in  spatial  density  after  a conplete  cycle 
for  an  initial  distribution  dist.'ibuted  unlfoialy  over  a rectangle  in  the 
phase  space  of  area  17  h x S g.  The  spreading  is  still  unacceptably  large. 

In  order  to  reduce  the  spreading,  let  us  seek  a replaceswnt  nile  for 
the  function  f^(4  in  Eq.  (47)  which  preserves  also  the  second  noannt.  Me 
will  also  generalize  the  interpolation  schene  by  requiring  only  that 

« h,  - 0,  G^^^  - (55) 

where  is  sane  nunber,  which  for  linear  interpolation  is  1/6.  Let  the 
replacenent  rule  be 

f^  - I -tfj.g.  fS6) 

where  the  sun  over  t nust  contain  at  least  3 terns  if  we  are  to  preserve  3 
nonents.  Ihe  condition  that  the  zeroth  and  first  nonents  be  preserved  in  the 
replaceiKnt  is  readily  shown  to  be 


h**t  “ “• 


(57) 

(58) 


These  conditions  are  evidently  satisfied  by  the  sinple  replacenent  rule  (50). 
Ihe  second  nonents  are  calculated  in  a nanner  similar  to  those  in  Eqs.  (51) 
and  (52),  and  are 


f . h^[(u^  ♦ o^)If,  ♦ 2o2:jf,  « IJ^f.], 
c j ^ J ^ j ^ 


(59) 


- h^[(a^5:a,  ♦ a^,)  If.  ♦ 2I*a,  Ejf,  ♦ U.Ej^f.] 

. h^[(0^  ♦ Et^a,)Ef.  ♦ 2aZjf.  ♦ EJ^f.D, 

t ‘ j ^ J ^ J ^ 


(60) 
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where  in  the  last  line  we  have  used  Eqs.  (57)  and  (58).  The  condition  that 
Eqs.  (59)  and  (60)  agree  is  that 

r Jl^a,  = o^.  (61) 

il  ^ 

Note  that  tl  is  condition  is  rndeponv’ent  of  the  choice  of  interpolation  function! 
An  algorithi  satisfying  Eqs.  (57),  (58)  and  (61)  will  preserve  the  moments  of 
the  distribution  function  through  the  second  regardless  of  the  interpolation 
scheme  used.  If  a non-unifora  spacing  of  grid  points  is  used,  then  it  is  no 
longer  true  that  the  advancement  algorictn  is  independent  of  the  interpolation 
rule.  A small  term  depending  on  the  interpolation  rule  also  appears  if  we 
take  into  account  both  the  x and  v dependence  of  f(x,v)  in  working  out  the 
advancement  algoriehn. 

A similar  result  applies  if  we  require  that  higher  moments  be  preserved. 

It  does  not  appear  to  us  however  that  there  is  any  particular  advantage  in 
preserving  the  higher  moments.  Rather  it  seems  to  as  that  it  is  desirable 
to  use  as  few  terms  as  possible  in  the  replacement  rule  (56).  This  not  only 
shortens  the  computations,  but  it  means  that  changes  in  the  distribution 
function  at  a certain  point  are  affected  only  by  its  n>‘irest  neighbors  at  any 
given  time  step.  If  our  only  object  is  economy  in  memory  space  (and  time), 
then  it  would  seem  that  we  would  want  to  use  as  large  a grid  spacing  as 
possible.  This  means  that  the  grid  spacing  will  be  of  the  order  of  or  per- 
haps somewhat  smaller  than  the  smallest  identifiable  group  of  particles  in 
the  phase  space.  With  such  a large  grid  spacing,  it  docs  not  seem  plausible 
that  either  the  interpolation  scheme  or  the  advancement  slgoritim  near  a given 
grid  point  should  reach  very  far  from  that  grid  point.  If  we  then  keep  only 
the  thiee  terms  f « -1.  0,  1,  Eqs.  (57),  (58)  and  (61)  have  the  solutions 


102 


Techniques  for  Solution  of  Vlasov  Equation 


«0  * 1 

aj  * )^3i(l  + a),  (62) 

a_i  = -%a(l  - a). 

Note  that  the  replacenent  rule  given  by  Eqs.  (62)  guarantees  the  pre- 
servation of  the  Bonsnts  of  the  distribution  function  through  the  second 
no  matter  what  the  values  of  {.  may  be.  This  means  that  this  advancement 
rule,  starting  from  any  interpolated  distribution  function  f(x)  In  Eq.  (47), 
does  very  much  more  than  simply  preserve  the  first  three  moments'  of  f^(x). 

For  we  may  resolve  the  original  function  f(x)  in  any  fashion  into  a sum  of 
coaq>onent  interpolated  functions,  and  our  advancement  rule  guarantees  that 
the  component  replacement  functions  each  have  the  proper  first  three  moments. 
!n  this  sense,  we  may  say  that  this  replacement  rule  preserves  the  number  of 
particles,  the  mean  position,  and  the  rms  spread  of  every  coiqponent  part  of 
the  distribution  f^(x).  If  we  develop  an  advancement  algorttai  for  the  Vlasov 
equations  (31)  based  on  the  replacement  coefficients  (62),  then  whatever  the 
errors  introduced  in  the  distribution  in  each  time  step,  they  cannot  corres- 
pond to  an  independent  random  walk  of  each  particle  in  the  distribution, 
since  the  rms  steps  in  such  a walk  would  have  to  be  zero.  Instead,  the  error 
displacements  of  the  particles  at  each  step  are  correlated  in  such  a way  that 
although  the  new  distribution  is  not  quite  the  same  as  the  old,  its  mean  and 
standard  deviation,  and  indeed  the  awans  and  standard  deviations  of  each 
component  part,  are  preserved. 

It  is  evident  from  Eqs.  (62)  that  except  in  the  special  cases  a - 0, 
i 1,  at  least  one  of  the  three  coefficients  will  be  negative.  This  means 
that  it  is  possible,  starting  from  positive  values  of  all  x^,  to  arrive  at 
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negative  values  of  some  of  the  f^^.  Ihe  function  f^(x)  will  then  not  be  a 
true  distribution  function.  Ihis  is  perhaps  not  surprising,  since  we  have 
legislated  that  the  second  aoaent  shall  not  increase  under  the  replaceaent, 
and  in  fact  shall  remain  constant  even  under  repeated  displacements.  Yet 
it  is  evident  that  if  we  start  from  a distribution  function  which  has  only 
one  nonzero  fj,  then  unless  the  advancement  algorite  (56)  contains  only  one 
term,  the  replacement  functions  obtained  by  repeated  application  of  the  rule 
(56)  will  contain  a region  of  nonzero  values  which  increases  in  size  linearly 
with  the  number  of  repetitions  of  the  advancement.  In  the  case  of  the  rule 
(62),  the  distribution  of  nonzero  values  spreads  out  one  interval  h in  each 
direction  at  each  advancement.  Hie  replacement  algoritba  (62)  neatly  avoids 
increasing  the  second  moment  of  the  distribution  by  inserting  negative  values 
f^j  on  the  wings  of  the  distribution.  Ihe  negative  values  occur  only  on  the 
edges  of  the  distribution  function  and  are  small  except  when  there  are  abrupt 
changes  in  the  function  f(x).  Ihe  appearance  of  negative  values  can  be 
avoided  altogether  if  certain  restrictions  can  be  placed  on  the  initial  dis- 

I 

i 

^ tribution  function.  In  particular  it  is  sufficient,  though  by  no  means 

necessary,  to  require  that  the  functim  values  fj  at  neighboring  grid  points 
never  differ  by  a factor  more  than  e.  (Ihe  factor  could  be  as  large  as  5.8). 
There  is  of  course  no  guarantee  that  if  we  start  with  a distribution  function 
which  meets  this  requirement,  the  advancement  algorittim  will  never  lead  to  a 
function  for  which  it  fails.  In  practice  we  have  found  with  a program  using 
a three  point  advancement  algorithm  for  the  Vlasov  Eqs.  (31)  based  on  the 
replaceaent  rule  (62)  (with  always  |s|  < >i),  that  if  we  start  with  such  a 
distribution  then  only  a few  very  small  negative  values  f^j  ever  arise. 
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It  is  interesting  to  note  that  if  we  use  parabolic  interpolation,  then 
the  above  replaceaent  rule  leads  to  a function  f^(x)  which  coincides  with  the 
correct  function  f^(x)  at  the  grid  points.  In  parabolic  interpolation,  we 
interpolate  the  function  out  to  h on  either  side  of  a given  grid  point  by 
passing  a parabola  through  that  grid  point  and  the  two  nei^boring  points. 

The  resulting  function  is  in  general  discontinuous  at  the  cid  points.  The 
interpolation  function  is  shown  in  Fig.  9.  Figure  9 aakes  it  clear  why  the  above 
replaceaent  algorlthacan  give  negative  values  for  f^^,  since  with  parabolic 
interpolation  the  original  interpolated  f(x)  itself  can  have  negative  values 
even  thou^  none  of  the  function  values  f^  is  negative.  It  is  not  difficult 
to  deteraine  conditions  on  the  function  values  f^  so  that  parabolic  interpo- 
lation does  not  lead  to  negative  values.  It  is  in  this  way  that  we  arrived 
at  the  conditions  under  which  the  replaceaent  rule  (62)  does  not  lead  to 
negative  values.  We  eiq>hasize  again  that  we  aay  use  the  replaceaent  rule  (62) 
with  any  interpolation  procedure. 


G(x) 


Fig.  9.  Interpolation  function  for  parabolic  interpolation. 
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In  Figs.  10a,  b,  c,  and  d we  shew  the  results  of  a calculation  for  the 
■aovion  of  an  enseable  of  hamonic  oscillators  using  a distributicn-pushing 
advanceaent  algoilltai  based  on  t»e  replaceaent  rule  (62).  The  problem  is 
the  saae  as  that  shown  in  Fig.  7 except  that  the  initial  distribution  shown 
in  Fig.  10a  is  tapered  exponentially  away  froa  the  central  grid  point  at 
X z 0,  V s 30  g,  where  it  has  its  aaxiaum  value  9.  Figures  10b,  c,  and  d then 
show  the  resulting  distributions  after  15,  30,  and  60  time  steps.  It  will  be 
seen  that  the  spread  in  the  distribution  is  very  slight.  The  dots  in  the 
figure  represent  negative  function  values  between  -0.1  and  -0.5.  (For  larger 
negative  values,  our  program  prints  a minus  sign.)  Figure  11  shows  a com- 
parison of  the  initial  and  final  distributions  in  x after  one  complete  cycle, 
for  a rectangular  distribution  similar  to  that  shown  in  Fig.  8,  except  that 
the  distribution  at  the  edges  is  tapered  down  exponentially.  We  conclude 
from  these  results  that  this  three-point  distribution-pushing  algorlttaa  can 
give  satisfactory  results. 

Encouraged  by  these  results,  we  set  up  a program  of  this  type  to  solve 
the  Vlasov  equation  with  an  acceleration  field  kernel  of  the  form  shown  in 
Fig.  Ic.  We  chose  the  opposite  sign  to  that  shown  in  Fig.  Ic  so  as  to  provide 
an  attractive  force  to  simulate  the  negative  mass  instability.  The  usual 
stability  conditions,  linear  growth  rates,  and  nonlinear  bunching  now  are 
observed.  Contour  plots  of  the  density  in  phase  space  are  shown  in  Fig.  12. 
Figure  12a  shows  the  initial  distribution  in  the  phase  space  consisting  in  a 
beam  with  a sinusoidal  density  pertui-batlon.  Figures  12b,  c,  d,  and  e show 
the  results  after  10,  20,  30  and  50  time  steps.  A striking  feature,  particularly 
of  the  later  plots,  to  one  who  is  used  to  seeing  results  from  particle-pushing 
programs,  is  the  uniformity  of  the  three  vortices  which  develop.  The  initial 
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perturbation  is  purely  sinusoidal  and  contains  three  periods  in  the  length  L. 
Ihe  result  after  50  tine  steps  shows  three  well  developed  identical  vortices. 
Ihe  identity  of  these  vortices  even  down  to  the  finest  details  is  a syitpton 
of  the  lack  of  statistical  noise  in  a distribution-pushing  program  in  con- 
tri>'>t  to  that  «diidi  results  from  a particle-pushing  program. 

The  mesh  used  in  this  calculation  was  61  velocity  grid  points  by  100 
position  grid  points.  The  time  step  was  such  that  gt/h  - 0.1.  The  beam  has 
a rectangular  velocity  distribution  with  tapered  edges,  of  width  equal  to  12 
mesh  units  in  the  velocity  direction  plus  a sinusoidal  perturbation  of 
aaplitude  2 mesh  units.  The  total  tine  to  do  the  calculations  shown  was 
three  minutes  on  a □>€  3600,  or  about  1/3  of  the  tine  required  by  a bit- 
pushing program  to  do  the  same  problem  (with  essentially  the  same  results). 

It  is  of  interest  to  ask  whether  an  interpolaCion  rule  e/ists  for  which 
the  translated  function  f^(x)  in  Eq.  (47)  is  itself  representable.  This 
question  is  easily  answered  if  we  go  to  a representation  by  Fouriei  series. 

If  f(x)  is  given  by  Eq.  (39),  then  the  Fourier  coefficients  of  the  tra.'slated 


function  (47)  are 


■v  t 

^Cl  " h * 


If  J coefficients  are  given,  (say  -HJ  < £ < >»I)  and  a termination  rule  is 
given  which  determines  the  rest,  we  require  that  the  sane  rule  detemine  also 

•V 

the  remaining  coefficients  F^^.  This  can  be  true  for  all  a only  if  the  rule 
is  that  all  the  other  coefficients  vanisn  (except  for  t ■ -V  if  J is  even). 
The  set  of  functions  whose  Fourier  transform  has  only  j non-vanishing  coef- 
ficients goes  over  into  itself  under  the  translation  (47).  We  see  from 

Eq.  (40)  that  the  transform  G of  the  corresponding  interpolation  function 

£ 

has  exactly  J non-vanishing  coefficients.  Any  such  function  G(x)  inserted  in 
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Eq.  (36)  defines  the  save  set  of  representable  functions.  If  we  require 

<V/ 

that  f(jh)  = fy  then  Eqs.  (39)  and  (43)  show  that  and 

Gj  » 1 if  |J.|  ^ J,  ® otherwise 

The  required  interpolation  function  is  therefore 


G(x) 


sin(iTx/h) 

J sin(irx/Jh)  * 


For  an  infinite  period,  Jh  this  ^preaches  the  faniliar  function 


_ sin(irx/h) 

- * 

which  provides  an  interpolation  rule  on  an  infinite  interval  which  gives  a 
set  of  representable  functions  which  goes  into  itself  under  translations.  We 
have  experinented  with  the  use  of  this  kind  of  interpolation  rule,  but  it  does 
not  seem  to  offer  any  decided  advantages. 


IV.  A (WE  AND  ONE-HALF  DIMENSIONAL  PROBLEM 


As  a final  example,  we  present  briefly  the  results  of  a simulation  of  a 
m dimensional  problem  using  the  distribution-pushing  algorithm  described  in 
the  previous  section.^  The  problem  was  suggested  by  an  experiment  conducted 
by  C.  Stallings,^  In  the  experimetit  a beam  of  plasma  is  shot  from  a gun 
through  a hole  in  a plate  as  shown  in  Fig.  13.  The  electrostatic  potential 
is  measured  as  a function  of  the  radius  r from  the  axis,  and  the  distance  z 
from  the  hole.  Rather  complicated  oscillations  in  potential  are  observed 
as  a function  of  i and  of  r.  In  order  to  simulate  this  problem,  we  assume 
that  ions  coming  out  of  the  hole  form  a fi.^ed  uniform  positive  charge  density 
in  a cylinder  of  radius  R (the  hole  radius).  We  assume  that  the  electrons  all 
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have  the  sane  z-conponent  of  velocity,  so  that  z > v^t  and  we  may  use 

either  z or  t as  independent  variable.  Ke  assume  also  that  the  wave  lengths 

of  oscillations,  in  the  z direction  are  much  greater  than  R,  so  that  the 

potential  can  be  calculated  as  for  a uniform  infinitely  long  cylinder.  Each 

electron  is  then  described  by  four  coordinates  and  momenta  r,  f,  0,  p„,  which 

are  functions  of  the  time  t,  or  alternatively  of  the  coordinate  z.  If  we 

assume  circular  symmetry,  then  the  distribution  function  f(r,  r,  p.)  will  be 

0 

independent  of  6 and  the  angular  momentum  p.  is  a constant  of  the  motion. 

0 

We  choose  M fixed  values  of  the  angular  momentum.  (In  our  case  M s 9) . 

For  each  angular  momentum,  we  write  the  appropriate  Vlasov  Eqs.  (31)  in  the 
r,  r space  using  the  correct  equations  of  motion  for  the  radius  r corresponding 
to  that  particular  angular  .momentum.  The  charge  density  as  a function  of  r 
is  then  calculated  by  integrating  numerically  over  f and  p^.  From  the  den- 
sities the  electric  fields  can  be  calculated  which  go  into  the  equations  of 
motioi^  as  well  as  the  electrostatic  potential  for  purposes  of  comparison  with 
measured  values. 

We  start  initially  with  a uniform  spatial  density  of  electrons  out  to 
the  radius  R of  the  hole,  and  with  a Maxwellian  distribution  in  velocity 


fo(r.  r,  Pg) 


2Tm 

Tt 


a-  e 


■ nr  ■ nnrr 

e > 


r < R, 


(63) 


where  n^  is  the  initial  electron  density  per  unit  volume  within  the  cylinder 
and  we  have  normalized  the  distribution  so  that  the  nuat>er  of  particles  per 
unit  length  is 

R 

I f^(r,  f,  pg)  drdidpg  - irR^n^^.  (64) 

0 
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After  the  bean  travels  sway  fro*  the  hole  in  the  plate  it  will  oscillate  in 
radius  and  the  velocity  distributions  aay  not  remain  Maxwellian,  An  examina- 
tion of  the  distribution  (63)  will  show  that  if  we  desire  to  choose  a minimum 
nimber  N of  values  of  p^,  then  the  choice  of  values  must  be  very  carefully 
made,  if  we  are  to  be  able  to  represent  reasonably  well  the  Maxwellian  form 
over  a significant  range  of  radii.  The  solution  to  this  problem  is  perhaps 
of  some  interest  and  we  will  therefore  give  the  details  in  the  next  paragraph. 
Let  us  assume  that  we  wish  to  choose  a sequence  of  values  of  p^  so  that 
we  can  represent  the  final  exponential  factor  in  Eq.  (63)  about  equally  well 
at  all  radii.  At  a given  radius  r^  a typical  value  of  Pg  which  is  important 
in  the  exponent  is 

p^  - r^(2mkT)’‘.  (65) 

For  values  of  P0  much  smaller  than  p^  the  exponential  function  is  essentially 
unity,  and  for  values  of  p^  much  larger  than  the  exponential  function  is 
very  small.  It  is  evideit  that  the  detail  with  which  we  can  represent  the 
Maxwellian  function  for  this  particular  value  r - r^  is  determined  by  the 
relative  spacings  of  the  values  of  p^  in  the  neighborhood  of  p^.  In 

order  to  represent  the  distribution  equally  well  .at  all  values  of  r,  we 
should  therefore  choose  a geometrical  progression  of  values  for  p^: 

Pj  - n^Pj,,  (66) 

where  p^  are  the  chosen  sequence  of  values  for  p^,  n is  a numerical  factor, 
and  j is  an  integer  which  for  the  moment  we  allow  to  range  over  all  positive 
and  negative  values.  In  practice  we  found  that  we  could  choose  n ■ 2 and 
still  represent  the  Maxwellian  distribution  with  sufficient  accuracy  so  that 
integrals  over  Pg  calculated  by  the  algorltha  we  are  about  to  develop  are 


\ 
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accurate  to  about  0.1%.  In  order  to  develqj  an  algorkht  for  integrating  a 
distribution  function  over  pg,  let  us  put 

Pe  - Po®®'.  (67) 

where 

n = e^,  (68) 

so  that 

Pj  = PoC®^.  (69) 

If  f(Pa)  is  a distribution  function,  then  we  have 
o 

00  00 

I f(Pg)dPg  = j f(p^e®y)BPj,e^ydy.  (70) 

0 -00 

Now  the  integrand  on  the  right  is  known  at  integer  values  of  y,  as  we  see 
by  comparing  Eqs.  (67)  and  (69).  It  can  be  shown  that  the  best  possible 
integration  formula  for  integrals  extending  over  the  entire  y-axis  where 
the  integrand  is  known  at  equally  spaced  values  of  y,  and  provided  nothing 
else  Is  known  about  the  integrand,  is  no  better  than  a simple  summation  of 
the  values  of  the  integrand  at  the  given  points.  We  therefore  have  the 
following  algorithm  for  the  desired  integral; 

00 

I * Po  ^ 'I  I y (71) 

O 

Since  the  initial  distribution  extends  out  only  to  r - R,  the  values  f^ 
will  be  negligibly  small  for  values  of  j for  which  p^  is  larger  than  about 
twice  the  value  given  by  Eq.  (65)  for  r^  = R.  We  may  therefore  set  the 
upper  limit  of  the  sum  at  this  value  of  j.  We  choose  for  p^  a value  given 
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by  Eq.  (65)  with  about  one  half  the  suallest  value  of  r of  Interest.  We 
assuae  that  the  function  f({^)  for  can  be  fitted  with  sufficient 

accuracy ‘by  a parabola  passing  throu^  the  values  f^  and  f^  at  p^  and  p^. 

Ihis  assum>tion  allows  us  to  calculate  the  values  f^  for  j negative.  Ihe 
sun  over  negative  j in  Eq.  (71)  can  then  be  evaluated.  The  resulting 
fbxnula  is 

n^f -nf,  M-i 

f(Pa)<>Pfl  - P„  n — 2 — 1 — ♦ j:  nJf  . (72) 

® ® ® (n-i)(n -1)  o J 

We  have  found  that  with  r\  * 2 and  with  M « 9,  and  with  the  Gaussian  dis- 
tribution (63),  the  fomula  (72)  gives  results  accurate  to  about  0.1%. 

.0 

The  slnulation  progran  was  run  for  300  tine  steps  of  2 x 10  sec 

12  -3 

eadi.  The  initial  electron  density  was  4 x 10  n giving  a plasna  frequency 
a -1 

Up  > 1.124  X 10  sec  . The  tenperature  was  2 eV,  giving  a Debye  length 
6.44  ca.  The  hole  radius  R > 1.25  cn.  Wo  show  in  Fig.  14a  and  b the 
calculated  charged  densities  as  functions  of  tine  at  two  different  positions 
and  in  Fig.  14c  the  potential  as  a function  of  tine  at  one  radial  position. 

The  potential  variations  are  of  the  sane  order  and  roughly  sinilar  to  those 
neasuned,  except  that  the  aeasured  variations  are  not  so  regularly  sinusoidal. 
The  naaaured  frequency  of  the  osclllatic.is  in  density  in  Fig.  14a  is  0.53% 
less  than  the  plasna  frequency!  Tiie  anplitude  of  the  oscillations  in  radius 
of  the  electron  bean  is  ab(v;c  2 Debye  lengths. 

Tlte  calculations  were  carried  out  with  a grid  of  100  x 31  grid  points  in 
each  of  the  nine  r,  r phase  spaces.  The  tine  required  for  the  conputation  of 
3t0  tine  s';.eps  as  shown  in  Fig.  14  was  22  ninutes  on  a UNIVAC  1108. 
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I.  IMTRODUCTION 

In  conqiniter  simulations  of  plasmas,  difficulties  often  arise  In 
properly  modeling  physical  problems.  Plasmas  In  the  physical  world  have 
large  system  sizes  with  large  numbers  of  particles  having  disparate 
masses.  Here  many  phenooena  are  assumed  decoupled  due  to  the  widely 
differing  time  and  length  scales  characteristic  of  these  physical  para- 
meters. In  a simulation  model,  due  to  the  finite  size  and  speed  of  present- 
day  computers,  it  is  often  necessary  to  choose  time  and  length  scales 
which  are  not  as  widely  varied  as  those  encountered  In  the  physical  world. 
However,  our  understanding  of  the  physics  is  greatly  facilitated  if  all  of 
the  physically  decoupled  phenomena  under  Investigation  remain  decoupled  In 
our  coagniter  model. 

In  particular  for  particles  of  differing  masses  moving  In  the  presence 
of  electromagnetic  fields,  the  electrostatic  phenomena  tend  to  scale  as 
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the  square  root  of  mass  ratio  while  the  magnetic  phenomena  scale  directly 
as  the  mass  ratio.  It  is,  therefore,  often  desirable  in  a computer  code 
to  follow  ion  trajectories  in  the  electrostatic  eq^roxlmation  (large  ion 
Laraor  radius)  while  following  the  detailed  electron  behavior  due  to  the 
electric  and  magnetic  fields.  This  can  be  accosplished  by  decoupling  the 
electrostatic  and  electromagnetic  mass  of  the  ions.  The  Lorentz  law 
equation  of  motion, 

dV  _ ^ qV  XB 

~ m me 

e m 

can  be  solved  with  the  magnetic  mass  m »m  . The  limit  m -»»  is 

n 6 n 

particularly  interesting,  for  example. 

A iiimllar  circumstance  exists  when  the  magnetic  pressure  becexses 
c;?nparable  to  the  particle  pressure  (e».l ).  We  would  like  to  follow 
the  effects  of  the  self-consistent  magnetic  fields.  However,  for  system 
parameters  amenable  to  coiputer  sinulatlons,  the  presence  of  the  radiation 
fields  causes  unnecessary  conpllcations.  For  reasonable  numerical  ratios 
of  electrostatic  to  electromagnetic  energies,  one  finds  an  unphysical 
buildup  of  the  radiation  fields  via  bremsstrahlung.  In  a periodic  code 
the  radiation  eventually  reaches  an  energy  balance  with  the  particle 
kinetic  energies. 

The  code  described  here  follows  the  orbits  of  simulation  particles  in 
their  self-consistent  electric  and  niagnetic  fields,  but  neglects  the  trans- 
verse displacement  current  term  of  Aspere's  Law.  The  ratio  of 


electraMgaetlc  to  electroatatlc  fields  aey  then  he  adjusted  by  changing 
the  constant  c in  Maziiell'a  equations  without  a corresponding  change  in 
the  radiated  fields.  Sy  asking  c saall,  a large  nuaher  of  aagnetlc  Debye 
lengths  can  fit  into  a reasonable  length  systea  and  the  code  can 

be  used  to  examine,  from  a particle  viewpoint,  problems  such  as  Alfven 
and  magnetocoustlc  interactions  which  are  often  vie  «d  as  essentially 
fluid  in  character.  The  code  can  therefore  be  used  to  examine  the  effects 
of  particle  behavior  in  problems  such  as  the  electromagnetic  colliaionleas 
shock. 

This  model  of  the  electromagnetic-particle  interaction  has  been 
treated  theoretically  for  a long  time  and  is  often  called  Darwin's  model. ^ 
Because  the  ecmpllcated  retardation  effects  of  the  electromagnetic  fields 

are  absent,  the  model  is  naturally  attractive  for  plasma  simulation.  Pre- 

2 

vious  computational  approaches  have  been  applied  to  the  sheet  model  and 

5 If 

to  simplified  conflguations  where  the  canonical  aoamntum  is  strictly 
conserved.  The  present  p^ter  extends  the  Darwin  model  to  a one-dimensional, 
flnlte-slzed  particle  model  where  external  magnetic  fields  destroy  the  con- 
servation of  the  canonical  momenta.  A priori  it  would  seem  more  physical 
and  therefore  advantageous,  to  solve  the  particle  equations  of  motion 
directly.  It  can  be  show  by  arguments  of  nusmrlcal  analysis,  however, 
that  direct  solution  of  the  moamntum  equation  by  the  usual  methods  leads 
to  violent  numerical  instabilities.  These  numerical  instabilities  have 
their  root  in  the  ]^slcal  fact  that  retardation  exists  in  reality.  The 
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reaoval  of  retaidation  adds  extra  constraints  to  tiie  motion  because  the 
degrees  of  freedon  in  the  electromagnetic  field  have  been  removed.  When 
the  transverse  displacement  current  1s  retained,^  it  can  be  shown  by 
numerical  analysis  that  the  same  algorithm,  generalized,  is  stable. 

The  algorithms  presented  here  Integrate  the  Darwin  model  by  solving 
an  evolution  eqtiation  for  the  no-longer-constant  canonical  momenta. 

This  amthod  involves  the  solution  of  a relatively  coiq>llcated,  ispliclt, 
coupled  Helmholtz  equation  for  the  cae9oneni.s  of  the  vector  potential. 

In  this  way  the  pathology  of  an  unstable  initial-value  problem  in  time  is 
converted  to  a two-point  boundary-value  problem  with  pathologies  sf  Its 
own.  These  problems  are  resolved,  however,  by  relatively  standard 
techniques. 


II.  DEFIWIWG  EqJATIONS 

Introducing  the  standard  vector  and  scalar  potentials^  and  invoking 
the  Caaloaib  Gage, 

V • A = 0,  (1) 


Maxwell's  equr.tlons  ;uay  be  written  (in  G^iussian  Units) 


TTO  , 


V A 


c^  ht= 


~ ‘'t 


(?) 

(3) 
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where  is  the  transverse  current  whose  divergence  is  zero.  The  actual 
field  <iuantitles  are  then  derived  frca  the  potentials  as: 


B = ('+) 

E = .741  - i (5) 


where  the  externally  applied  magnetic  field  has  been  separated  for 
convenience. 

In  a one-dimensional  system  (— ^ = = 0),  neglecting  the 

a®  A 

term  in  Eq.  3»  the  equations  to  be  solved  are  then; 

at® 

TT  p , (6) 

ax  2 
and 

n.  - '""^1  (T) 

6x2  ■ c 

The  equation  of  motion  of  the  i'th  particle  is: 

^^i  _ ^1  (E  + xB)  (8) 

ar  “ ° 

Since  the  system  is  one  dimensional,  it  is  convenient  to  treat  the  x- 
directiai  and  the  transverse  (y,z)  directions  differently.  This  equation 
of  motion  may  be  written  in  terms  of  the  potentials  as: 


1 30 


mmmBmmmmm 
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dV  . 
xi 

~w~ 


TT-  X+—  V.XB  — V . • -5-^  X 

Ox  nij^c  li  xext  li  Ox 


0® 


(9) 


and 


dV 


xi  - - % - - 

= - — i-  V X B + — i-  V X B 

E m^c  *xi  *ext 


^ <^xj  • (10) 


If  we  define  the  canonical  momentum  of  the  i'th  particle  in  the 
transverse  direction, 

_ 


xi 


= m.  V 


i xi 


+ -4-  A 


them 


dP 


1 = !l  !!ii_  + h ^ + h (11) 

- - c TT^  c ^ 


it  ~ ffijC  dt 
and  Eq.  (10)  may  be  rewritten  as: 


^ (V 

“ar-  - r 


xi 


+ V. 


X B, 


) 


ext 


The  external  perpendicular  field,  B 


(12) 


“i  ■^xt 
, could  be  included  In  the  vector 


•‘ext 


potential,  if  desired,  but  since  the  total  convective  derivative  of  P 


xi 


van! she  : >rtien  the  external  magnetic  fields  are  zero  it  is  more  convenient 
not  to  ro  so.  Second,  notice  that  the  canonical  momenta  in  y and  z are 


coupled  by  the  externally  applied  field  B because  V , = P , 

*ext  ^ ^ .ii.- 

by  Eq.  (11). 


*^1^1 


m^c 
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III.  mnCRICAL  ALGORITHM 

Figure  1 diagrans  the  time  advancement  of  the  various  quantities. 

All  particle  and  field  quantities  are  defined  at  integral  time  steps 
except  for  the  x-conq>onents  of  the  particle  velocities  which  are  defined 
at  staggered,  half-integral,  tine.  If  we  assume  that  all  quantities  prior 
to  and  including  t^  are  known,  the  advancement  of  the  particles  proceeds 
as  follows:  Using  the  accelerating  fields  at  t.  we  wy  leapfrog  V to  V 
This  enables  us  to  advance  the  particles  to  theti  new  positions 
at  t^.  The  scalar  potential  at  t^  may  now  be  found  directly  by  accumulating 
the  charge  density  of  the  particles  and  then  solving  Poisson's  equation. 
However,  finding  the  vector  potential  at  t^  is  somewhat  more  involved. 

Since  both  the  new  'velocities  and  new  "wnenta  are  unknown,  it  requires  an 
Isplicit  solution  for  the  particle  momenta  and  the  current  at  the  new  time  t 


Let  us  write  the  time  evolution  of  momentum  Eq.  (IS)  in  a finite 
difference  form  using  the  time  definitions  illustrated  in  Figure  1. 


li 


, vt 


= P. 


= P 


q^vt 


^ ^xext  ^'^xii 


X B 


le  xt 


li. 


li. 


a»,c  I 


X B. 


(15) 


xext 


X B, 


xext 


+ V. 


xi 


X B 


lext 


Equation  (13)  can  be  r.-mmed  over  all  particles  in  the  system  and  solved 
for  P , , and  5 , in  terms  of  the  known  quantities  P,  , V_  , A„,  ¥ . . 

11  1 X 1 U 6Xv 

11  0 t 
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Fig.  1 • Time  advancement  of  field  and  particle  quantities 
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For  illustration  let  us  ccmsider  first  the  siaple  case  where  " 0. 

Here  the  mcmenta  in  the  y and  z directions  uncouple  and  we  are  left  with  two 
scalar  equations  rather  than  a vector  one.  In  this  case  equation  (l^)  reduces 
to 


_ _ 

P + -= — V 

J.i„  c xii 


X B 


J-ext 


(l^^) 


Multiplying  (l4)  by  — and  recalling  the  definition  of  P.  (Eq*  H)  we  obtain 
“i  ^ 


E ~ 

^ m.c 


q "At 


1 — -^c  xi^ 


y2L  p tVlLH  V 
^ m,  xi  ^ m,c  ; 


4 B,  . 

xl^  J-ext 


(15) 


The  right  aide  of  (15)  now  contains  only  known  terms, 

4nj 

Making  use  of  V®A  ■ - — — , 

we  obtain 


^ -E 


ifTTq 


■ 2-  me 

i 4 


1 P 


xi 


4nq ,®At 

-T  — - — 

^ m,c2 

1 4 


X B 


xext 


(16) 


which  is  of  the  fora. 


- K®(x)A(x)  - S(x) 


(l6a) 


Where  the  definitions  of  K^(x)  and  S(x)  may  be  seen  frem  (l6).  The  numerical 
method  used  in  solving  (l6a)  is  explained  in  detail  in  Section  V. 
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T(x)  ■ 

species 


^ (*) 

TT+IFJ 


q B At  q ^ 

where  D ■ — , (u  ^ « 3-2_  s(x)  is  the  right  side  of 

S ps  ^ 

s s 

Eqnatitai  (17)  which  contains  known  qmntities  onlj'.  The  quantities  K®(x), 

T(x),  and  S(x)  are  all  computed  from  known  cell  quantities  which  are  accvnu- 
Inted  during  a pass  throu£^  the  particle  table.  Boundary  conditions  and  the 
numerical  solution  of  this  vector  equations  are  discussed  in  the  next  sections. 


Once  the  vector  potential  is  determined  at  the  new  time  t^,  the  magnetic 
fields  may  be  determined  from  it  by  fast-Fourier  transforms  or  simply  from 
the  numerical  derivative  of  the  vector  potential. 

To  complete  the  loop  the  individual  particle  momenta  may  now  be  updated 
by  solving  Equation  (12)  Implicitly  for  P , since  V . may  be  written  in 
terms  of  P . and  A . which  is  now  known. 

Ill  •'■^1 

The  full  calculation  may  be  seen  schematically  in  Figure  2.  Starting 
with  an  initial  ensemble  of  positions  and  momenta,  the  velocities  are  accumu- 
lated to  give  a current  matrix  and  equation  (7)  is  solved  to  find  the  vector 
potential.  From  the  velocities  and  vector  potentials,  the  cannonical  momenta 
are  calculated  and  all  the  quantities  are  now  known  prior  to  entering  the  loop 
which  advances  the  system  in  time. 

By  accumulating  the  :.r/ticle  densities  end  velocities  over  a matrix  of 
cells,  assigning  each  quantity  to  the  nearest  grid  point,  the  density  and 
current  in  each  species  and  the  quantities  needed  for  the  dipole  approximation 
solution  to  the  electric  fields  are  obtained. 
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The  vector  potential  is  found  from  the  accumulated  c^uantities  in  the 
transverse  direction  by  the  method  discussed  in  Section  V and  the  magnetic 
field  B is  found  from  the  ntmerical  derivative  of  the  vector  potential.  The 
electric  field  is  calculated  from  the  dipole  approximation  of  the  charge 
density  using  fast  Fourier  transforms.  The  transformed  fields  are  multiplied 
by  a form  factor  to  give  Gaussian  shaped  particles  and  thereby  reduce  the 

7 

collision  frequency  and  anomalous  heating. 

Though  we  have  used  an  implicit  algorithm  to  find  the  vector  potential 
from  the  particle  momenta,  the  actual  particle  momenta  have  not  yet  been 
changed.  Using  the  known  fields  Equation  (13)  can  now  be  used  to  find  the 
new  momenta. 

The  particle  x-velocities  are  then  updated  using  the  calculated  electric 
and  magnetic  fields  and  the  new  positions  are  calculated  to  close  the  loop. 

It  is  important  to  note  that  though  the  momentum  updating,  particle 
moving,  and  cell  quantity  accumulations  are  shown  as  three  separate  steps 
all  three  can  be  performed  on  each  particle  sequentially.  That  is,  all  the 
particle  quantities  can  be  calculated  in  one  loop.  This  means  that  if  the 
particles  are  stored  on  a slow  external  device,  only  one  pass  through  the 
particles  is  required,  and  efficient  use  can  be  made  of  whatever  fast 
storage  is  available  to  store  the  field  quantities.  Furthermore,  it  is  worth 
noting  that  the  code  is  fully  time  centered  and  reversible. 
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IV.  BOUNDARY  CONDITIONS 

When  applying  the  algorithm  presented  to  a physical  problem,  it  is 
necessary  to  specify  a well-posed  set  of  boundary  conditions  on  both  the 
scalar  and  vector  potentials.  The  effect  of  these  boundary  conditions  on 
the  physics  under  Investigation  should  be  recognized  and  understood. 

For  many  problems  of  physical  interest,  i.e.,  those  having  no  net 
charge  buildup,  no  net  momentum,  and  no  net  transverse  current,  it  is  often 
reasonable  to  impose  periodic  boundary  conditions.  However,  if  the  system 
develops  a net  transverse  current  or  charge,  naive  Imposition  of  a particu- 
lar boundary  condition  can  lead  to  non-physical  behavior. 

For  example,  if  a net  transverse  current  develops,  imposition  of 
periodicity  at  system  ends  amounts  to  providing  a return  current  at  the  ends. 
There  is  an  ambiguity  about  specification  of  the  return  current.  Even  if  it 
is  decided  to  provide  a return  current  at  the  ends  of  the  system,  the  magnetic 
field  is  only  specified  to  within  a constant. 

Consider  the  fields  due  to  one  sheet  of  current.  The  jump  in  magnetic 
field  across  the  charge  is  the  only  thing  specified.  If  the  current  sheet 
were  between  conducting  walls  at  the  ends  of  the  system,  the  fields  would 
depend  on  the  end  distance  from  each  wall.  If  the  simulation  of  an  infinite 
system  is  desired,  however,  this  same  approach  would  be  undesirable.  As  the 
charge  moves  toward  either  wall,  the  field  would  be  compressed;  that  is,  the 
system  is  not  translation  invariant  as  one  would  desire  in  an  infinite  system. 
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We  can,  therefore,  consider  the  behavior  imposed  on  a sheet  charge  in  an 
invariant  sysren  as  shown  in  Figure 


Figure  3 

As  V®,'  ■ - l*TTj/c  is  second  order,  two  constraints  are  needed  to 

specify  the  potential.  The  value  of  the  indeterminate  constant  may  be  rea- 
sonably chosen,  such  that  the  fields  on  opposite  sides  of  the  current  sheet 
are  equal  and  opposite.  Thus  one  condition  is 


If  the  current  element  is  moved  from  side  to  side,  it  can  be  seen  that 
A(Xj^)  + A(xj^)  ■ constant.  If  A(«)  is  chosen  to  be  zero  in  the  absence  of 
transverse  current,  the  second  condition  becomes 


A(xp)  + A(xj^) 


t)A(xj^)  eft(Xp) 
5c  bx 


(19) 
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As  a plasma  is  a super  Imposition  of  such  current  sheets,  Equations 
(l8)  and  (19)  provide  a way  of  simulating;  an  infinite  system  without  it 
being  influenced  by  the  return  current. 

In  a uniform  periodic  system,  it  may  not  be  desirable  to  specify  any 
"end"  and  a uniform  return  current  may  be  appropriate.  Or,  in  the  simulation 
of  a shock  problem,  it  may  be  appropriate  to  specify  constancy  of  the  upstream 
magnetic  field.  However,  some  insensitivity  to  the  bcx<ndary  conditions  occurs 
when  a plasma  is  present  since  the  effect  of  a return  current  at  the  ends  is 
usually  shielded  within  a few  magnetic  Debye  lengths. 

In  any  system  where  ends  are  imposed,  one  must  also  consider  what 
happens  as  particles  move  off  the  end.  They  can  be  reflected  or  reintroduced 
with  the  same  or  a new  of  velocities  at  the  other  end.  In  such  systems 
care  must  be  taken  so  that  the  energy  change  of  the  algorithm  is  properly 
monitored  if  the  code  to  conserve  energy. 

There  are  certainly  other  well-posed  sets  of  boundary  conditions.  The 
brief  discussion  here  is  not  intended  to  be  exhaustive.  It  does  indicate, 
however,  the  nature  of  the  problems  which  must  be  considered  in  some  of  the 
more  important  classes  of  problems  and  that  care  is  si^etimes  in  order. 
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V.  SOIUnOR  OF  THE  VECTOR  POTEMTIAL  EQURTIOR 

When  the  x-coaponent  of  the  naguetlc  field  is  zero,  the  equations  to 
be  solved  for  the  y-  and  z-  components  decouple,  each  being  of  the  form 
(Equation  lit) 

- K*  (x)  A(x)  = S(x).  (20) 

vfaere  the  source  term  S(x)  in  the  present  application  has  been  shown  to 
be  a sun  over  particle  momenta  and  the  non-negative  coefficient  K^(x)  is 
essentially  the  plasma  density.  Problems  arise  in  integrating  this  equation 
because  the  two  homogeneous  solutions  of  Equation  (20)  are  of  an  exponential 
character,  one  right  growing  (ti(x))  and  the  other  left  growing  (L(x)).  These 
two  homogeneous  solutions,  furtheTmore , do  not  satisfy  the  periodic  boundary 
conditions  required  of  the  complete  solution  A(x)  in  an  important  class  of 
problesu . 

8 9 

The  exponential  problem  ’ becomes  serious  precisely  in  the  many 
magnetic  Debye  length  case  when  <K>x  1 for  then  both  R(x)  and  L(x)  will 
axponentiate  many  times  in  traversing  the  system  from  x = o to  x s x 

m&X  a 

(where  <dC>  is  an  average  value  of  K across  the  system).  Since  any  truncation 
or  round-off  error  in  integrating  Equation  (20)  numerically  toward  either  the 
left  or  the  right  can  be  represented  as  a linear  combination  of  R and  L, 
this  numerical  error  will  grow  by  many  orders  of  magnitude  compared  to  the 
actual  solution  sought  when  <K^  ^ 1.  Thus  extremely  long  word  length  and 

very  accurate  algorithms  would  be  necessary  to  permit  even  a moderate  accuracy 
in  the  desired  solution  after  integrating  Equation  (20)  from  x - o to  x = 
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Ifae  exponential  problem  here  la  farther  compounded  by  the  fact  that 

S(x)  are  given  aa  mesh  functlona,  that  la  for  1 = 1,  2,  Kfl, 

idiere  S = S ..  and  aimllarly  for  (x).  What  la  clearly  required  la  a 
1 n+x 

almple,  quick,  low-order  algorithm  which  can  be  used  a 1000  to  10,000  times 
without  consuming  undue  computer  time.  Furthemure,  this  algorithm  must 
give  a uniformly  accurate  solution  across  the  entire  grid,  nie  "partial 

g 

Wronaklan"  method  described  here  gives  a way  of  solving  ordinary  differ- 
ential equations  which  exhibit  aui  exponential  problem  irrespective  of 
Integration  technique.  In  the  present  application,  a second-order  difference 
equation  for  {aj^|is  solved  given  | and  for  1 = 1,  2,  ...,  N + 1 such 

that  A = , and  aJ  = a'  ,. 

I n+i  X n+i 

We  write  (with  6x  ■ 1) 

A^  ^ -(2  + Aj,  + A^^^  = Sj  (1=1,  2,  ...,  N)  (20a) 

as  the  set  ol  N difference  equations  to  be  solved  for  the  N unknowns  J . 

this  Is  Just  the  usual  trldlagonal  matrix  equation  where  two  additional 

elements  in  the  matrix  corners  are  non-zero  due  to  periodicity.  If 

were  constant  or  of  certain  prescribed  forms,  a cyclic  reduction  technique 

could  be  used  to  colve  (20a)  both  efficiently  and  accurately.  In  the  present 

case  a direct  solution  by  the  dii’ect  two-sweep  elimination  method^*^  is 

possible  when  fixed  boundary  conditions  on  |Aj^|  are  given  (say  A = A^^  = 0 

to  eliminate  the  corner  elements).  The  periodic  solution  can  be  T^covered  by 

adding  to  this  particular  Inhomogeneous  solution  |A^^|  a linear  combination 

of  the  exponential  f non-periodic)  solutions  which  insure  periodicity  of  the 

derivative  (i.e.,  Ai  = A ) as  well  as  of  the  function  itself.  These 
nxi 
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inhomogeneous  solutions  | and  can  be  found  by  integrating  the  Equation 
(20a)  to  the  right  and  to  the  left  resx>ectively  to  minimize  the  accumulation 
of  round-off  error  from  the  exponential  problem. 

The  proposed  partial  Wronskian  method  has  two  advantages,  however, 
over  the  direct  two-sweep  method.  The  partial  Wronskian  method  does  not 
propagate  information  concerning  the  particular  solution  across  the  entire 
system  and  this  reduces  error  accumulation.  The  operation  count  is  also 
better  than  for  the  direct  solution  of  the  tridiagonal  matrix  equation  and  no 
divides  are  required.  Thus  both  speed  and  accuracy  are  superior.  Furthermore, 
the  method  generalizes  quite  readily  to  the  fourth-order  set  of  coupled 
second-order  equations  for  the  transverse  components  of  the  vector  potential 
which  replaces  Equation  (20)  when  the  x -component  of  the  magnetic  field  is 
non-zero.  This  problem  will  be  discussed  shortly. 

First  consider  the  homogeneous  solutions  of  Equation  (20),  R(x)  and 
L(x) . We  can  write  a Wronskian  for  these  two  solutions  from  the  differential 
equation 

Wj^(x)  = R(x)L(x) -R(x)L(x)  =1.  (21) 

This  Wronskian  plays  the  role  of  the  quantum  mechanical  orthonormality 
condition  in  the  following  analysis  for,  given  an  arbitrary  set  of  two 
numbers  as  (A(x),  a'(x))  at  some  x,  we  can  use  Equation  (21)  and  the  known 
solutions  R(x)  and  L(x)  to  find  the  composition  of  (A,A^)  in  terms  of  R and  L. 
Thus 

A = a R + bL  (22) 

where  a » W^^^  and  b ■ Wj^^.  From  (21)  one  can  see  that  W^  = W^^  s 0. 
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Equation  (21)  is  furthermore  a global  relation  in  the  sense  that  the 
Wronskian  between  these  two  solutions  has  the  value  1 for  allx,  independent 
of  the  function  K®(x). 

The  global  condition  (21)  can  be  used  to  eliminate  the  divides  required 
by  the  two-sweep  method  while  eliminating  error  propagation.  Consider  the 
following  algorithm  for  solving  Equation  (20).  The  result  will  be  equivalent 
to  solving  the  standard  difference  formulation  Equation  (20a) . The  homoge- 
neous solutions  cam  be  determined  by  integrating  (20a)  starting  with  Ri 

amd  chosen  to  approximate  the  right-growing  analytic  solution.  Then,  using 
a ctamdard  leapfrog  integration  moving  to  the  right, 


^ + K-  R^. 


^i  + 1 “ ®i  ' "i  + f 


(25) 


Rj^  is  an  exact  solution  of  the  homogeneous  difference  equation  (20a  without  S) 
for  which  the  round-off  error  accumulation  is  negligible.  cam  be  found 

to  the  same  accuracy  by  using  the  seune  leapfrog  algorithm  but  integrating 
from  right  to  ?eft.  We  define 


W,(R,L)  = R^L,'^  - R^'^L^ 


(2k) 


Then,  using  (24)  to  advance  both  |Rj^|  and  it  is  easy  to  show  that  = Wj^. 
Thus  the  Wronskian  is  a conserved  quantity  of  the  difference  as  well  as  the 
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differential  equations.  Defining  A'  ^ ^ s ^i+i"  *i 
and  L^,  the  difference  equation  (20a)  becomes 


as  for  the  solutions 


(25) 


Now  define  A as  a linear  combination  of  the  left  and  right-growing  eolations 
between  the  grid  points.  Thus 


*i  + " ^i  + t ®i  ^i  + I ^i’ 

Ai_  = a^_j  R^  + b^_^ 


hold  for  i s X < i + 1 and  i-1  s x s i respectively. 
Aj^^  = at  the  grid  point  i, 

^*i+|  ■ ^i-i^  ®i  “ ■ Lj. 


Since  we  must  have 


(26) 


Using  the  above  expansions  in  Equation  (26)  gives 

• • '"i**  • "i-i' ' * "i- 

The  terms  in  cancel  when  (2[^>  written  in  terms  of  (r'  L^_j) 


Solving  (27)  and  (28)  gives 

^“■i+i  ■ ■ ®i^i/“i’ 

^^i+%  ■ ^i-^)  ^ SjR^/W^. 


(28) 


Note  that  W.  ^ 1 under  a suitable  normalization  of  L . . Because  the 
i Dfl 

expansion  of  A in  terns  of  R and  L for  one  cell  can  be  found  from  those  in  a 
neighboring  cell  by  applying  Equation  (29),  a particular  solution  |a^|  can  be 
accumulated  in  two  extremely  simple  sweeps,  one  from  the  right  to  the  left 
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accwalmting  the  contribatlon  of  R and  one  froa  the  left  to  the  right  for 
the  contribution  of  L.  These  tso  sueeps  are  accoaplished  as  follows: 


Set  s c,  A = o,  then  accumlate  using 


'*i+J  '*i-i  ®i®i» 


*i+i  = '*i+t  ^i+i- 


(29a) 


Set  ajn|  = o,  given  from  previous  sweep.  Then  accumulate  using 


*i-t  = *^i+i  + ®i^i’ 
^i-i  ^ ^i  ®i-|  ®i-i‘ 


(29b) 


The  periodic  boundary  conditions  are  satisfied  by  adding  the  appropriate 
linear  combination  of  |r^|  and  to  the  particular  solution  |a^  | determined 
as  above.  Similarly  some  other  set  of  well-posed  boundary  conditions  could  be 
so  satisfied. 

The  extreme  simplicity  of  (29a)  and  (29b),  using  as  they  do  the  additional 
knowledge  that  the  Wronsklan  is  constant,  provide  the  great  speed  of  the  method. 
The  symmetry  of  the  method,  treating  right  and  left  directions  equivalently  and 
only  accumulating  the  particular  solution  by  sweeping  in  the  direction  of 
decrease  of  the  homogeneous  solutions  provides  the  accuracy.  The  contributions 
to  the  round-off  error  of  the  overall  solution  decay  exponentially  away  in 
both  directions  using  this  method.  Thus,  accumulation  of  error  can  occur  over 
only  a single  magnetic  Debye  length  rather  than  across  the  entire  system. 

This  method  has  an  additional  advantage.  It  generalizes  quite  reeullly 
to  the  coupled  set  of  second-order  equations  for  (Ay(x),  A^(x))  which  arise 
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when  the  exteimlly  applied  field  is  non-zero.  This  coupled  equation  is 
of  the  fom 

- K*  (x)  A (x)  + f(x)  X A = S(x)  . (30) 


I 


I 


Here  T (x)  can  be  an  arbitrary  function  of  x but  actually  has  the  same 
functional  form  as  in  the  problem  being  solved  here.  We  seek  a solution, 
in  the  present  circumstances,  to  the  finite  difference  analogue  of  (30), 


'i-i 


■ *A^  + j 


- K?  A.  + X A^  = S. 


(30a) 


!Rie  usual  doUble-sweep  method  now  requires  solution  as  2 x 2 matrix  operations 
for  each  grid  point. 

The  solution  of  (30a)  is  begun  by  finding  the  four  independent  solu- 
tions of  the  homogeneous  difference-equation  system.  There  are  now  two  right- 
growing  and  left-growing  solutions  which  we  shall  label  as  JR  (jR  ,1  (l  j , 

rilhiirii 

and  |I«  I . These,  of  course,  are  found  by  a leapfrog  generalization  of 

Equation  (23)  where  the  integration  is  performed  in  the  direction  of  growth 

for  each  of  the  solutions.  Actually  only  two  integrations  are  necessary,  one 

from  each  side,  because  R_  can  be  found  from  R as  follows: 

2 1 

R = i , R = - R,  . (31) 

2 12  \ 
y z z y 

and  similarly  for  I^. 

The  partial  Wronskian  is  derived  from  the  quantity  W^  foraed  in  analogy 

with  Eouation  (2U).  Suppose  H and  H are  two  solutions  of  the  homogeneous 

1 2 

difference  equation  (30a)  (i.e.,  any  linear  combinations  of  R , R , L and  L ). 

12  1 2 
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Then,  by  clotting  (jOa)  with  (H  , - H ) and  with  (H  - H ),  the  following 

ay  a*  ly  1* 

partial  Wrondcian  relation  can  be  derived: 


W (ii  , H )s  (H  H ' - 


h'  H ) 
"yi-*  ^yi 


(H  H'  - H'  H ) = constant. 
^8l  ®zl-4  ^al 


(52) 


This  somewhat  more  complicated  "partial  Wronskian"  takes  the  place  of  the 
uncoup led-equat ion  result,  Equation  (24).  It  is  clear  then 

Wi(H^,  (52a) 

where  is  any  homogeneous  solution.  From  Equations  (5I)  it  is  also  clear 
then 

W (R  , R J sW  (L  , L ) aO.  (52b) 

1 1 a 1 1 a 

Furthermore,  we  can  choose  L initially  so  that  Wj  (R  , L ) = 0.  This  is 

1 ^ a 1 

so  because  we  have  the  freedom  to  "rotate"  the  left-growing  solutions,  determined 
by  a single  integration  and  application  of  Equation  (51),  and  the  second  half 
of  (52b)  will  still  hold  true.  A simple  normalization  of  then  insures  that 

Wi(R^,  L^)  = 1,  Wi  (R^,  L^)  = 0.  (52c) 

It  is  then  easy  to  show,  that  W<(R  , L ) = 0 and  Wi  (R  , L ) = - 1.  These 

1 a a a 

relations  then  again  operate  as  orthormality  conditions.  Equations  analogous 
to  (26)  and  (27)  can  be  written  and  accumulations  sweeping  to  the  right  and 
to  the  left  can  be  taken  to  minimize  error.  Then,  still  in  analogy  with  the 
solution  of  Equation  (20),  the  correct  linear  combination  of  the  four  homogeneous 
solutions  can  be  added  to  the  particular  solution  to  correctly  satisfy  the  four 
boundary  conditions. 
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An  even  greater  speed  inprovenkent  Is  found  for  the  coupled  case  because 
the  divides  of  the  usual  tridiagonal  matrix  reduction  become  2x2  matrix 
inversions  in  the  coupled  case.  These  inversions  are  effectively  absent  in 
the  partial  Wronskian  method  because  is  constant  and  can  be  Judiciously 
made  either  0 or  1. 

VI.  CONCLUSION 

The  preceding  sections  have  discussed  the  details  of  a simulation  code 
which  follows  tlie  particle  orbits  in  their  self -constant  electric  and  magnetic 
fields.  At  this  time,  some  experience  has  been  compiled  already  running  the 
code.  Using  a non-optimized  Fortran  version  with  4o  thousand  particles  in  a 
1024  system,  approximately  5 seconds  is  required  per  time  step  on  a 560/91. 

The  code  has  been  tested  by  running  a number  of  transverse  pinch  experi- 
ments, Figure  3 is  a plot  of  the  growth  rates  experimentally  observed.  The 
two  electron  pinches  were  run  with  counterstreaming  cold  electron  beams  and 
a heavy  neutralizing  background.  The  experimental  points  are  shown  for 
experiments  on  a 128  cell  system  and  a 256  cell  system.  Also  shown  is  a set 
of  points  for  an  ion  pinch  experiment  (mass  ratio  16)  with  cold  counters trearaing 
ions  in  a cold  electron  background. 

Since  the  code  presently  uses  a nearest  grid  point  approximation  for  the 
magnetic  field,  it  has  generally  been  found  that  wavelengths  of  only  a few 
cells  are  not  handled  accurately.  This  can  account  for  the  experimental 
scatter  on  the  high  wavenumber  end.  Since  the  higher  wavenumber  modes  grow 
more  rapidly  than  the  lower  ones,  saturation  occurs  in  just  a few  growth  time 
for  the  lowest  modes  shown.  The  experimental  scatter  on  the  low  end  is 
because  of  the  lack  of  enovigh  time  before  saturation  to  get  an  accurate  slope. 
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Hiysically  meaningful  results  have  also  been  obtained  In  more  complex 
situations,  such  as  counters tr earning  Inhomogeneous  beams  but  here  the  theory 
Is  not  cOTiplete  enough  for  easy  comparison  to  experiment.  However,  the  code 
has  yielded  valuable  physical  insight  Into  complex  physical  situations. 
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Formulation  of  Self-Consistent  2-  and  2-1/2-Dimensional 
Electromagnetic  and  Relativistic  Simulations* 

K.  H.  Sinz 

Lawrence  Radiation  Laboratory 
University  of  California 
Livermore,  California 

ABSTRACT 

A formulation  for  self-consistent  2-  and  2 1/2-dinensional  electro- 
magnetic and  relativistic  particle  simulations  is  presented.  The  particles  are 
infinitely  long  charged  rods  that  move  under  the  influence  of  their  self- 
consistent  fields.  The  numerical  algorithms  that  numerically  solve  the 
appropriate  Maxwell's  equations  and  the  Lorentz  force  law  in  a first 
order  central  difference  scheme  are  given.  The  principal  results  are 
also  applicable  to  simulations  in  one  or  three  dimensions. 
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I.  INTRODUCTION 

Over  the  past  few  years  considerable  efforts  have  been  made  in  the 
study  of  relativistic  electron  beams  in  plasmas.  The  approach  has  usually 
been  the  use  of  fluid  type  equations  in  which  for  example  the  background 
is  approximated  as  an  Ohmic  medium.^  To  make  a study  of  the  nonlinear 
aspects  of  the  hose  mode  and  the  tearing  mode  in  relativistic  beams  which 
avoids  such  approximations,  we  have  developed  a self-consistent  relati- 
vistic and  electromagnetic  particle  simulation.  Since  the  effects  of 
interest  seem  to  depend  primarily  on  only  two  linearly  independent  wave 
vectors  — one  parallel  and  one  perpendicular  to  the  direction  of  beam 
propagation  — we  restrict  ourselves  to  two  dimensions.  A description 
of  such  a mode!  is  given  in  Sec.  II.  The  numerical  scheme  employed  is 
a first  ord?**  central  difference  scheme.  The  numerical  algorithms  are 
developed  in  Sec.  III.  It  is  interesting  to  note  that  with  the  exception 
of  the  constants  the  result  for  the  Lorentz  force  is  also  applicable  to 
a three-dimensional  model. 

II.  PHYSICAL  DESCRIPTION 

In  a two-dimensional  model  the  particles  are  taken  to  be  thin  uni- 
formly charged  rods  of  infinite  length  that  always  remain  parallel  to 
one  another.  A plasma  consisting  of  such  rods  is  inhomogeneous  in  x and 
y,  which  are  taken  to  be  the  directions  perpendicular  to  the  rods  and 
homogeneous  in  z — the  direction  along  the  rods.  If  the  rods  move 
only  in  the  x and  y directions  the  model  is  considered  to  be  simply  2-D. 
Motion  of  the  rods  along  the  infinite  dimension  constitutes  infinite- 
line currents  with  the  associated  x and  y magnetic  fields  and  the  z electric 
field.  If  this  latter  motion  is  incorporated  in  the  model  it  is  for 
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convenience  referred  to  as  2 1/2-D.  In  both  the  2-0  and  2 1/2-0  models 
gradients  with  respect  to  z are  absent.  The  boundaries  are  taken  to  be 
perfectly  conducting  walls  that  are  infinite  in  z and  that  form  a rec- 
tangle in  X and  y. 

Initial  conditions  can  be  determined  in  several  ways.  In  our  case 
we  will  be  interested  among  other  things  in  phenomena  associated  with  the 
beam  head.  We  therefore  need  a beam  injection  mechanism.  This  is  simu- 
lated by  "peeling"  charge  rods  off  the  wall  a.rd  letting  them  proceed  at 
the  desired  initial  velocity  into  the  cavity  formed  by  the  conducting 
walls.  This  can  be  thought  of  as  a charged  particle  entering  an  experi- 
mental tank  of  some  sort  through  a conducting  foil.  The  background  plasma 
can  be  thought  of  as  a pre-existing  but  very  cold  plasma.  It  is  particu- 
larly convenient  to  let  the  initial  background  be  a perfectly  cold  and 
perfectly  neutralized  "gas"  v/ith  no  fields  v/hich  is  then  "ionized"  by 
the  beam.  The  initial  conditions  and  the  boundary  conditions  obtained 
in  this  way  are  all  self-consistent  and  allow  us  to  treat  transient 
phenomena  associated  with  the  beam  head. 

The  equations  that  are  solved  numerically  to  advance  the  particles 
in  time  are  Maxwell's  equations  together  with  the  Lorentz  force  law. 

This  approach  was  adopted  because  the  required  differentiation  when 
using  the  vector  and  scalar  potentials  proved  unfeasible  for  numerical 
reasons.  In  order  to  put  these  equations  in  finite  difference  form 
the  notion  of  finite  size  particles  is  used.  This  means  that  the 
charged  rods  above  are  not  infinitely  thin  line  charges  but  have  a 

2 

finite  cross  section.  The  interpolation  schemes  of  Birdsall  and  Fuss 
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are  used  to  assign  currents  to  points  In  the  grid  which  Is  constructed 
In  X and  y,  and  to  determine  the  forces  on  the  particles.  The  differencing 
scheme  Is  a first  order  central  difference  scheme  In  space  and  In  time. 

A 1 1/2-D  code  written  to  test  the  methods  gave  satisfactory  results. 

The  same  conclusion  Is  born  out  by  preliminary  results  from  a 2 1/2-D 
code. 


Fig.  1.  One  grid  cell  showing  the  relative  positions  of  the  points 
for  which  the  various  quantities  are  calculated. 


X 
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III.  NUHERICAL  : tOCEDURE 

In  order  to  simulate  a plasma  Including  electromagnetic  and  rela' 
tivistic  effects  we  need  to  solve 


V X 


^ c 3t 


0 


e_ 

m 


(E  ♦ 


V X Bx 

c ' 


7.B  » 0 Is  satisfied  If  we  start  with  zero  field  and  V-E  » 4irp  Is  accounted 
for  by  the  first  equation  and  the  continuity  guaranteed  by  the  Lorentz 
force.  The  latter  two  equations  can  be  used  to  determine  Initial  conditions 
and  to  check  consistency  of  the  computation. 

We  shall  restrict  ourselves  to  cases  where  -gj  * It  Is  convenient 
to  make  these  equations  dimensionless  according  to 


q " q'  Q 

X » X*  1 
y - y'  X 
E « E*  ^ 
B - B’ 
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where 


are: 


Q * charge/length 
X » some  typical  length 
c = speed  of  light. 

In  component  form  the  dimensionless  equations  that  need  to  be  solved 
3B 


(1) 

-1  = 
3y 

1 + * 
"^x  * 3t 

3B, 

3E„ 

(2) 

2 

3x 

“ '^y  ^ 3^ 

3B„ 

3B„ 

(3) 

-1  . 
3x 

•—  = J + 
3y  2 

3E, 

3Bv 

(4) 

W* 

— i > 0 
3t 

3E, 

3B 

(5) 

2 

3x 

N 

O 

3E 

3Ew  3B, 

(6) 

-1  . 
3x 

X . 2 . 

3y  3t  ■ 

= 0. 


along  with 


where 


‘’k  yT  - ^k) 

k 


(NOTE:  dimensionless) 
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Inspection  of  Eqs.(1)(2)and  (6)  shows  that  they  form  a complete  set  of 
equations  for  a 2-D  system  with  J and  J as  the  driving  terms.  Equations 

X Jr 

(3),  (4)  and  (5)  are  the  additional  equations  to  make  the  system  We 

will  put  the  above  equations  in  finite  difference  form  using  the  central 
difference  scheme: 

dA  ^ *JH-1  ' 

Hu 

“jl+li 

where  Hu  is  the  step  size.  We  use  a rectangular  grid. 

Numbering  x,y,t  steps  i,j,n  respectively  (and  denoting  particles  by  k) 
we  find  it  convenient  to  use  the  following  quantities  for  a 2-D  computation: 

E"  e"  . 

*i+*5,j  ^i,  i+’s.j+’s 

For  a 2*i-D  computation  we  also  need 
,j  ’'1  ,j+’i 

We  shall  be  concerned  mostly  with  rectangular  systems  with  perfectly 
conducting  boundaries.  If  the  boundaries  are  chosen  to  be  at  i * 0,  i = L, 
j = 0,  j ' w,  where  L and  w are  integers,  then  we  see  that  the  above  choice 
of  field  quantities  is  iust  right  to  make  the  fields  that  are  known  from  the 
boundary  conditions  fall  exactly  on  the  boundaries  rather  than  an  half  grid 
space  from  them.  That  is  to  say  n x E = 0 and  n • B = 0 imply 


e"  « 0 e"  =0  for  2-D 

i+>4,j=0;^  'i'D^.j+Sj 
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and 


1=0, 


L.j 


b"^  = 0 

I'O^.j 


'i.j=o^ 


b"^  = 0 


> for  2>S-D 


where  the  choice  of  integral  and  half  steps  agrees  to  satisfy  these  boundary 
conditions  exactly. 


The  algorithms  that  give  the  fields  are  for  2-D 


*1+>s.j 


= -Ht-j""**  + e""’ 

*1+ii.j  *1+>5.j 

-Hfj""’*  + e"*’ 


,n->s 


- B' 


n->s 


^1  .j+>s 
l+lStj+li  ^1+ii.j+ij 


^1 . j-«s  ^i , j+ij 


,n-!j 


- B' 


n-)j 


\ 1+>s.j+»5  ‘i-»s,j+)5 


- E. 


* fly 


^1+I,j+>S  ^i,j+>s 


'‘l+>5.j+l  *1+>5,j 


and  additionally  for  2 VO 


e"  - -Ht-j"’**  + e"’’  + 

"l.j  "l.j  ^i.j 


,n->s 

- b"-** 

^i+>5.j 

,n->s 

- b"-*' 

Vl,j+>5  *1,j->s 
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gn-Ss 


* b"-**  + 

^i+>s.j  ^i+>s.j 


i+1  ,i 


where  we  have  made  allowance  for  using  a rectangular  rather  than  a square 
grid. 


We  now  turn  to  the  Lorentz  force.  In  difference  form  it  is 


~Ht 

me 


^n  u"  X b" 


"n+Js  . "n->s 

If  we  use  = j-= — in  the  expression  for  y we  then  in  practice  have  a 

set  of  three  coupled  fourth-order  algebraic  equations  for  the  components 
of  u"*\  Let  us  find  a different  way  to  solve  these  equations.  To  this 
end  we  realize  that  for  large  u,y  varies  nearly  linearly  with  u.  If  we 


assume  that  changes  in  u in  one  time  step  are  small,  we  can  then  expand 

^ in  powers  of  (u”***  - u”'**).  The  result  is 
Y 


;n+>s  "n-*s 


y"  7^  ^7^ 


+ u 


. (7*^  - 

2(y"'**)^ 


Substitution  of  this  expression  in  the  Lorentz  force  gives  a linear  vector 
equation  in  u"***.  We  have  dropped  a (u”^  -u”’**)^  term  which  contributes 
tc  u ^ only  in  the  second  order.  Using  the  following  notation: 
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B » b"  Ht  q ^ 
E » e"  Ht  q ^ 


me 


the  Lorentz  force  becomes 


u = u 


:n-*s 


u > u 


Y • y"-'> 


(„"» . . (“*  ij) » ° ^ [i;*  - ; *'b  • e“  . s X B 


This  can  be  solved  to  yield 


u - u * ( 


v-1 


1 + 


i7 


where 


, (i-.B)a.Bj . ^,(5 , • »<"'•»> 

:+  "y  Ay^  ^ \ Y 


J-(u"  - u) 


4y‘ 

- 'a‘  A"yy" 

T7vS|f 

4y’  4y 


'“‘X 

This  Is  an  explicit  solution  for  u . It  Is  also  the  oeneral  solution  In 
three  dimensions. 

The  new  pos1t1or;s  are  given  by 

*n+1  u"*** 

X » x"  + Ht 


It  Is  clear  that  In  a 2-D  system  no  forces  can  ever  arise  to  make  the 
system  2*rD.  Also  we  see  that  e-m  waves  polarized  In  the  x-y  plane  can 
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exist  In  the  2-0  system.  In  the  2h-0  system  all  polarizations  are  possible. 
In  all  cases  the  wave  fronts  have  to  be  cylindrical. 

Because  of  the  frequent  occurrence  of  y and  the  square-rooting  Involved 
It  Is  desirable  to  find  a way  to  calculate  this  quantity  in  some  other  way 
to  save  time.  This  Is  particularly  true  In  our  system  of  units  because 
during  the  n^^  time  step  the  value  of  y at  n->s  Is  needed  in  the  Lorentz 

A 

force  and  the  value  of  y at  n-t-)$  Is  needed  to  calculate  the  new  J and  the 

A 

new  X. 


However,  we  could  use 


n->5 


This  approximation  is  not  completely  consistent  with  our  other  approxi- 
mations, but  for  large  u,  y varies  very  nearly  linearly  with  u,  so  that 
this  is  not  a serious  matter.  For  example  using  u”***  » .1,  u”'**  * .1, 
uj'**  » .1  and  uj^**  * .15,  uj^**  * .16,  uj^**  = .15  gives  ' 1.030 
compared  to  the  exact  - 1.033.  In  practice  we  do  not  expect  velocity 
Jumps  of  50*.  Even  at  that,  however,  for  larger  u the  agreement  of  approxi 
mate  and  exact  y values  becomes  outstanding  for  the  same  relative  size 


jvflnp. 


In  connection  with  the  evaluation  of  the  new  J's  we  remark  parenthetically 

A 

that  the  assignment  of  J values  to  the  grid  space  requires  an  interpolation 

A A 

in  X at  half  time  steps.  However,  x Is  calculated  only  at  integral  time 
steps.  The  apparent  need  for  two  x arrays  can  be  avoided  by  calculating 

A 

each  particle's  contribution  to  the  0 arrqy  as  its  velocity  and  position 
are  updated.  Also,  the  interpolations  that  are  associated  with  the 
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aforementioned  finite  size  of  the  particles  are  the  same  as  those  of 
2 

Birdsall  and  Fuss  . 

The  methods  above  have  already  been  used  In  a 1 1/2-D  code.  The 
results  were  satisfactory  and  no  reason  was  found  to  modify  the  approach. 
Preliminary  runs  of  a 2 1/2-D  code  also  Indicate  that  the  present  methods 
are  adequate. 

References 

1.  S.  Weinberg,  J.  of  Math.  Phys.,  8.  614  (1967). 

2.  C.  K.  Birdsall  and  D.  Fuss,  J.  of  Comp.  Phys.,  494  (1969). 


164 


Symbolic  Programming  for  Plasma  Physicists 

K.  V.  Roberts  and  R.  S.  Peckover 
Culham  Laboratory 
Abingdon,  Berks.,  England 

!■  Introcuction 

The  details  of  corrutinr  ere  one  of  the  burdens  thet  rust  be 
borne  by  the  physicist  who  believes  in  a particular  case  that  only 
by  a coTiirlex  calculetion  will  he  be  able  to  substantiate  his  theory 
or  establish  the  intricacies  of  a real  experimental  situation, 
Nevertheless,  it  seers  to  us  that  the  sinuletion  of  nlasra  behaviour, 
to  tah.e  or  exmele,  is  nt  nresent  made  o more  difficult  task  than  it 
need  be  nirtly  because  of  the  linitatiers  of  existing  rrorraintiine 
lanrunpes,  and  partly  because  each  worker  in  the  field  usually  corstructs 
his  own  ir.put,  output  and  control  freilities,  end  often  does  not  develop 
his  rroyrar  in  a systenetic  way,  Towever,  a corren  structure  c»n 
be  adroted  for  a.  wide  elars  of  iime-deperdert  fluid  flow  nroblsrs. 

To  help  the  coMputotinnal  plasrc  physicist  to  keer  closer  to 

(1,2,3) 

his  r rob  lei.,  the  symbolic  use  of  flrol  has  been  developed  . 

further  a systcr,  has  been  devised  which  enables  cerruter  rroprers 
to  be  built  quickly  out  of  a set  of  stnndard  rrefnbrici'tec  modules, 
witli  the  addition  of  a few  further  rcdules  peculior  to  the  rrobleii'.. 

The  style  enables  all  details  of  rathcriatics  and  lopic  to  be  hid.den 
at  a lower  level.  T”'e  discussion  will  be  based  on  the  use  of 
Syi.bolic  /^lyel,  see  section  II,  but  t*'e  rererks  about  the  need  for 
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a food  edaptable  proprasi  structure  hold  true  also  in  Fortran  (see 
Appendix). 

The  prefabricated  penersl  puirpcse  modules  deal  with  output, 
vector  alpebra,  vector  analysis,  prorram  control  etc.,  act  as  a 
libraiy,  and  provide  the  physicist  with  a prcfrnr.  which  has  a logical 
structure  end  with  the  nathenatical  tools  with  which  he  is  femiliar. 

i-.any  proprams  in  plasma  simulation  share  the  sene  surerficiel 
structure  - a set  cf  differential  eouations  are  solved  as  a function 
of  time  - and  this  superficial  structure  can  be  rode  the  seme  in  a 
suite  of  cMSTiuter  proprams,  and  only  the  sections  dcscribinp  the 
actual  physics  need  be  different  from  case  to  case.  Fyr;bolic  Alrol 

proprams  can  moreover  be  written  in  a mecliine-irter'encent  way,  sc  that 

they  will  run  quickly  on  any  computer  system,  and  with  careful  design 
they  can  be  made  to  execute  with  high  efficiency. 

To  construct  worthwhile  proprams  rapidly,  modules  with  well-defined 
interfaces  and  de'iendable  characteristics  must  be  available  - this 
can  be  achieved  usinp  tiny  testbed  prorrams  the  result?  of  which  are 
availsble  as  puerantees  of  confidence.  The  "standard  errty  rrerrem" 
DblS^YPUn  described  in  section  III  wss  tested  in  just  this  way  before 
beinp  used  as  the  skeleton  on  ’-'hich  to  hrnp  more  substantial  rroprars. 
Such  programs  as  F0LLI5  (a  2D  proprar  fc  ' stui'yin"  enclosed  convection) 
and  TPIKITY  (a  3F  I'J!E  rrepram)  hove  been  tested  this  way  end  oreviriu 
pood  illustrations  of  the  way  in  which  initial  conditions  r-nd  ocwjrirry 
conditions  (see  section  VI)  can  be  set  up  easily  in  r^TTbrlic  /Irol  I. 
These  were  initially  proprsns  usinp  leepfrop  schemes  but  the  mocular 
structure  is  flexible  enouph  for  other  schemes  both  explicit  nni, 
implicit  to  be  incorporated  without  major  surpery.  Duch  flexibility 
is  illustrated  in  Section  VII. 
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2,  gyabolic  Algol  I 

Let  us  first  recall  bow  symbolic  Alfnl  techniques  can  be  used 
to  express  proprams  that  solve  seta  of  partial  differential 

(1) 

equations.  Iheae  techniques  vere  briefly  reported  at  ‘Ihilhen 

and  a more  co!»ol»t<»  flccovmt  ccn  be  seen  in  rapers  to  be  MiMiahed 
(2,3) 

soon  . 

For  mathematical  text  books,  a feirly  standard  notation  has 
been  adopted  for  such  topics  as  vector  alpebra,  and  analysis.  This 
notation  is  hiphly  compressed  and  can  b«  co-ordinate- free.  For 
example,  the  vector  mapmetic  field  is  written  tersely  as  ^ instead 
of  in  the  expanded  form  (E^(x,y,z),  E^(x,y,z),  ^^{x,y,i))  and  such 
expressions  as  (curl  are  independent  of  both  the  particular 

co-ordinate  system  used  and  the  effective  number  of  dimensions. 
Consider  the  equation  of  eharpe  conservation 

♦ div  £ - 0.  (1) 

Utin^  an  explicit  difference  achemr  ve  nay  express  this  in  Alrol  60 

as:- 

Ac[o]  :■  0 - DT  • DIV(J);  (?) 

where! 

AO  is  on  array  hnldinr  the  chnrre; 

0 is  the  local  oririn  of  the  difference  scheire; 

0 is  the  value  of  the  charre  at  the  'old'  tire; 

DT  is  the  effective  time  increment; 

J is  the  current  vector; 

DIV  is  a finite  difference  operator. 

Here  0,  J,  and  ppsaibly  DT  are  real  parameterless  procedures,  i.e. 
they  depend  only  on  implicit  .i  which  represent  the  chosen 
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vector  coipooent  end  lattice  point  in  terns  of  the  peenetry  of  the 
problen  and  do  not  depend  on  any  explicitly  exhibited  variable. 

The  differential  oi:,£rator  "div*  ie  defined  in  nethenetical  phyeics 
for  a carteaian  co-ordinate  ayaten  by 

3 »F 

div  F ■ 22  — i.  (•^) 

i - 1 

In  Syabolic  Alaol  I it  ia  repreaented  by  the  ouite  analoyous  real 
procedure  DIV  vhich  haa  a declaration  of  the  fora 

real  procedure  DIV  (A);  real  A;  DIV:  - SIGM(DEL(A))i  (>») 

Hie  procedure  DIV  here  haa  an  explicit  arpunent,  as  div  does  in  vector 
analysis. 

A second  exanple  of  the  conpactness  of  Synbolic  Alpol  notation 
is  in  the  difference  fora  for  the  Vlasov  equation.  For  a continuous 
distribution  function  f we  nay  write  the  Vlasov  equation  in  ordinary 
mathenatical  notation  as 

^ * (v.v)f  ♦ (5) 

without  needinp  to  say  explicitly  that  f is  e function  of  (x,y.a,u,v,w,t) 
wherever  it  is  nentioned. 

In  Alpol  (O  this  can  be  written 

AF|p]  J ■ F - DT  • (DOT{V,IEL(F))  ♦ DOT  (A,DKLV(F)));  U) 

Because  procedures  can  be  pararaterless  in  Alpol  (unlike  Fortran) 
we  can  express  the  distribution  function  as  F,  ite  current  value, 
through  the  definition! 

real  procedure  F j F • AF(0)}  (7) 

where  0 is  a nstrix  subscript  and  represents  the  current  position 
on  the  lattice. 

The  real  procedure  DOT  is  the  finite  difference  analopue  of  the 
inner  vector  product  i.e. 
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a.b  ^ DOT(A,B) 


(8) 


1b  shotr  the  wagr  in  vhidi  SyiAsolic  Alfiol  1 is  able  to  build  up 
new  proMdures  froa  older  ones  in  a hieirarchic  fashion,  the  nested 
structure  of  ECL  can  be  exhibited.  The  abbreviation  will  be 

used  for  real  procedure  and  IP  for  inteaer  procedure 

Wm(F)j  real  F;  DEL  ■ (EP{F)-EM(F))/(2«DS); 
m EN(F);  real  F;  beein  0 : - 0 - DO}  EM:-Fi0:-0  ♦ DO  ^ 

BP  EP(F);  real  F;  begin  0 : ■ 0 ♦ DO;  £P:bF;  0:>  ft-DO;  end 
IP  DO; 

D0:»  if  C eg  1 then  1 elae  if  C e^  2 then  PI  else  PI*PJ 
0 is  the  current  lattice  point.  C is  the  index  specifying  the 
direction. 

B 

0-2*.  ' 

' X -1  P , , , A 


If  C ■ 1,  DO  corresponds  to  the  length  PA,  sad  the  stateaent 
0:b  0 ♦ DO  novas  the  current  origin  fron  P to  A.  If  C ■ 2 the 
origin  is  aoved  to  B,  but  if  C ■ 3 it  is  noved  in  the  i-direction. 


This  nay  be  co^^ared  vith  the  nathenetical  hierachy 

1 

’h^  • 


idiere 


and 


2h 


E%(r)  - «(r*^) 
E"<(r)  ■ ♦(r-dr) 

- dx  (x  ccvxment) 
or  dy  (y  coayonent) 
or  ds  (a  coavonent) 
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With  so  Moy  nested  procedure  cells  Synbolic  Alsol  I usually 
executes  slawly«  but  it  is  very  clesr  uhat  tbe  proforsa  is  doiny.  Such 
so  iroroaeh  enables  clear  proyrssdnic  in  tbe  initial  stayes.  Subsequently  IX:L 
could  be  nade  faster  by  introdueiny  a vector  DR  vitb  3 elenents 
eontaininy  1,  PI,  and  PI  * PJ  respectively.  The  procedure  definition 
for  DEL  could  then  be  contacted  to 

RP  DEL  (P);  real  F;  be  yin  real  FI 
inte yer  DO; 

DO:  ■ DR(C);  0:  ■ C ♦ DO;  Fit  • F; 

0:  ■ 0 , 2 • DO;  DEL:  ■ {FI  - F)/(2  • D6);  \ 

0:  ■ 0 ♦ DO;  end 

A deeper  level  of  optinisation  is  to  rerlace  the  r.h.s.  of  eavation 
(6) by  an  explicit  linear  fom  in  AF  (o  ♦ ^ for  a svw  of  terns  in 
0.  For  exapiole  when  C > 1, 

DEL(F)  • (Af[o  ♦ l]  - AF  [o  - l])/(?  • DP);  (I’O 

Optinisations  of  this  kind  can  be  carriee  out  autoirnticslly  end 

2 

are  discussed  in  detsil  elsewhere  . 

(lU) 

Converter  prorrsas  exist  which  ensble  enuntiens  to  be 
converted  sutomatically  into  an  optimised  code  for  any  desired 
combinstion  of  output  lanyusye,  co-erdinste  system,  and  difference 
schene.  Lanyuayes  inpleaented  so  far  have  been  Alycl,  Fortran, 

KDF9  Usercode  and  IBM  3^  asaenbly  lanyuaye.  The  optinised 
nodule  ia  then  used,  in  conjunction  with  the  renainder  of  the 
original  Systbolie  Alyol  1 proyras,  to  carry  out  the  production  runt. 

3.  Standard  i^odulsr  Structure 

Consider  two  proyrana  that  solve  two  seta  of  different  tine- 
dependent  fluid  equatiens.  Evidently  these  proynrs  could  be  desiyned 
to  have  a lot  in  connon;  everything,  in  fact,  except  the  physics.  We 
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i 

1 


I 

I 


have  developed  a aeries  of  Alfol  acdulea  which  deal  with  standard  tasks 
such  as  output,  vector  alfebra  and  analysis,  prorras  control  and  so  on, 
ttid  which  fit  together  to  enable  s wide  ren^e  of  rhyaics  prorrasis  to  be 
constructed  Quickly.  Sore  of  these  prefabricated  rodules  hove  been  put 
toother  to  form  a skeletal  proprar  KfKYFWi  which  hos  the  penerol 
structure  of  a proprar  that  similates  tine-dependent,  riarticle  and  fluid 
flows,  althouph  it  actually  does  no  rhysics.  It  is  a "standard  empty 
program"  whicii  with  little  effort  can  be  converted  into  e runninr 
propram  for  a real  physical  problem. 

IXJM^YPUn  consists  of  a set  of  nodules  which  are  available  as  on-line 
files  and  hss  the  followinp  structure: 


DU3«hUD 

oumncL 

AUlKJ.hA 

CAPUflAK 

UmiTIL? 

Dui-iry  FPirATA 

HAIII  COKTPOL 

Pun-Tr  pirmrr 

nuiipf 

TAIL 


rip.  1 


Let 

(a) 


(b) 


(c) 


us  build  the  preprsm  up  piece  by  piece: 

An  Alpol  proprar  needs  .iob  control  cards,  and  a bopin 
for  the  outer  block. 

It  needs  ar  end  for  both  the  outc-r  block  end  the  inner 
problea>-oriented  block. 

In  order  to  output  anythinp,  an  output  channel  must  be 
specified  and  output  procedures  prcvidec. 


i 

i 

J 


i:l/l 


T/IL 


OliT/LOTL 
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The  type  of  y^sica  probleiai  in  which  we  are  interested 
uaea  -vector  sdfebra,  difference  achegtes  in  Cartesian 
feoaetryt  with  various  aorta  of  array  output. 

Clearly  other  standard  library  nodules  could  be  inserted 
to  generate  on-line  yraphicsl  displ^  or  to  use 
cylindrical  co-ordinates,  for  example. 

Prior  to  entering  the  inner  (physic^  block,  dynamic 
array  bounds  must  be  set  and  the  various  nodules 
activated . 

Most  fluid  simulation  rrorrams  seem  to  reouire  much  the 
same  elements,  as  we  find  t--  perusinp  prorrnms  written 
in  the  past  both  by  ourselves  and  by  others.  These 
have  been  formalized  into  & standard  control  structure  . 
MAlli  OOllTPOL  consists  of  a aeries  of  ...iraneterless 
procedures  whose  naawa  describe  their  functions  (Pir* 

2].  This  provides  a compact  way  of  statinf  clearly 
what  each  section  of  the  profran  does  . 

Each  of  the  procedures  called  by  MAIK  COIiTPOE  must  be 
defined  and  a series  of  modules  are  created  to  do 
this.  Initially  we  need  only  two:  cniTPOE  and 


J 


PHYSICS. 


AliOEBFA 

CAPTEEIAII 

UTILIXIES 


PPEDATA 


yAIIl  CONTPCL 


COllTPOL  provides  the  procedures  which  ror.trr]  the  proppeas 
of  the  calculation,  i.e.  which  label  the  run,  clear  the 
core  store,  initialise  the  run,  output  when  rcouired,  and 
tie  up  the  loose  ends  after  the  run  is  complete. 


COllTPOL 
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S-FI1£«HAIH  CMITPOL.CPIP^  (STAIiEAPD  KAIl.  PPOGRAM)j| 


•PPOCmniE'MAIH  COHTROL; 'BEGIH' 
LABEL  THE  FUH; 

CI£AF  VAPIABIfS  AtH)  APKAYS; 
SET  li^AULT  VALUES; 

MyiHE  DAT/.  SPECIFIC  TO  PUK; 
SET  AUXILIAPy  VALUES; 

IXFIBE  IHITIAL  CONDITIONS ; 
INITIAL  OUTPUT; 


REPORTd.l); 

REPORTd,?); 

REPOBT(l,3'; 

PtPOPTd.li); 

PEPOPT(l,5); 

I'EPOPTd,6); 

PEPOBTd,?); 


•POP'  H»HSTAPT'STEP'l'UHTIL'HSTOP*DO* 

’BEGIN 'MAIN  COMPUTATION  aCLE’.'  ‘M’+llELTAT; 

ADVANCE  ONE  TIMESTEP;  OUTPUT  IF  RECUIPED; 

•END*  OF  MAIN  CYCI£;  REP0RT(1,8)  ; 


■END 


N-NSTOP;  FINAL  OUTPUT ;TEBMIB ATE  THE  BUN;  REPORT(l,9); 


rir.g 


(i)  PHYSICS  provides  a slot  where  the  real  physics  is  to  be 


inserted.  Initially  it  contains  only  a dusny  procedure:  (Fir. 3); 


Fif.3 


j niJE*DUmY  PHYSICS* 

•'PHOCEDUFE 'ADVANCE  OTE  TIMESTEP;' BEGIN 'LIKE 
1 TEXTC  •••WE**HAVE»*ADVAKCED**0RE*»TIM1STEP**'  *) 
j LINE; 'END'; 


PHYSICS 


PHYSICS  can  he  aufnented,  if  reouired,  by  rrocedures  which 
solve  Poisson's  eouation  or  which  deel  with  standard 
bcmdary  conditions,  for  exarrole. 

(j)  Throufb  the  nodule  OUTALGOL,  mentioned  earlier  in  DIUKYPUII, 
is  funnelled  all  input  and  output.  This  rakes  the  prorrar 
portable,  since  the  chanres  required  to  run  on  a different 
siachine  are  all  concentreted  into  one  piece. 


1 tUa^YFUli 

J 


. Acceptance  Tests 

Each  nodule  is  part  of  an  assenbly,  and  as  with  any  enpineerinp 
ccisponent  that  is  to  be  used  without  constant  attention,  it  is 
sensible  to  put  the  nodule  throuyi.  a proper  set  of  acceptance  tests 
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to  snanatee  that  eadt  elenent  of  the  nodule  perfoina  properly.  Ereiy 
iiodule  nuat  be  eonpletely  dependable.  Ibrther,  by  nakinr  the  teata 
(Mterally  available,  the  autbom  of  the  profcraa  raiae  ecofidenee 
leeela,  and  allow  the  tiaer  to  aee  for  hiaaelf  any  reatrictiona 
whidi  nagr  apply. 

let  ua  introduce  the  concept  of  a "teatbed".  Thia  ia  a apecial 
anall  prorran  written  for  the  new  nodule  which  uaea  and  teata  out  all 
ita  featurea  in  aa  thorough  but  econonical  a way  aa  poaaible.  A 
teatbed  pro|Eran  conaiata  of: 

(a)  The  pre-teated  nodulea  reouired  in  order  to  use  the 
new  nodule,  or  to  perfom  the  testa. 

(b)  The  new  nodule  itself. 

(c)  A specially  written  TRIAL  nodule,  which  is  the  part  of  the  prorrar; 
that  runs  throufd>  all  the  procedures  in  the  nodule  which 

ia  beiny  tested. 

For  exaaq;>le,  the  TESTBED  of  the  nodttle  *ALCEBRA*  which  is  used  in 
DUM(TFUX  ronsista  of  b nodules:-  HEAD  (which  cootaina  the  job 


control  cards)}  OUTALGOL  (throufh  which  is  funnelled  all  output); 
ALGEBRA  itself,  and  its  associated  TRIAL  nodule  (aee  firure  b). 


, HEAD 
; OUTALGOL 
• ALGEBRA 
' TRIAL 


HEAD  and  OUTALGOL  are  nodules  which  have  been  rut  throurh  just  auch 
tests  previously.  The  results  of  thia  test  are  nade  available  as  part 
of  the  docunentation  for  the  nodule,  and  this  facilitates  conversion 
to  other  coaq>uter  systean. 

For  further  illustration  let  ua  consider  the  rodule  CARTESIAH. 


It  consists  of  procedures  which  are  the  finite  difference  analogues 
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of  DIV,  GBAD,  CUFL.  Of  course  these  have  different  fons  depending 
on  difference  schene  and  feonetty;  the  forms  in  CABTESIAII  are 
appropriate  for  3-D  Cartesian  feoeietry  in  which  the  operators  are 
defined  in  tents  of  central  difference  fonnulse. 


Analytically 


f «u:l(u)?  = 

"ijk  M 

(15) 

L ” J i 

In 

3 dimfenaiona,  it  ia  convenient  to  think 

of  the 

dimensions  (x,y,s) 

as 

which  can  be  written  as 

-1*  *i* 

x^^j)  / modulo  3 T . 

In 

terms  of  these  we  may  write 

V 

fcurl(u) ( . ■ 

3u, 

*•-1 

»“i*l 

(ir>) 

V.  “ J ^ 

**i+l 

**i-l 

i.e.  jeurl(u)^  * 

»“i-? 

(modulo  3 arain) 

The  Alyol  procedure  CUPX.  is  f ifined  by 

CUSL(U)  ■ RP(DEL(FP(U)))  - PK(DEL(PK(u) ) ) ; (17) 

in  Symbolic  Alrol  It  The  procedure  PP  effectively  increases  the 
index  by  unity,  and  P>4  decreases  it  by  unity.  DEL  is  the  anelor  of  V 
(see  equation  9 above ). 

A test  for  CUPL  could  be  as  follows:-  Let  f^,  f^,  f^,  r be  any  ^ 
scalar  functions  of  x,y,t.  Construct  s eeneral  vector  A s.t. 

A ■ curl  (f^  X ♦ f^  y ♦ f^"*)  ♦ 7r  (1^) 

Then  for  the  differential  operators,  the  follrwiny  2 identities  hold:- 
div  curl  ^ : 0 (10) 


and 


curl  rrad  f^ 


0 


(?0) 


If  the  finite  difference  operaton  DIV,  CUPL,  CPAD  are  defined  in 
tens  of  central  differences  on  a Cartesian  aesh,  t.iese  identities 
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\ 

I 

!■ 


I 


I 

I 


■till  bold.  For  s TESTBED  for  these,  s TRIAL  Module  would  then 
coBtsin: 

•RP*  FI;  Fls»  (user's  choice:  e.<».  x**  ♦ y**  ♦ z**); 

*RP'  F2i  F2:«  (user's  choice:  e.^f.  3xyz); 

'RP'  F3;  F3:«  (user's  choice:  e.r«  ♦ *); 

x-*y+z 

'RP'  G‘,  G:»  (user's  choice:  e.p.  e ); 

’RP'  Ai  A:- 

CURL(F1*E1  ♦ F2*E2  ♦ F3*E3)  ♦ GRAD(C); 
end  the  printing  PROCEDURES 

PRUT  VECTOR  (CURL(GRAD(Fl))i 

PRUT  SCALAR(DIV(CURL(A)): 

The  output  is  of  course 

0.0  0.0  0.0 

end 


0.0 

Tho  procedures  El,  £?,  E3  cone  fron  the  nodule  "ALGEBPA*,  and  are 
defined  thus:- 

'PP'  El;  £!:■  ^ C ^ 1 then  1 elae  0; 

'RP'  E2;  E2:»  if  C e£  2 then  1 elae  0; 

'RP'  E3;  E3:»  if  C ^ 3 then  1 elae  0; 

where  C ia  an  index  indicatinp  which  coa^onent  - x,  y or  s - ia 
under  conai deration.  El,  £2,  E3  are  in  fact  the  unit  vectors  in  the 
X,  y,  and  s directions  respectively. 

The  nodules  of  which  the  skeleton  propran  DWMYRUN  ia  conpoaed 
have  each  been  tested  usinp  the  TESTBED  approach.  The  propreaaive  way 
in  which  auch  testa  can  he  cairved  out  ia  illuatrated  i.i  fipure  $. 
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is  constructed.  The  staircase  shows  the  systematic 
way  in  which  modules  must  be  tested.  For  example 
TESTBED4  requires  4 pre-tested  modules  (DUMMYHEAD, 
OUTALGOL,  ALGEBRA,  CARTESIAN)  in  order  to  test 
UTILITIES.  TRIAL4  is  the  specially  written  module 
containing  the  test  material. 
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5.  PortiAili^ 

Collaboration  between  the  staff  of  different  laboratories  can 
often  Bake  desirable  the  runninr  of  the  aane  cosiputer  prorrar  on 
different  machines.  The  -cransfer  froD  one  machine  to  er.cther  can 
be  Made  more  quickly. if  the  chanres  which  cust  be  radc  are  local- 
ised into  regions  where  such  chenres  can  be  flnrrod. 

A program  con  be  made  smre  portable  in  3 seperate  areas 

i)  By  carefully  avoidinr,  in  the  early  taxe.  mm.bers  cf  a prorrcB  , 
exploitation  of  the  advanced  features  and  quirks  peculiar  tc  a sachine 
(we  are  of  course  discussinp  prorroas  which  in  the  past  have  taken  at 
least  1 man  year  to  ret  into  production)!  In  Fortran  this  rirht 
imply  for  example  restrictinr  oneself  st  this  time  to  Fortran  IV.  In 
AlrolfOne  avoids  Jensen's  device  for  example,  in  later  versions, 
some  pieces  of  prorran  can  he  replaced  by  code  tailored  for  a particu- 
lar machine  and  by  fast  assembler  subroutines. 

ii)  Input  and  output  should  be  localised  and  flarred.  If  1/0 

is  restricted  (for  exarqile)  in  Fortran  to  oai^icuinr  subroutines  it 
enables  the  more  sophisticated  I/O  pscknres  available  on  some  machines  tc 
be  introduced  easily  into  the  ororram  on  trsnsfcr  to  these  rtrchir.es. 

iii)  Every  machine  mifdit  well  es  a matter  of  course  have  evnilable 
s series  of  tiny  proprams  or  macros  which  will  chrjipe  the  chart.cter 
codes,  (and  in  the  case  of  Alpol  alter  the  representation  cf  the  /Ipcl 
basic  Symbols)  from  that  used  on  one  machine  tc  that  for  another. 

For  the  job  control  lanpuapes.  while  the  variety  of  different  machines 
continues,  there  seems  nc  better  way  of  praftinr  a propram  onto  ar 
unfamiliar  machine  than  havinp  the  aid  of  someone  with  local  knn.'lcdre. 

Thus,  at  the  Culham  Laboratory  we  are  deliberately  writ:og  our 
Fortran  programs  in  ASA  Fortran  IV,  which  enables  a program  to  be 
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portable,  and  incidentally  to  be  publishable  and  open  to  the  criti- 
cism of  other  computational  physicists.  For  example,  since  the  name- 
list  facility  is  not  implemented  on  all  big  machines,  it  is  not  used, 
even  though  it  is  very  convenient.  In  Algol,  calls  by  value  are 
avoided  since  some  compilers  do  not  have  this  feature.  Again,  since 
only  the  first  six  letters  of  an  identifier  are  significant  on  an 
IBM  machine,  the  long  identifiers  are  chosen  with  care  to  ensure  the 
distinct  identity  of  each  to  the  compiler. 

For  input  and  ouf-nut,  and  the  program  transfer  macros,  we  restrict 
our  attention  at  this  point  to  Algol;  further  comments  on  Fortran 
are  found  in  the  appendix. 

The  Algol  module  OUTALGOL,  (see  also  section  3 above)  has  been 
written  to  contain  the  high  level  procedure  calls  required  to  make 
simple-minded  input  and  output  requests,  some  of  these  are  shown  in 
Figure  6 as  they  are  implemented  on  the  KDF9  at  Culham.  The  inten- 
tion is  to  hide  detail,  irrelevant  in  more  physical  contexts.  The 
dvocacy  of  the  use  of  such  procedures,  independent  of  im,  lementation, 
is  not  new,  see  for  example  Michie,  et  al^^\  We  report  that  their 
systematic  use  is  worth  the  additional  care  in  design  initially.  For 
the  implementation  on  an  IBM  360  see  Figure  7.  Similar  OUTALGOL 
modules  have  beti  written  for  CDC  6600,  the  ICL  1900  series  and 
GE  235. 

To  effect  transfer  from  one  machine  to  another  the  character 
code  must  be  /'.Itced,  and  the  Algol  Basic  symbols  correctly  represented. 
For  this  purpose  >.he  CACTUS  package  has  been  developed  at  Culham.  On 
the  Culham  KDF9,  the  COTAN  on-line  system,  contains  among  its  commands 
the  facility  for  generating  a "macro"  command  - i.e.  a command  wltich 
blocks  together  a series  of  commands  in  a file  and  activates 

them  with  a single  command^^^\  Macros  have  been  writte.i  which  change 
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•PBOCEDUBE'  OWAliGOL; 

'SEGIN'  DECDIOi.UYOin'C'C'S-MDDD.DD']*); 

KrEGEB-lAYOirr( '[  <S-KDDD']'):OUT°10;'Era>'; 

'INTEGER'  IECI1AL,NTE(XR,0UT; 

'noCEDUIS'  BtAWC;SBiCE(Oin'.l); 

'lYiOCEOUBE'  ICTVMt(N);  'INrBGER'N;RBlTE(OlJT.WrECER.N); 
'ffiOCEDUBE'  STRING 'NtUC;;'INrE(ZX'N; 

'EGGIN'  TEKI(NUC)  ;B1ANK;TEXT(  ) ;INrVAR(N) ; 'END' ; 

•FBOCEDURE'  LINE;Ig»LIN(OUr.l){ 

'FSOCEDURE'  E^:GU'(Oin',l); 

'EROCEniRE'  ^ir(T);'STRING'T;lRlTET(Oirr,T); 


Figure  6:  The  nodule  *OUTALGOL*  includes  such  procedures  as  the 

above.  REALVAR  and  RVAR  are  similar  to  INTVAR  and  IV AR. 


'ffiOCEDURE'  OUTALGOL.. 

'BEGIN'  OUT  ..  1.,  'END'., 

'INTEGER'  OUT., 

'PROCEDURE'  2IANK.,  OUTSTRINGCOUr, '( ' 

'PROCEDURE'  INrVAR(N).,'INrEGER'N.,  OirriNrEGER(OlTT,N). , 
'PROCEDURE'  IVAR(NAUE,N).,'STRING'NUC;.,'INrEGER'N., 

'BBGIN'TEXl(NAie) . ,BIANK.  ,TEXT(  ,INTVAR(W) . , 'END' . , 

'mOCEDURE'  LINE.,  SYSACT(0UT,14,l). , 

'nWCFDURE'  BUX.,  SYSACT(0UT,15,l). , 

'PROCEDURE'  TEJCr(T).,  'STRING'  T.,  OlTSTRlNClOUT.T). , 


Fig'ire  7: 


Some  OUTALGOL  procedures  used  on  an  IBM  360. 
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Che  repreaentacion  of  Algol  basic  ayabols  on  Che  disc  in  such  a way 
Chac  it  coawa  Co  a Daca  Dynaadcs  CeleCype  in  Che  fora  suicable  for 
whichever  SMchine  is  Co  be  recipienc.  Ic  is  scored  on  Che  disc  as 
"Wheceg  Algol"  which  is  a subseC  of  Che  represenCaCion  accepCable  Co 
Che  UhecaCone  coapiler  for  inacanC  execucion  and  which  is  also  accepC- 
able Co  our  Egdon  coapiler  for  baCch  procesaing.  This  flexlbilicy 
enables  Che  IQF9  Co  be  used  reasonably  efficiencly  (viewed  as  a 
aan -I- aachine  encicy). 

Given  an  Algol  prograa  in  "Wheceg",  ic  can  be  auCoeuicically 
cranalaced  inco  Che  foras  required  for  use  on  a CDC  6600,  IBM  360, 

ICL  1900  or  GE  235,  Chough  scill  scored  in  an  on-line  file.  The  acCual 
Cranafer  can  occur  in  a very  staple  fashion;  Che  ISO  paper  tape  code 
used  by  celecypes  inCerfaces  wich  all  aachines  which  can  use  CeleCypes. 
Thus  a paper  Cape  can  be  produced  for  an  Algol  prograa  which  is  Chen 
read  back  Co  anocher  celecype  (or  Che  saae  one)  connecced  up  Co  a 
differenC  aachine.  Thus  che  exisCence  of  dlfferenC  card  codes  on  che 
various  aachines  can  be  circuavented.  The  developaenc  of  a program 
on  a siachine  wich  a fasc  compiler  and  good  debugging  facilicles,  and 
Che  subsequenc  transfer  Co  a aachine  wich  fast  running  Claes  and  a big 
core  seeas  an  actraccive  aechod  of  computing  effectively. 

ft.  Initial  CpnriiticT.s  nn<*  Fc;nn*ery  Cni(*iticnB 

The  settinr  rf  ipitirl  crr(*itjon8  er.«'  br;m<^rr:'  crni’jtjrns  is,  in 
e substsntinl  corruter  rrerr^rr,  r nuispnrc.  It  thVeB  <i-,  in  crc'ir.'* 
terra,  far  rore  stateicenta  nr.c  ir.volvea  rrre  ir.trirete  devices  then 
the  body  of  the  calculaticr  in  which  -est  ef  the  lire  of  the  rorr'utntion 
is  spent. 

This  need  not  be  so,  and  we  deseribe  in  this  section  sore  of  the 
tods  with  which  we  have  provided  ourselves,  fonc  of  these  could  be 
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Tiroduced  in  Fortran,  but  there  is  no  doubt  th»t  the  nvnilnbility  of 
parninetorleas  rrocodures  in  /Irol  is  n boon. 

For  exawrle  it  i«  convenient  to  be  able  to  set  the  vnluea  of 
an  array  in  a siirple  fashion.  Tonaider  the  trirlet  of  /Irol 
statements 

TV:n  Di 

fi;ll  PKrim; 

SET  Fc/iLAP(  rn  ,ri!;(?*FiE*r )*ri::(?«piE»Y ) ) ; 

This  sets  th»r  potential  of  # over  the  uhrle  rcrioii  of  interest  in  c 
tvo-dineasional  calculation, to  be  nin(?«y)  sir,(?ry).  Of  course  the  settinr 
of  rarsineters  and  reneral  sradework  needs  to  be  done  Bor.eui'.ere,  but  not 
at  this  point  where  we  are  only  concerned  with  the  sethcrutical 
foroulation  of  the  physics  of  the  prebler..  Further  assiriusent  of 
values  is  not  a eliansy  natter  but  can  be  done  tersely,  ns  enn  best 
be  nadc  clear  by  settinr  down  the  centerta  of  the  above  procedures. 
procedure  WO  !<•,  berin  liDlK:*  1;«  J:»  0;  K:«  -1;  b’K:*  0;  end  ; 

(the  prebler  is  declared  to  be  FE,  the  vrlues  cf  I and  J arc 
cleared,  and  the  k-direction  is  rut  out). 
procedure  FULL  PKOim;;  berin  IFl:-  Jri;«  KFl  :■  O;  1^:«  KIv  jrP:"  IlJv 
KP?:»  I:K;  end; 

(the  upper  and  lower  hounds  for  the  arrry  indexes  rre  set  in 
terns  of  the  errny  sixes). 
procedure  SET  SCALAR  (A,F);  artcy  real  F; 
betln  procedure  SCTS2(K);  Inteicr  K; 

for  J:“  JPl  step  1 until  JP2  do 

for  I;“  IPl  step  I until  IP2  do 

begin  0;-  1 + (I  + 1)  + PI*(J  1)  + PI*PJ*(K  + 1); 

A[o]:-  F;  end  ; 
iX  NDW  ej  2 then  SET  S2(-l); 
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elae  for  K:»  KPl  step  1 until  KP2  ^ SET  S2  (K); 

(the  array  A Is  set  to  have  the  function  value  F evaluated  at 
the  relevant  point  on  the  lattice). 

To  set  the  value  in  3 dimensions  of  the  magnetic  field  B for  each 
of  its  components  B^,  B^  in  the  interior  of  the  region  of  ir.tcie.st 
we  may  write 


THREED; 

INTERIOR  REGION; 

SET  VECTOR  (AB,  Z*Z*E1  + 0.5*X*Z*E2  X*E3); 


This  sets  the  magnetic  field  to  be 

B = (Z^,  ',ZX,  X) 


El,  E2,  E3  are  the  unit  vectors  defined  earlier  (in  section  4); 

AB(C,0)  is  an  array  with  2 arguments:  C (which  determines  the  component 
x,y,*)  and  0 (which  determines  the  current  lattice  point). 

The  declaration 

real  procedure  B;  B;'  AR(C,0); 

enables  B to  be  used  in  equations  for  the  magnetic  field  as  vector  I) 
would  be. 


An  alternative  approach  is  to  use  3 conponeiit  arrays 

BX'o^  HyIo'.,  BZIo] 

rather  than  the  single  array  AB(C.O).  Obviously  a powerful  technique 
should  not  be  tied  to  a decision  on  h«>u  to  stor«  the  inlormation  about  thi 
magnetic  field. 

In  terms  of  these  3 arrays,  we  could  set  up  B with  the  procedure  call 
THREE  D; 

INTERIOR  REGION; 

SET  SCAIAR  (BX,  Z-Z); 

SET  SCALAR  tBY,  0.5-X-Z); 


SET  SCALAR  (BZ.  X); 
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Another  set  of  useful  procedures  Involves  setting  values  on  lines 
and  surfaces  Inside  the  region  of  Interest.  These  are  all  tiny  pro- 
r dures,  where  the  purpose  of  defining  then  is  to  reaove  the  mechanics 
of  Che  computing  from  the  focus  of  attention.  For  exasiple 

procedure  SET  XLINE  (A,  JJ,  KK,  F);  array  A;  real  F;  integer  JJ.  KK; 
begin  J:«  JJ;  K:«  KK; 
for  1:»  IPl  step  1 until  1P2  ^ 
begin  DEFINE  0;  A[o]:»  F;  end  end 

This  sets  the  elements  of  the  array  A,  corresponding  to  points  on  the 
line  y * y^  Z * S|^  (l.e.  J * JJ;  K • KK)  to  have  the  functional  values  F. 

This  ruled  lln^  provides  a simple  way  of  setting  values  on  a plane 
surface  parallel  to  an  axis.  Thus 

procedure  SET  YZ  SURFACE  (A.ll.F);  array  A;  real  F;  Integer  11; 
for  K:-  KPl  step  1 until  KP2  ^ 

SET  YUINE  (A,11,K,F); 

sets  A ■ F on  the  surface  x « (l.e.  1 « 11) 

These  hierarchic  definitions  enable  one  to  program  at  clearly  at  one  can 
write  mathematics. 

Similarly  with  boundary  values.  If  the  boundary  conditions  can  be 
set  easily  and  can  be  seen  to  have  been  set  correctly,  a program  Is  simp- 
ler to  handle.  The  setting  of  some  of  the  possible  boundary  conditions  at 
the  wall  for  a plasM  experiment  are  shown  In  figure  8. 

___ 

r,i:APDX(Pi!c,piaE,7i;pr,  7i;Fn,rii;ru  ftept  to,’:i); 

rc!ArDX(J7,rYiin;7Pic,7.FTo,  y-rT/rrpFrr  rr.rt'iTLF  rrirr 

ouArDy(rriT,Firip,Tf^7*(i-7),  u .'■tiit 
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the  x-^rection  settinr  *ui table  relues.  ^e  procedure  Cli/FDX  has  rmerrr.ic 
aryuBants  to  make  the  bowdaiy  conditions  deer.  The  use  of  uncronics 
is  ii^rtant  for  although  the  analrtic  condition  oegr  be  sinple,  the 
difference  fom  is  often  nessy.  The  first  set  of  arrusents  defines 
the  physics.  Fcr  ezsi^lc,  ve  have  a riaid  boundary  on  which  the 
density  is  set  to  aero,  and  the  tenrerature  to  Tp7(l-7).  The  i 
ccnponent  of  the  electric  current  j is  set  to  sere,  er.d  so  is  its  rrcdienl. 
The  second  set  of  arrunents  nick  out  the  roints  where  values  ere  to  be 
set.  For  examle,  uainp  a lenrfrer  achere  one  rev  only  need  values 
at  alternate  roints,  the  nesh  in  use  shiftinr  by  one  interval  between 
alteraetinp  tine  sters.  The  starting  roint  is  shifted  hrrkwarrs  and 
forwards  by  X-?TACrtEPEEFT,  and  values  are  set  at  alternate  points  ur  to 
point  I ■ iil. 

7.  Flexibility 

The  flexibility  of  a aodultr  structure,  rrorerly  constructec, 
enables  rrerrass  to  bs  developed  cuickly,  Tach  nodule,  besides 
beinp  fully  tested  has  a cerreapondinp  dunry  rcdule.  This  is 
coaq>oted  of  the  sane  procedures  aa  the  full  bodied  rorulc  cut  each 
is  dusror.  fuch  dumsy  nodules  enable  parts  of  *'rcrTtr  to  be 
thrrouphly  tested  without  wastinr  tire  in  execution  aru;  oocpilrtion 
on  other  nieces  of  proprop  knfsm  to  be  in  workinp  order. 

If  having  developed  a program  we  decide  to  change  the  method  o{ 
solution  of  the  differential  equation,  if  the  program  it  sufficiently 
modular  ti  s can  be  achieved  by  the  simple  substitution  of  one  form  for 
another.  This  can  best  be  seen  In  a concrete  example. 

Thus,  let  ua  consider  a one lawns  Iona  I plasma  made  up  of  electron 
and  Ion  (singly  Ionised)  fluids  whose  distribution  functions  satisfy  the 
linearized  Vlasov  equations  appropriate  fur  a colllalonleas  plasma 
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5?“  + S’v  + 37  (^JJ  = 0 


e e 


df  £ d 


'I 


\ 

I 


(21) 


dt  5;r  + 57  = 0 

where  f^.  and  are  the  electron  and  ion  distribution  functions 

V,.  and  V.  are  the  velocities  of  the  local  elements  of  the  fluids 
a^.  and  a^  are  the  accelerations  to  which  they  are  subjected. 

The  accelerations  a^,  and  a^  satisfy 


"e^e  ° = -eE 


where 


dE 


57  = 4 ne  j (f^-f.)dV 


(22) 


(23) 


the  velocities  f^  and  v^  satisfy 


and 


dt 


dv^ 

dt 


-eE 

m 


eE 

m. 


(24) 


The  pu.„  .M  th,  i„„,  „j 

™.»  Ip  ..  „.h  „ 

3CCs  on  both  of  thorn. 

To  treat  these  equation.-,  by  a finite  difference  method  was  advoca- 
...d  b,  KplU,,p 

advocated  and  implemented  tor  this.  e.g.  the  Waterbag  Model  (for  the 
history  of  this  see  Berk  and  Roberts  1967^'\  expansion  in  terms  of 
Fourier  Cbxmponents  and  orthogonal  polynomials^®-''^  and  the  popular 
sheet/rod  model  developed  by  Bunemaii  and  D;  wson^^°’ 

This  approach  does  have  its  drawbacks^ '^ ) ^ but  is  used  here  to 

illustrate  the  strength  of  s>m.bolic  techniques.  Such  techniques  could 
be  used  in  the  other  cases  also. 
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m 


'raOCQIlIiE'  AUXlLlAWf  CALCUIATIOM;  'BEGIN 'DT  • OELIAT; 

*BEAL"nOCEniliE'  ELECTRON  PHASE  FLUXt 

EUCntON  PHASE  FUUX  - DEU(VE*FE)  * 0ELV(AE*FE); 


•REAL"FKOCEn}ItE'  ION  mSE  FUiX; 

I«  PHASE  FUJX  - DEUC(V1*FI)  + DELV(A1*F1 ) ; 

> 

'aEAL"P80CEKJllE*  FE  NHI; 

i ^ NEE  - SAV(FE)  - DT«ELECTRON  PHk«!:  FLUX; 

I 'BEAL'  'PKOCEDUBE'  FI  NEi; 

FI  NEE  - SAV(Fl)  - DT  ION  PHASE  FLUX; 


FILL  THE  AUXILIARY  POINTS'.' 

'FOR'  I 'EQUAL'  IPl  'STEP'  1 'UNTIL'  IP2  'DO* 
'FOR'  J 'EQUAL'  JP2  'STEP'  1 'UNTIL'  JP2  'DO' 
'BEGIN'  DEFINE  0; 


C - 2;  NORTH  . 0>D0Y; 

NEE  FE^NORTH]  . EP(FE  NEE); 
flEE  FI[N(»TH]  - EP(FI  NEE); 

SOUTH  - O-DOY; 

NEE  FE£ SOUTH]  - Ql(FE  NEE); 
NEE  FI[ SOUTH]  - QI(FI  NEE); 
CC  > 1;  EAST  - U+DOX: 

NEE  FEfEAST]  <•  EP(FE  NEE); 
NEE  FI[EAST]  - EP(FI  NEE); 

WEST  - O-DOX; 

NEE  FE(WEST]  - Ell(FE  NEE); 
NEE  FI[EEST]  - a<(FI  NEE); 

'IND'; 


FlRure  10:  A 'procedure'  AUXILIARY  CALCULATION,  for  use  in  a 

2-step  Lax-Wendroff  scheme.  Procedures  FE  NEW  and 


I 


FI  NEW  contain  a clear  statement  of  hew  the  first 
step  of  the  scheme  works. 


In  this  case  the  Symbolic  equations  module  contains 


LAX  WENDROFF  TWO  STEP' . ’ 

SOLVE  POISSONS  EQUATION; 

AUXILIARY  CALCUUTION; 

SOLVE  POISSON  FOR  AUXILIARY  VALUES; 
LEAPFROG; 


Provided  the  modules  have  been  properly  constructed,  the  change  from 
one  numerical  difference  scheme  to  another  simply  requires  the  replace- 
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ment  of  one  set  by  another  (e.g.  the  Lax-Wendroff  module  is  replaced 
by  the  leapfrog  one).  This  makes  the  comparison  of  the  different 
methods  over  such  matters  as  speed,  gross  accuracy,  and  in  particular 
velocity  dispersion,  a fairly  straightforward  matter.  With  the  develop- 
ment of  advanced  methods  such  as  Fronm's^^^^  hybrid  Lax-Uendroff  the 
close  monitoring  of  methods  becomes  of  greater  interest. 

Conclusions 

Many  programs  could  be  written  with  less  wear  and  tear  on  the 
physicist  (and  with  shorter  development  times)  by  adopting  methodical 
techniques  of  prefabrication  such  as  those  described  here. 

The  use  of  symbolic  methods  provides  a way  of  defining  a physical 
problem  clearly  in  computational  terms.  Algol  and  Al(.ol-like  Ian;  ages 
are  well  suited  to  the  symbolic  approach  especially  for  the  parts  of 
program  dealing  with  the  logic  and  the  physical  equations;  in  Fortran 
a control  package  for  time-dependent  proPlems,  and  the  use  of  pre- 
fabrication  with  acceptance  tests  has  been  successfully  introduced. 
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APPEUPg 

A CmVEISAL  COHTtOL  PACKAGE  FOK  FOCTAH  PKOGRAMS 


Many  tioe-dependent  jlaulation  prograas  are  currently  being  written, 
and  most  of  these  are  still  prograsssed  in  Fortran.  Whatever  the  speci- 
fied set  of  differential  equations  sMiy  be,  these  prograas  usually  have 
to  carry  out  the  saae  control  processes,  and  the  same  general  steps  in 
the  calculation,  e.g. 

DEFINE  INITIAL  CONDITIONS 
START  THE  RUN 
INITIAL  OUTPUT 

and  so  on.  Often  this  parr  cakes  longest  to  tfrite,  and  is  hardest  for 
newcomers  to  understand. 

A Universal  Control  Package  (UCP)  is  therefore  being  written  at 
Culhaa  which  will  contain  a main  control  subroutine  MAIN,  together 
with  utility  and  diagnostic  subroutines,  and  which  will  form  the 
foundation  upon  which  a variety  of  actual  simulation  programs  can 
subsequently  be  built.  The  package  is  being  %nritten  in  ASA  Fortran, 
so  that  it  can  be  used  on  any  computer  system  with  only  trivial  modifica- 
tions. Because  of  this  standardization  of  the  structure,  it  should  be 
easier  for  collaborating  groups  to  exchange  programs. 

So  far  as  possible  UCP  shares  a common  structure  with  DiIMlYRUN, 
e.g.  the  Algol  Procedure  calls  of  MAIN  CONTROL  appear  as  comments  in  the 
UCP  routine  MAIN.  (Fig. 11).  UCP  is  however  less  general,  because  there 
are  no  analogues  for  the  symbolic  modules  which  deal  with  vector  algebra 
and  analysis. 

Development  and  Diagnostics 

It  has  been  found  useful  to  'grow*  an  actual  simulation  program 
from  UCP  like  a tree,  checking  it  out  at  each  stage  by  means  of  both 
standard  and  ad  hoc  diagnostic  subroutinrs.  Typical  examples  of 
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suBwxrriNE  main 

C 

C U2  MAIN  CON1BOL 
C 


CL  3 EPILOGUE 

C 

NSTEPrf4ST0P 
C FINAL  OUTHJT 

Figure  ll:  The  UCP  FORTRAN  routine  MAIN.  The  structure  Is 


\ 


similar  to  that  for  MAIN  CONTROL  In  DUMMYRUN  (using  ALGOL) 
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scaaderil  aubroutinea  are 

MESAGE  ?rint  a eeaaage  of  up  to  48  characcera 
IVAK  Print  'KMC  “ < Integer  value  >' 

■VAK  Print  'NAtC  > < real  value  >' 

lAile  a useful  ad  hoc  subroutine  la 

CLIST  Lilt  nanea  and  values  of  all  eamon  non- 

lubscrlpted  variables  In  alphanumeric 
order,  using  IVAK  and  KVAR 

These  subroutines  allosf  Information  to  be  extracted  very  easily  at 

critical  points  of  a test  run  by  Inserting  single  cards,  without  the 

need  for  format  statesMnts.  Preferably,  all  the  diagnostic  tests 

are  grouped  together  In  a single  ad  hoc  subroutine  REPORT,  which  Is 

called  at  suitable  Inten-als  by  the  tsaln  part  of  the  program  (Fig.  11). 

In  this  way,  the  program  Itself  remains  undisturbed. 

For  Illustration,  we  consider  the  development  of  the  FORTRAN 

version  of  TRINITY^^\  This  Is  now  being  generalised  so  that  It  can 

deal  with  a 30x60x60  mesh.  The  SMbytes  of  data  will  be  stored  on 

2 IBM  2301  drums  on  an  IBM  360/91  configuration,  and  transferred  In 

and  out  of  the  core  each  tlmestep,  using  a rotating  quadruple  buffer, 

(4) 

a generalisation  of  the  triple  buffer  used  In  GALAXY  Of  these, 
three  sections  of  the  buffer  deal  with  the  central  plane  (0)  which  Is 
being  calculated,  and  those  on  either  side  (N  and  S)  which  are  needed 
by  the  difference  schesM.  The  fourth  or  ’move*  section  (M)  handles 
the  data  transfer.  During  the  first  part  of  the  calculation  of  each 
plane,  data  Is  transferred  out  from  the  far-south  plane  (FS)  on  to  the 
drums  on  two  separate  channels.  Halfway  through,  the  direction  of  data 
transfer  Is  switched  to  bring  data  In  for  the  far-north  plane  (FM). 

The  logic  of  such  a scheme  is  quite  complex,  since  it  Involves 
the  alternation  Implied  by  the  leapfrog  difference  scheme,  as  well  as 
periodicity,  guard  points  on  the  borders,  rotating  buffers,  switches 
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tm  dlnstlM  of  data  flow,  and  kecflag  cownt  of  the  location  of 
MO  aaparate  tracka  on  the  drwu.  The  lo^ic  can  however  he  checked 
owt  independently  of  Che  pkyalci,  and,  to  a large  extent,  without  any 
actual  tranafer  of  data.  To  do  chla,  we  replace  thoae  aubroutinea 
which  do  the  actual  «nrk  by  duanalea,  which  aiaqtly  print  out  nesaagea 
aayiag  what  tiey  are  a»ant  to  do  - a ‘rehearaal*  for  the  real  calcula- 
tion, aa  it  were.  A aaMll  neah  can  alao  be  uaed  for  the  teata,  ao 
that  not  too  axich  printout  ia  generated.  Fig.  12  ahowa  an  exanple, 
for  which  Che  GO  atep  occupied  only  0.28  aeca  of  IBM  360/91  CPU  tine. 
The  firat  two  aectiona  print  out  naaMa  and  valuea  of  the  variablea  in 
Che  Conaian  blocka  COWSH,  COMDCF  by  awana  of  atateawnta 

CALL  CLISTM 
CALL  CLISTU 

while  aection  3 ia  generated  by  aubroutinea  called  by  MAIN.  Section  4 

nonitora  Che  logic  of  the  calculation,  uaing  a 4x6x8  neah.  The  output 

ia  generated  by  aCatenenia  aucL  aa 

CALL  IVAK('ltOH',J) 

CALL  XVAt(’S-PLANE',MCS) 

Uaing  thia  type  of  nethodical  approach,  it  ia  bfiing  f>und  chat  prograxa 
can  be  checked  out  much  nore  quickly  and  econonically  chan  by  the 
uaual  aMthoda. 
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Figure  12 


Output  from  test  runt  for  TRINITY  using  a small  number 
of  mesh  points  for t^ich  the  structure  is  checked  out. 
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Wave  Kinetic  Eiiuation  Emulation  by  Numerical 
Particle-in4IIdi  SiiiHiiation  M^hods 


F.  D.  T:wen.  W.  J.  Cote.  K.  H.  and  N.  J.  Zalwiky 

BeU  Telepkomt  Labormuntt,  lncoiporatrd 
WUppmuy.  New  Jersey 

The  wave  kinetic  equation  has  been  used  in  the 

theory  of  nonlinear  propagation  of  acoustic  waves  in  solids \ 

surface  gravity  waves  in  liquids",  and  various  types  of 
•s 

waves  in  plasmas  . This  equation  describes  waves  in  terms 
of  a quaslpartlcie  phase  space  distribution  function  f(x,k,t) 
which  obeys  a Bol’’ zmann-like  kinetic  equation: 


II  + ilS  . il  _ ^ 

3t  3k  3x  3x  W 


Cj.(r,f)  + Cj(f), 


(1) 


where  w(x,k)  is  the  linear  dispersion  relation,  represents 
the  elastic  wave-wave  collision  (scattering)  integral,  and 
accounts  for  inelastic  collisions  (al  sorption  and  emission  of 
waves).  In  practice,  conditions  may  occur  such  that  the  wave 
collislonal  mean  free  paths  are  very  l3rg.e,  tut  collective  ef- 
fects associated  with  the  nonlinear  frequency  shifts  cannot  te 
neglected.  Assumlrgthat  tlie  nonlinear  dispersion  relation 


‘ -i 


1.JI.IIIJL  iipiiJIMIIIi! 


? 


W»T»  lOactic  g^wKtfOM  SfanaUtiOB 

has  b*«n  <irtex«ined  to  be  m ■ M(x,k,p),  one  then  obtains 
the  eolllslonlesst  self-rtonslstent  wave  kinetic  equation 
(SCUKE) : 


»f  . aw 
?t  * 5k 


where  p(x,t)  ■ jf(z,k,t)dk,  and  0 « aw/3p.  A detailed 
diaeussion  of  the  derivation  and  properties  of  SCWKE  Is 

It 

given  elsewhere  . In  this  paper,  we  study  In  depth  the 

nuaerlcal  partlcle-ln-cell  (PIC)-^*  *'  method  as  applied 

to  the  solution  of  Eq.  (2). 

The  basic  Idea  Is  to  represent  f In  the  form  of  a 
0 

Kllmontovlch  distribution: 


f (x,k,t) 


«(x-Xj(t))6(k-lc,  (t)). 


(3) 


In  a Lagranglan  manner,  f Is  convected  by  numerically 
integrating  the  quaslpartlcle  equations  of  motion. 


k 

dt  5l 


rO 
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Self-consistency  is  assured  by  recomputing  p(x,t)  at  each 
tine  on  a fixed  (Bulerian)  sf>atial  lattice.  Heurlstlcally , 
one  expects  that  this  method  produces  an  approximation  which 
converges,  in  sone  sense,  to  the  solution  of  the  SCWKE  as 
The  present  paper  presents  a first  careful  study 
that  will  provide  guidance  to  determine  convergence  of 
FIC  methods. 

The  above  described  approach  has  been  Investigated 
by  applying  it  to  the  propagation  In  a plasma  of  trans/erse, 
linearly  polarized,  plane  electromagnetic  waves  as  modeled 
by  the  equation 

*tt  “ ®^*xx  A ■ 0,  (5 

where  A Is  the  vector  potential,  c Is  the  speed  of  light, 

Up  is  the  plasma  frequency  (here  taken  to  be  constant), 
and  e and  m are  the  electron  charge  and  mass.  The  non- 
linear effect  In  Eq.  (5)  arises  from  the  relativistic 
Increase  In  electron  mass.  For  small-but-flnlte  field 
amplitudes,  the  nonlinear  dispersion  relation  which  fol- 

Q T Q 

lows  from  Eq.  (5)  Is  given  by  * 


Wave  Kinetic  Equation  Simulation 


where  angular  brackets  denote  an  average  over  the  high 
frequency  oscillations  (the  wave  envelope  Is  assumed  to 
vary  slowly).  After  normalizing  f to 


[f(x,k,t)dk  - p(x,t)  - ^A^(x,t)_^  , 

^ me 


(7) 


the  SeWKE  becomes 


3f  ■ c^k  3f  ■ 3o  3f  ■ ^ 

5t*~n*5r3l3k“°- 


(8) 


In  order  to  validate  this  method,  the  following 
basic  questions  should  be  answered:  first,  how  well  do 

solutions  of  the  SCWKE  approximate  solutions  of  Eq.  (5)7, 
and  second,  how  well  does  the  PIC  technique  approximate  solu- 
tions of  Eq.  (8)7  We  have  therefore  studied  In  detail  two 
problems  where  solutions  of  the  SCWKE  can  be  obtained 
analytically:  1)  linear  dispersive  spreading  of  Oausslan 

wave  packets;  2)  nonlinear  stationary  wave  packets  wherein 
nonlinear  self-trapping  balances  dispersive  spreading. 


This  Is  not  a statistical  average  ar  we  are  concerned  here 
with  coherent  waves.  A more  precise  definition  can  be  given 

4 

In  terms  of  the  analytic  signal  concept. 
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1.  After  linearizing  Eq.  (5)  at  zero  amplitude 
2 

(eA^/mc  ♦ 0),  one  obtains  the  following  asymptotic  solution 
for  Gaussian  wave  packets  (k^o  >>  1): 


“ ^o(jfe-)  ®*P 


(x-ckpt/w^)^ 

2o^(t) 


cos(k^x-«^t+qt),  (9) 


1 


Where  + c^Wpt^/w^o^p  and  q 

is  a complicated  function  of  x and  t.  The  corresponding 
asymptotic  solution  of  Lq.  (8)  Is 


(ID) 


I 


I 

1 


and 


p(x,t) 


(x-ckpt/u^)^/a^(t ) 


(11) 
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Wave  Kinetic  Equation  Simulation 

We  see  that  p(x,t)  ■ e^^A^/m^c**,  which  demonstrates  that 

the  wave  kinetic  equation  is  able  to  describe  correctly 

dispersive  spreading,  a coherent  wave  process  . Pig.  la 

shows  the  result,  r.t  several  different  times,  of  a numerical 

integration  of  Eq.  (5)  using  a finite  difference  technique. 

The  initial  conditions  agree  with  Eq.  (9)  and  eA^/mc^  -►  0. 

At  the  bottom  of  each  diagram  is  the  numerically  computed 

contour  plot  of  f(x,k,c)  as  calculated  directly  from  its 
h 

analytic  definition  at  each  time.  Corresponding  PIC 

calculations  are  shown  in  Fig.  lb  (random  loading)  and 

Pig.  Ic  (unlfo.-m  ’oadlng).  The  rms  pulse  width  as  obtained 

from  the  PIC  simulation  is  compared  to  the  above  theory  in 

Fig.  2,  which  shows  the  excellent  agreement. 

2.  Asymptotic  solutions  of  Eq.  (5)  with  a stationary 

envelope  (called  "envelope  solitons",  or  for  brevity,  E-soli tons) 

11  12 

can  be  found  following  the  method  of  Karpman  , and  Taniuti  , 
et  al.  to  be 


(12) 


« 


Kadomtsev 


3 


states  a contrary  opinion. 


\ 
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AAA 

Fig.  1.  Oispersive  spreading  of  a linear  Gaussian  wave  packet,  Wp/c  k^  = 0.2, 
kgv  = 5.  (a)  Numerical  solution  of  Eq.  (5),  ckoAt  = koAx  s 0,1,  Also  shown  are 
contours  of  f(x,k,t)  s const,  (levels  are  separated  by  a factor  of  two),  (b)  PIC 
solution  of  Eq.  (8)  with  random  loading,  ckoAt  = koAx  = 1.0,  N = 2000.  The  den- 
sity is  also  shown  together  with  a Gaussian  fit.  (cl  PIC  solution  of  Eq.(8)  with 
uniform  loading,  otherwise  same  as  (b) . 
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where  o ■ u^CeA^/mc  )],  a Is  an  arbitrary  constant, 

2 

and  we  have  assumed  that  k o » 1 and  eA  /me  Is  small  but 

o o 

finite.  The  corresponding  solution  of  the  SCWKE  can  be 
found  following  the  method  of  Bohm-Oross^^  and  Bemsteln- 

iji 

Qreen-Kruskal  . Assuming  narrow  bandwidth  (Ak/k^  « 1)  and 
no  untrapped  quaslpartlcles,  stationary  solutions  of  Eq.  (8) 
are  given  by 


f (x,k,t) 


(13) 


and  f « 0 where  the  radlcand  Is  negative.  Here  p>  jfdk 

Is  an  arbitrary  function  and  o Is  given  by  the  same  formula 

2 2 2 

as  above.  Choosing  p(x)  ■ %(eA^/mc  ) sech  (x/o),  gives  the 
E-sollton  corresponding  to  Eq.  (12).  Fig.  3&  shows  a numerical 
solution  of  Eq.  (5)  having  Initial  conditions  In  agreement 
with  Eq.  (12)  and  eA^/mc^  - 0.25.  Rote,  that  although 
wavelets  move  through  the  packet,  the  envelope  and  phase 
space  distribution  are  stationary.  The  corresponding  PIC 
simulation  Is  shown  In  Fig.  3b.  The  observed  statlonarlty 
of  the  density  (the  particles  of  course  execute  a vortex- 
llke  motion  In  phase  space)  Is  remarkable. 


i 

I 

Wave  Kinetic  Equation  Simulation 


(a) 

CkgtaO 


Fig.  3.  Stationary  E-solution,  wp/c^kj  = 0.2,  eAo/mc^  = 0.25,  koe  = 8.5.  (a)  Nu- 
merical solution  of  Eq.  (5),  ckoAt  = koAx  * 0.1.  Also  shown  are  contours  of 
f(x,k,t)  s const,  (levels  rre  separated  by  a factor  of  two),  (b)  PIC  solution  of  Eq. 
(8)  with  uniform  loading,  ckgAt  = 2IcqAx  a 1.0,  N = 6700.  The  densityis  also  shown. 
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The  availability  of  exact  nonlinear  solutions  of 
the  SCWKE  provides  an  opportunity  to  study  In  depth  various 
techniques  associated  with  the  PIC  method.  The  following 
areas  have  been  Investigated  theoretically  and  by  numerical 
experimentation: 

1.  Initial  loading;  Given  f(x,k,o),  how  does  one 
choose  the  Initial  quaslpartlcle  coordinates 
and  momenta,  x^^  and  kj , 1 * 1,2,...,N?  We  have 
used  random,  semi-random,  and  several  uniform 
loading  methods  In  order  to  reduce  fluctuation 
levels . 

2.  Self-consistent  force  computation.  It  Is  necessary 
to  smooth  the  Interaction  In  some  way  to  reduce 
the  discrete  particle  effects.  We  have  used  "area 
weighting",  "force  Interpolation",  and  Fourier 
transform  smoothing  (equivalent  to  extended  particles). 

3.  Time  Integration  (stability,  truncation  and  roundoff 
error  accumulation).  Using  a centered,  second-order 
leap-frog  scheme,  we  have  observed  that  when  cAt/Ax  > 4 
a strong  numerical  Instability  develops  which  conserves 
energy  but  throws  the  quasipart Icles  Into  a low  entropy, 
highly  structured  (oscillatory)  state. 
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4.  Cell  size  and  number  of  quaslpartlcles . Given 
the  Initial  condition,  how  does  one  choose  the 
optimal  Ax  and  N?  We  have  found  that  when  N-Ax/o 
Is  sufficiently  small,  large  fluctuations  develop 
which  lead  to  Instability. 

In  summary,  we  have  demonstrated  that  the  SCWKE 
together  with  PIC  numerical  techniques  provide  an  efficient, 
versatile,  and  powerful  method  for  solving  a variety  of  problems 
concerning  nonlinear  wave  propagation. 

We  would  like  to  thank  R.  J.  Mason  for  helpful 
advice  about  PIC  techniques. 
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on  Penetrative  Convection  in  a Rotating  Fluid* 


Sieve  A.  Pbetefc 
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Argonne.  Illinois 

ABSTSACT 

Kwericel  experiaents  were  perfoxaed  to  elaulete  convection 
currevit..  that  arlee  when  fluid  in  a rectangular  geoaetry  la  rotated 
with  constant  angular  velocity  and  cooled  with  unlfora  heat  flux 
both  froa  above  and  below.  The  tlae  developaent  of  the  ausan-equare 
vorticity  coaponenta  showed  equipartitlon  for  circulations  in  all 
planes.  The  convection  rolls  with  axes  parallel  to  the  x-  and 
y-axea  exchanged  energy  for  about  5 cyclee,  whereas  the  cyclonic 
circulations  about  the  vertical  axis  aalntalned  the  eaae  energy  as 
the  aean  of  Che  rolls. 

A coaparison  of  th*^  ieotheras  with  circulation  ' Ines  ehowed 

that  the  strong  divergence  of  horizontal  aotlon,  in  reglone  of 

falling  blobs  of  cold  fluid  froa  the  gravitationally  unetable  top 

layer,  is  responsible  for  the  generation  of  vertical  vortlcity  through 
dv 

the  Coriolie  tera  20-^.  An  exaainacion  of  the  horizontal  planforas 
d s 

of  aotion  revealed  .he  exietence  of  a weak,  four-lobed  Jet  streaa 
aeanderiug  around  feur  centers  of  strong,  closed  cyclonic  circulations. 

Supported  by  the  Office  of  Naval  Baeearch  under  contract  |N0001A-47>A- 
0242-0003. 
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THlEE-H)IMEi:SI(IIAL  HinmCAL  EXPEXQCNTS  ON  PENETRATIVE 
CONVECTION  IN  A ROTATINC  FLUID 


1.  Introduction: 

Mnny  aituationa  occur  in  nature  in  which  the  convection  currenta 
that  ariae  in  gravitationally  unat^le  fluid  layera  are  bounded  below 
or  above  by  poaitively  or  neutrally  atable  layera.  In  the  foriMr  case, 
the  atable  layer  la  penetrated  to  a certain  extent  by  the  rialng  or 
deacending  therwal  coluvia  but  reaalna  atable  on  the  whole.  In  the 
latter  caae  the  convection  currenta  will  soon  involve  all  of  the  arceu- 
slble  fJuid  voluaM. 

SoM  of  the  natural  phenoaena  that  exhibit  such  processes  are  the 
ataospherlc  theraals  and  cuaulus  towers  laplnglng  on  stably  stratified 
layers  above.  Including  inversions  and  the  tropopause;  evaporation- 
driven  ocean  currents  penetrating  into  lower  regions  stably  stratified 
by  solar  radiation,  or  seasonal  cooling  effects  reaching  do%m  to  the 
themocllne;  convection  in  the  sun  and  stars  in  layers  where  radiation 
causes  a super-adiabatic  tewperature  gradient,  bounded  both  below  and 
above  by  st^le  1-^yers.  Often  the  penetration  currents  are  coupled  to 
larger-scale  general  circulations,  and  their  wutual  interaction  is  of 
great  Interest  to  geo-  and  astrophysicists. 

When  the  scale  of  the  convection  currents  is  sufficiently  large 
a >>  10  ■ In  the  ocean  or  L >>  50  ■ in  the  atwoaphere)  the  Coriolis 
force  due  to  the  ear'h'a  rotation  provides  the  wain  balance  to  the  buoy- 
ancy forces.  On  such  length  scales  the  nonlinear  advectlve  terws  and 
the  friction  tei«s  play  only  a secondary  role  and  the  resulting  notion 
is  railed  "geostrophlc."^ 
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Geostrophlc  notion  that  la  driven  by  buoyancy  forces  due  to 

horizontal  teaiperature  gradients  Is  also  known  as  the  "themal"  wind, 

2-A 

and  Its  associated  Instabilities  as  "barocllnlc  Instabilities." 

Moat  coHonly  known  foms  of  these  Instabilities  occur  In  cases  where 
the  theraal  wind  Is  a result  of  ectemally  spoiled  horizontal  tempera- 
ture contrasts.  The  atmospheric  jet  stream  nay  be  re,:arded  as  an  ex- 
ample of  such  "strong"  harocllnlc  Instability,  meandering  between  warm 
southern  and  cold  northern  latitudes  In  an  easterly  direction.  But 
horizontal  temperature  contrcsts  can  also  result  b.:twesn  up-  and  down- 
moving  thermals  In  convection  due  to  vertically  Inposod  heat  fluxes  or 
temperature  contrasts;  the  corresponding  thermal  wind  nay  give  rlsA  to 
a "weak"  barocllnlc  instability.  A weak  Jet  connecting  or  circumventing 
a group  of  closed  circulation  cells  or  cyclones  Is  an  example  of  such 
Instability. 

Geophysical  fluid  dynanlclsts  have  attempted  and  succeeded  to  model 

these  Instabilities  In  the  laboratory  and  on  the  computer  by  designing 

experiments  In  which  the  relevant  non-dimensional  pa'*smeters  have  been 

chosen  to  approximate  the  values  that  are  associated  with  the  correspond- 
3"8 

Ing  natural  phenomena.  These  parameters  will  be  defined  In  the 
following  section  where  the  governing  equations  are  Introduced  and  non- 
dimenslonallzed.  The  advantages  of  such  model  experiments  are  the  atrlct 
control  which  cmi  be  exercised  over  the  parameters  deteimlng  the  flow,  and 
the  possibility  of  Isolating  the  severcl  concurring  processes  to  study 
each  separately. 

The  present  numerical  experiment  deals  with  a situation  in  which  a 
stably  stratified  fluid  Is  cooled  from  above  and  undergoes  rotation  at  the 
sMe  time.  Heating  from  below  would  lead  to  an  identical  dynaalc  situa- 
tion. Corresponding  natural  phenomena  are: 
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a)  the  top  layer  of  the  ocean  (say  200  m) , cooled  by  evapora- 
tion and  Infra-red  radiation  at  the  surface  and  stratified 

by  solar  radiation  and  sensible  heat  exchange  [l.e.,  molecular 
wanning  by  the  air); 

b)  the  bottom  layers  of  a planetary  atmospheie  ^'say  5000  m) , 
heated  at  the  surface  by  solar  radiation  and  o'.ably  stratified 
by  advectlve  and  other  radiative  procesces. 

The  main  purpose  of  the  experiment  Is  to  exhibit  the  existence  of  a 
"weak"  Jet  stream  that  connects  cyclones  of  strong  circulation  about  the 
downward  plunging  cold  thermals  from  the  surface. 

The  vortlclty/vector  potential  approach  has  been  chosen  for  formu- 
lating the  three-dimensional  flow  problem,  since  the  fluid  Is  assumed 
to  be  Incompressible  and  located  In  a simply-connected,  cartesian  geometry. 
This  approach  has  some  advantages  over  the  velocity-pressure  ("primitive") 
form  of  the  hydrodynamic  equations,  where  the  nonvanishing  of  the  divergence 

^•u  <■  V due  to  round-off  errors  can  cause  conservation  problems  In  the  ad- 

, 8-10 
vectlon  terms. 

II.  Governing  Equations  and  Nondlmenslonal  Parameters: 

The  fluid  Is  assumed  to  be  contained  In  a rectangular  volume  bounded 
by  planes  x ■ 0,L,  y • 0,L,  and  z • 0,D.  The  rotation  vector  points 
along  the  positive  z-axls  and  the  gravitational  acceleration  g along  the 
negative  z-axls.  la  a cartesian  eoordlamte  system  rotating  with  angular 
velocity  ^ the  Navler-Stokes  equations  for  viscous  flow  may  be  written 
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f 

3t 


+ (u*7)u  + 2flxu 


J - -Vp  + 


Pg  z 


(.) 


The  equations  of  continuity  and  thermodynamic  state  are  replaced  by 
the  so-called  Bousslnesq  approximation,  In  which  the  fluid  Is  assumed 
to  be  Incompressible  In  all  terms  of  equation  (1)  except  the  buoyancy 
term,  ucd  the  density  depends  linearly  on  the  temperature.  Thus 


7*u  » 0 


(2) 


I P - p„ll  - o(T-T^)]  (3) 

where  p^  and  are  the  ambient  density  and  temperature  of  the  flutd. 

In  this  approximation  (1)  may  be  i written  as 

I 

+ (u*^)u  + zSxu  ■ - ^ + v72u  + ag(T-T^)z  (4) 

pQ  ° 

I with  V > |i/p  being  the  coefficient  of  kinematic  viscosity  and  a the 

f o 

I coefficient  of  thermal  expansion.  For  the  same  approximation  the  equation 

i of  heat  transfer  becomes 


(u*7)T  - ICV^T 


(5) 


! 

f 


I 


where  k " K/p  c Is  the  coefficient  of  thetmometrlc  dlffuslvlty.  Both 

op 

diffusion  coefficients  are  assumed  to  be  Independent  of  temperature  as 
these  variations  play  only  a minor  role  In  the  flow  mechanlama.  The 
following  dimensional  scaling  la  Introduced  now  for  all  the  physical 
variables  (u,v,w  being  components  of  the  velocity  vector] 
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“h 


(x.y)  - L(x'.y') 


(u,v)  ■ U(u',v*)  T-T  - AT*T’ 

o 

w " W«w* 


(6) 


From  - 0 it  follows  that  J J and  that 
introducing  the  nondimensional  operators 


W 

D ' 


V’)u.  By 


equation  (4)  may  be  written  <dropping  the  primes) 


(7(a)) 

(7(b)) 


3u  Wt 
3t  D 


(u»^)u  + x2n(2xil) 


+ 


T . 


(8) 


The  time  scale  t is  chosen  to  be  that  of  momentum  diffusion,  and  the 
velocity  scale  W that  of  advection  balancing  it,  l.e., 


X 


p UvL 
o 

d2 


(9(e,b) 
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Then  (8)  becooes 


3u  . i*  . 2flD^  * 

■5^  + (u*V)u  + ^*xu) 


-^•p  + V<  + 28^  . T 

,.2 


and  Che  heat  equation 


I7  + (u«^)T  - - • V*2t  . 

dw  V 


The  following  definitions  ace  customary: 


Grashof  number 


Gr  - 

.,2 


Taylor  number 


Ta  “ 


Frandtl  number 


Pr  ■ t«/v  . 


The  filial  form  of  the  transport  equations  becomes,  therefore 


•|^  + (u»^)u  + /tm  • (aiu)  ” - ^’p  + V*^u  + Gr  • T 


|^+  (u*^)T  - ~ • V'^T, 


Oparatlng  on  (13)  with  tha  curl  7'h  and  defining  ^ > V'xu  yields 


1^  ■ K (u>^)  + 1^  * ■ft  + Gr  • (^xT  s) 
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(11) 

(12(a) 

(12(b)) 

(12(c)) 

(13) 

(14) 

(15) 
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b-, 

where  the  relatione  (Vxu)m  ■ (u*V)u  ~ ^ “ 0 are  used  to 

obtain  the  first,  and  second  terms  on  the  rl^t-hand-slde,  respectively. 

Stratification  la  achieved  In  this  experiment  by  cooling  the 
bottom  at  the  same  rate  as  the  top,  so  that  the  stabilizing  and  de- 
stabilizing forces  have  the  same  magnitude  and  afford  an  optimum  observa- 
tion of  penetrative  convection.  The  surfaces  are  assumed  to  be  "frlctlonless 

3U|  I 

lids,"  l.e.,  non-deformable,  stress-free  surfaces  where  u • 0,  ■ 0 

n ou 

(n  - normal,  II  - tangential).  Under  these  conditions  the  tangential 
coiqionents  of  the  vortlclty  also  vanish  and  the  condition  on  Its  normal 
component  follows  from  = 0.  The  kinematic  boundary  conditions  may 
therefore  be  suomiarlzed  as 

auji  3Cii 

“n  " IS"  " ^ ~ ® surfaces.  (16) 

The  lateral  walls  are  assume',  to  be  thermal  Insulators  and  the  teiqiera- 
ture  gradient  Is  fixed  at  the  bottom  and  top  surfaces.  The  thermal 
boundary  conditions  become  thus 


f -0 

9n 


3T  _ V'*' 
3z  " 


on  X “ 0,1;  y - 0,1 


on 


z " 0 
1 


respectively. 


(17) 


Finally,  the  Introduction  of  a vector  potential  u “ leads  to  a 
simple  relation  between  the  velocity  and  vortlclty  components. Letting 
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t ^ X (?x|)  (18) 

•nd  Introducing  th«  gauge  = 0 (there  are  no  aources  of  motion  other 
than  that  aaaociaced  with  vorticity)  leada  to  the  simple  relatione 

h “ “i  “ 

which  are  \«ry  suitable  far  ntsMrical  aolutions,  either  by  relaxation 

or  faat  Fourler-transfon  methods.  The  boundary  conditions  on  sre 

subtle  and  muat  be  discussed  carefully.  Hlrasakl  and  Heliums  have 
12 

shown  that  if  no  fluid  enters  or  leaves  the  volume  (l.e.,  u = 0 

n 

everywhere)  the  parallel  components  of  ^ vanish  at  each  point  of  ths 
surface  rad  the  normal  component  then  is  determined  from  the  gauge 
£ o.  Thus 

♦ l 1 ■ *0  on  all  surfaces  (20) 

Finite-difference  versions  of  (14),  (15),  and  (19)  have  been  progrtmmed 
for  a digital  computer;  the  dlffer'^nce  schemes  employed  and  their 
properties  are  discussed  in  Appendices  A and  B. 

III.  Choice  of  Parameters  and  Initial  Conditions: 

The  values  of  the  governing  parameters  for  tbs  experiment  were 
moetly  datermined  by  the  number  of  mash  points  and  corresponding  reso- 
lution that  was  available  on  the  computsr  used,  a CDC  6600  with  a 
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64,000  word  (60-bit)  Beanry.  To  represent  adequately  the  flow  at 

large  Grashof  and  Taylor  nuabers  and  to  ensure  nuaerical  stability 

and  accuracy,  the  Kah  size  mist  be  chosen  snail  enough  to  resolve 

th^  thinnest  boundary  layers  present  in  the  system.  In  *:his  case 

they  are  asaoclated  with  heat  conduction  and  the  interaction  of  rota- 

13 

tion  with  viscous  diffusion,  the  so-called  Eknan  layer.  A simple 
scale  analysis  of  (13)  and  (14)  shows  the  relevant  boundary  layer 
thicknesses  to  be  given  by 


6^  = (Gr.  6)“^ 
«E  “ 


(21(a)) 

(21(b)) 


where  6 is  the  prescribed  surface  temperature  gradient;  6,  Ta  and  Gr 
are  defined  in  (12). 

The  maximum  meah  size  that  could  be  fitted  into  the  computer  was 

20x20x10,  with  the  horizontal  dimensions  accentuated  to  simulate  the 

natural  phenomena.  Since  both  the  Ekman  layers  and  thermal  boundary 

layers  lie  along  the  horizontal  surfaces,  the  mesh  spacing  &z  in  the 

vertical  direction  la  choaen  to  be  half  the  horizontal  mesh  spacing 

Ax  “ Ay.  To  have  the  non-dimensional  height  unity  a choice  of  Az  ••  .1 

must  be  taken,  with  Ax  • Ay  • .2.  The  total  geometric  helght-to-wldth 

ratio  therefore  becomes  D/L  - 1/4.  If  the  criterion  of  Az  “ is 

taken  to  ensure  proper  resolution  and  stability  of  the  system,  the 

corresponding  values  of  Gr.  6 and  Ta  should  be  $10**.  Actually,  the 

e-folding  distance  of  boundary  layer  decay  is  larger  than  the  expressions 

_ 14 

g'ven  in  (21)  by  factors  of  a and  *2,  respectively,  so  that  the  resolu- 
tion is  much  better  than  the  above  criterion  implies. 
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Initially  the  fluid  la  taken  to  be  homogeneoua  and  the  cooling  la 

turned  on  at  t • 0.  No  attempt  la  made  In  the  experlmenta  to  determine 

the  minimum  time  In  which  the  reaultlng  nonlinear  temperature  profile 

would  yield  convective  Inatabllltlea  due  to  a given  finite-amplitude 

perturbation.  Several  authora  have  atudled  thla  problem  In  certain 

laboratory  experlmenta and  alao  theoretically. By  chooalng 

the  amplitude  range  of  the  horizontal  temperature  perturbatlona  from 
-4  -3 

10  to  10  tinea  the  temperature  difference  between  the  cooled  top 
and  the  (yet)  unaffected  Interior,  finite-amplitude  convection  reaulta 
In  each  caae  with  a rapid,  monotonlc  Increaae  of  the  kinetic  energy. 

The  form  of  the  Initial  perturbatlona  la  that  of  white  nolae,  l.e. 

T’(x,y,z)  - A ^ ‘ I (nirxj  I coa  (mify)| 

(22) 

The  acale  height  H la  ao  choaen  that  o»at  of  the  perturbation  la  con- 
fined to  the  top  region  where  the  natural  nolae  la  likely  to  originate; 
thla  alao  enaurea  that  In  moat  of  the  volume  T’(z)  la  anall  compared  to 
T(z)  - T^,  T^  being  the  Initial  and>lent  temperature  of  the  homogeneoua 
fluid.  The  number  of  Fourier  modea  N and  M la  limited  by  the  conaldera- 
tlon  that  at  leaat  2,  but  preferably  3 or  4,  meah  polnta  are  needed  to 
nuaierlcally  reaolve  the  amalleat  wave  lengtha. 

IV.  Reaulta  and  Dlacuaalon 

The  reaulta  of  the  numerical  experlmenta  are  preaented  In  two 
waya:  by  plotting  the  laollnea  of  the  vortlclty  componenta  and  tem- 
perature at  aucceaalve  Intervala  of  time,  aomewhat  In  a movle-llke 
faahlon,  and  by  plotting  the  total  mean-aquare  vi  tlcltiea  aaaoclated 
with  the  clrculatlona  In  each  coordlamte  plane  aa  a function  of  time. 


221 


Piacsek 


The  particular  case  presented  here  has  the  parameter  values 
6 >■  1,  Fr  " 7,  Gr  " 4000  and  Ta  • 10000  assigned  to  It.  Based  on  a 
comparison  with  other  rotating  convection  experiments,  the  effects  of 
rotation  were  expected  to  be  only  moderate  and  the  results  are 
surprising. 

An  examination  of  Figure  1 reveals  several  Interesting  facts. 

There  Is  clearly  equlpartltlon  between  the  three  modes  of  circulation. 

The  x-rolls  and  y-rolls  (l.e.,  convection  rolls  with  axes  parallel  to 
these  directions)  exchange  energy  for  about  5 cycles,  each  of  period 
t^  = .2  (In  units  of  L^/v,  momentum  diffusion  time)  and  the  z-rolls 
(actually  a group  of  "cyclones"  as  seen  In  Fig.  5-8)  grow  monotonlcly 
at  exactly  the  same  rate  as  the  mean  of  the  x-  and  y-rolls.  At  t*  ~ 1.2 
some  abrupt  changes  occur  In  the  system.  The  x-  and  y-rolls  stop  oscil- 
lating and  start  to  damp  out;  the  cyclones  undergo  a sharp  drop  and 
rise  In  Intensity  and  then  also  settle  down  to  viscous  damping;  the 
nature  of  this  strong  dip  Is  not  understood  and  can  not  easily  be  related 
to  any  visible  changes  In  the  flow.  Lack  of  computer  time  prevented  the 
system  from  being  followed  to  Its  final  steady  state,  but  experience  with 
two-dimensional  flows  shows  that  after  the  oscillations,  representing 
conversion  between  potential  and  kinetic  energy  of  the  system,  damp 
out  the  system  settles  down  to  a steady  state  quite  readily.  In 
arriving  at  this  steady  state  the  time  of  thermal  diffusion  Is 
probably  more  Important  since  It  smoothes  out  the  temperature  con- 
trasts that  drive  the  system,  between  the  downward  plunging  cold 
blobs  and  the  ambient  fluid. 

The  behavior  of  the  total  energy  Is  best  understood  from  an 
examination  of  the  vertical  cross-section  of  the  IsothersM  as  shewn 
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in  Fig.  2.  Initially  the  stable  botton  layer  is  thin  and  the  down- 
ward moving  cold  thermals  can  generate  a lot  of  motion.  As  the 
bottom  layer  thickens,  the  region  of  Instability  shrinks;  at  the  same 
time,  viscous  damping  is  beginning  to  act  on  the  x-  and  y-cells  and 
thermal  diffusion  begins  to  smooth  the  contrast  between  the  thermals 
and  the  aad>lent  fluid.  The  net  result  is  a sharp  decrease  in  the  in- 
tensity of  the  circulation;  evidently  all  three  smoothing  agents  are 
making  their  effects  felt  at  the  same  time. 

However,  this  behavior  of  the  Isotherms  is  not  markedly  different 
from  the  case  of  no  rotation.  The  particular  effects  of  rotation  are 
most  noticeable  on  the  display  of  the  horizontal  circulation  at 
various  height  levels.  Figures  3 and  4 display  the  time  developmen. 
at  the  top  level  (top  rows)  and  at  the  middle  level  (bottom  rows). 


Fig.  1.  Total  mean-square  vorticity  components  (x,  y and  z) 
as  a function  of  time 
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• 4«  Horisontal  plot  of  the  ieolinee  of  the  vertlcel  (s)  component  of  vortlcity  at  aucceeeive  time 
irvale.  Top  row  repreeente  the  eurface  level  (s  * 1*0)  and  bottom  row  the  middle  level  (s  * .50). 


CoBvtotloA  ta  ftetotlBg  Field 


The  Met  notlaeable  overall  teeturea  of  the  elreulatton  are  the  troupe 

of  eleeed  elreuletlea  eellai  Bootly  imidieriat  fron  3 to  8 and  normally 

referred  te  aa  eyelenaa  In  tMtaerolo^y  or  vortloea  in  hydredynamlea, 

and  e MaaderlBii  four>lebed  alnuae^dal  Jat  atraamt  In  aema  framat 

■eat  of  the  Itnaa  beloni  te  the  eyelenaa  and  in  aoiM  Boat  to  the  Jet 

atraaMi  Indleatini  the  relative  atrenith  of  tha  two  phenoiaana.  In 

the  type  of  beroellnle  leatablllty  found  In  rotetlnt  annuli  ea 

daaerlbid  in  refareneaa  S>8|  neat  of  tha  atmamllnea  balont  te  tha 

Jot  atreaMi  uhareaa  In  thin  axparleent  thare  la  at  moat  aqulpartl- 

18 

tlon  betvaen  the  two  nodaa.  Naaon  and  Hlda  have  ebaarvad  aueh 
weak  Jeta  In  a rotetlnt  annulua  In  which  one  of  tha  oyllndera  waa 
Inauletlnti  ona  eeelad  at  a fixed  taBperatura  and  tha  alaetrelytle 
fluid  in  tha  tep  waa  heatad  Internally  with  a current.  If  one  thlnka 
of  tha  Jet  atreea  aa  e conveyor  bait  relllnt  on  tha  eyelenaa . tha 
feiwar  eeaa  la  aneletueua  te  a heavy  belt  drlvlnt  eoo*  llfht  wheala 
and  the  preaent  eeaa  to  a llpht  belt  driven  by  haavy  whaala.  Hanoa 
the  notion  of  "atront"  and  "weak"  baroellnlc  Inatablllty. 

A datellod  axaalnatlon  of  Vita.  3 and  A ahowa  that  Jat  atreea 
fenutlon  la  iwedlate  and  atront  at  tha  aiddla  laval  but  dlaappaara 
In  tha  and  to  j ..4  te  a fetaatlon  of  8 eyelenaa.  At  tha  top.  on  cha 
other  hand,  a Jat  atreaa  la  net  apparent  until  tha  3^^  frame  end  anda 
In  a weak  Jat  batweon  four  atront  eyelonea.  Tha  aalactlon  of  an  n^S 
■oda  la  obvloua  when  tha  draatle  conatralnt  of  a ractantular  taometry 
la  eenalderadi  In  cylindrical  annail  'wdea  with  2 te  13  lobaa  hova 
been  ebaerved.  The  withdrawal  of  the  downward  plunilnt  cold  tharmala 
toward  the  aurfaeo  and  their  teneral  weakanlng  In  time  la  probably  re- 
aponalble  for  the  vertical  \arletlon  of  theaa  paitarna. 

An  axamlnatlon  of  Vita.  3 and  6 rovoela  tha  relation  between 
teeperature  and  horlaontal  circulation,  and  Indirectly  aheda  aomo  lltht 
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(23) 


and  from  continuity 


(24) 
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Appendix  At 

The  finite-difference  fom  of  eqtietlone  (14)-(17)  will  be  pre- 
sented heret  for  e detailed  dlaeuaelon  of  Iterating  in  tlae  the 

20  21 

Initial-value  problan  the  reader  la  referred  to  works  by  Rlchteyar  ' 

22 

and  Lilly,  and  for  a dlaeuaalon  of  differencing  the  nonlinear  sd- 

23 

veetlve  tans  and  the  property  of  conservation  to  works  by  Arakawa, 
lobarta  and  Walaa,^^  and  Placaek  and  Wllllaas. ^ 

The  tla«  coordinate  la  dlscratlsad  as  t ■ nAt  and  the  space 
coordlnataa  as  x ■ lAx,  y ■ jAy,  a ■ kAa,  with  n,l,j,k  being  Integers, 
and  danota  the  value  of  a dependent  variable,  say  d,  at  the  discrete 
Msh  points  ss  4(>i,y,a{t)  ■ d(lAx,  JAy,  kAs;  nAt)  ■ The  follow- 

ing difference  operators  will  simplify  the  expressions  considerably: 


sx-CdJj,) 

«x<*;jk> 


^^l+l,jk  * ^i-l,Jk^^*^ 


^♦l+i,jk  ” *l-l,Jk^^*^* 


^♦l+l,Jk  ♦^i,Jk  ■ ♦ijk  ■ *ljk^^*** 


^*1+1, jk  ^i-l,Jk  " ♦ijk  " 


nflv 


^*i+l,jk  ■ ♦i-l,Jk^^^^* 


(A.l) 

(A.2(e» 

(A.2(b)) 

(A.3(a» 

(A.3(b» 

(A.  4) 
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with  slwllar  expressions  for  Sy  , S^,  etc.  Other  useful 

operators  will  turn  out  to  be 


■ “ijk 


6 + V.  . 

X Ijk 


6 + w“  . 

y Ijk 


(A.  5) 


ss"  - sx“  + SY“  4 sz' 


(A.  6) 


and  slnllar  expressions  for  u'T**  and  SS***. 

The  differencing  of  the  advectlve  terns  follows  the  so-called 
"angled-derlvatlve"  nethod,  first  discussed  by  Roberts  and  Uelss^^  and 

9 

tested  extensively  by  Placsek  and  Wllllans.  Applied  to  a simple 
system,  say  'ff'  “ “ “ |^  t this  method  takes  the  following  expression 


Upsweep  (1=1,2,...,!) 
Downsweep  (1=I,I-1,...,1) 


x ’^l 


. ,.n41.  n 

^t'*l  ) “ “ 


(A. 7 (a)) 
(A. 7(b)) 


The  overall  truncation  error  of  this  scheme  over  the  complete  tine  step 

Is 


0(At2  4 Ax^  4 (At/Ax)2)  (A.8) 

and  linearized  stability  analysis  (see,  e.g..  Chapters  4 and  8 of  Rlchtnyer 
20 

& Morton  ) shows  that  its  associated  eigenvalues  have  amplitude  unity 
and  there  Is  no  llnltat.on  on  the  tine  step  At.  The  scheme  Is  therefore 
neither  amplifying  nor  lamping,  a very  desirable  property  fron  the  point 
of  view  of  conservatlr  . Furthermore,  It  nay  be  noted  that  the  newly 
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generated  values  and  may  be  stored  In  the  locations  for 

and  respectively,  since  there  is  no  need  for  the  latter 

quantities  in  the  sweep  once  the  former  values  have  been  computed. 

The  storage  of  each  physical  variable  at  only  one  time  level  is 

21 

needed,  therefore,  as  compared  to  two  for  the  leap-frog  method, 
and  the  total  mesh  size  that  can  be  employed  with  such  a scheme  is 
therefore  doubled. 

The  differencing  of  the  diffusion  terms  follows  a related  scheme, 

the  so-called  "Saul'ev"  scheme  (p.  191-192,  ref.  20).  For  a simple 

system  such  as  ^ , this  method  takes  the  following  form 

3x^ 


Upsweep  (1-1,2,... ,1)  “ SX~(i(i^) 


(A. 9 (a)) 


Downsweep  (1-1,I-1,...,1) 


(A.  9(b)) 


The  overall  truncation  error  of  this  scheme  is  also  that  given  by 
(A.8)  and  there  is  no  limitation  on  the  time  step.  Admittedly,  the 
error  (At/Ax)^  lt>  poor  unless  At  <<  Ax,  but  this  is  a price  one  pays 
for  additional  storage.  The  experiments  showed  that  At  - .1  Az  yielded 
quite  satisfactory  accuracy  and  the  time  step  was  still  larger  by  a 
factor  of  6 than  that  allowed  by  the  stability  conditions  associated 
with  three-dimensional  explicit  schemes  (Az  - .1  in  the  present  problem). 
Before  the  complete  schemes  for  (1^  .nd  (15)  are  written  down  the  con- 
ditions V*u  - V*C  • 0 are  used  to  write  the  right-hand-side  of  (15)  into 
the  "advective"  form,  i.e. 
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PUetflk 


■ - <S4»)|  + (|,flju 


« th„«  mor.  .uluW«  for  the  .ppUo«tlo«.  «f  ^ho  «i,leWorlv«lv 
-he.,  xho  Itnuo-auforeneo.  o,„.tfo.  hooo.  tho.loro  (M..  hofn* 
the  eanpenente  of  the  vartlelty  vector  ?)i 


Ijk 


(A.  10(a)) 
(A. 10(b)) 


«'  Ijk'  ■ ’“*"y'*ijk^ 

(A.ll(a)) 


ijk' 

(A.  11(b)) 


(A. 12 (a)) 


x'‘ljk' 


(A. 12(b)) 
(A. 12(c)) 
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In  each  raUtlen  ef  (A.U)  and  (A.  12)  tha  nperatara  u*t°  wd  U'T^ 
have  u evaluated  at  tlm  level  n.  7hla  leada  to  a eaneellatlen  ef 
eeoaa-derlvatlvea  ef  the  type  In  the  Taylor  eapanalon  ef 
ate.,  and  leada  to  w error  ef  (At/Ax)^  rather  than  (At/Ax).  The 
eperatora  |<l*  and  have  | evaluated  at  tine  levela  n and  n+1, 
raapeetlvely,  aa  theoe  are  the  cnly  values  available  in  eenputer 
aterage.  The  uae  ef  the  advanoed  values  ef  T In  the  buoyancy  tense 
leads  to  atablllty  r'lgardlng  the  Internal  gravity  waves  that  arise  In 
the  ayaten,  and  the  valeelty  eenponenta  are  evaluated  at  level  n In 
the  Gerlolla  tema  for  lack  of  a better  aehene.  Aetually,  a very  weak 
Inatablllty  results  iron  this  eholee  ef  tine  level  but  ever  the  length 
of  tine  Iteration  performed  In  these  experlnenta,  It  did  not  seen  to 
eause  any  dlffleulty.  A better  eoheme  would  be  to  take  the  Cerlolla 
tents  as  axanploi  but  the  values  u^^  are  net 

available  In  this  expllelt  scheme  and  several  Iterative  sweeps  ever 
the  whole  ayaten  would  be  required  to  achieve  this  eendltlen. 
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Appendix  B: 

Here  the  solutions  of  equations  (19)  and  (20) , 

“ -q  . i - 1.2.3 

3i^ 

i|i|  I ■ -• 2^  "0  on  all  six  surfaces 


will  be  discussed  using  discrete  Fourier  series.  The  expansion  func- 
tions chosen  are  pure  sine  series  In  those  directions  which  have 
Dlrlchlet  conditions  " 0 associated  with  them;  the  Poisson  equa- 

tions reduces  then  to  a set  of  ordinary  differential  equations  with 

Neumann  conditions  In  the  remaining  coordinate.  Thus,  e.g.,  are 

25 

expanded  In  discrete  Fourier  series 


and  again 


b„(x,y) 


sin  nnkAz,  i|> 


N 

I 

n«o 


a„(x,y) 


• sin  nitkAz 


(B.l) 


M M 

bjj(x,y)  - I d^jj(x)  • sin  mTijAy,  a^(x,y)  " I 
m=o  m"o 

(B.2) 

where  N ■ I+l,  M ■ 3+1  and  1,3  are  the  number  of  mesh  Intervals  In  the 
respective  directions.  For.  a detailed  discussion  of  this  method  see  the 
appendix  of  Ref.  8.  The  resulting  ordinary  differential  equations  then 
have  the  form 
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d^c 

— - (m^  + n^)ir^c  ■ -d  (B.3(a)) 

dc 

-j^-0  at  X - 0,1  (B.3(b)) 

and  nay  be  solved  in  finite-difference  form  by  the  well-known  "tridiagonal 
algorithm"  (see  p.  200  of  Ref.  20). 
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NunMrioil  BxporliiMmtt  on  Spiral  Struotura 


R.  H<  Milter 

Uirimiih  tkkimt 
Chietm> 

Xn  ttrcfersnee  ta  « lurvoy  ef  VAfieui  etim^ufcB^ionR 
iit  Mtrenon^i  X ihall  eoneantrate  en  ena  ealeulatlen 
that  hai  lad#  in  tha  paat  eouple  ef  yaara,  te  the 
davaleptnant  ef  eea^utar  medala  ef  apirai  ^alaaiaa.  Twe 
greupa  have  bean  working  in  thia  araai  that  of  Roger 
Xeeknay  and  frank  Kohl  at  NARA  Langiey,  and  the  group 
at  tha  Xnatitute  for  Ipaea  Itudiaa  in  hew  York  with 
Ravin  frandargaat  and  HiUian  Quirk  of  Qelumbia  Univar- 
aity»  with  whom  X have  been  aaaeeiatad.  Thaae  ealeulationa 
have  a lot  in  oennon  with  aena  work  in  plaana  phyaioa 
oeaputatiena^-indaedi  Hooknay  and  Mohl  bauune  intereatad 
in  thia  problain  through  a baekgreund  in  plaana  phyaioa. 

Ipiral  atruotura  ia  a puaale  ef  long  atanding  in 
aatroneav*  Ipirala  ocnnot  be  a tranaitory  evolutionary 
phaaar  tha  atatiatiea  ef  relative  nvanbara  of  apirala 
among  all  galaxiaa  (about  2/1  apirala)  are  net  eonaiatant 
with  aueh  a notion.  The  baaie  problem  ia  hew  te  keep  tha 
apirala  from  wrapping  themaelvea  up.  They  are  known  to 
rotate  (from  apaetreaoopio  avidenoe) > and  do  not  rotate 
rigidly.  The  typioal  field  of  differential  retationa 
haa  larger  angular  veleeitiva  (ovari  linear  veleoitiea) 
in  tha  inner  pertiona  than  there  are  farther  out.  Any 
pattern  impraaaed  on  aueh  a differantially-^rotating  form 


\ 
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VKJUld  wrap  up  arid  become  indistinguishalde  after  a few 
rotations.  And  the  rotation  times  (around  1/4  billion 
years  for  our  Galaxy)  %>ould  wash  out  any  spiral  patterns 
in  times  far  too  short  to  be  consistent  with  large  fraction 
of  spiral  galaxies  actually  observed. 

The  way  out  of  this  difficulty  was  given  by  B.  Lindblad, 
who  started  working  on  this  problem  aroimd  1925.  The 
"wrapping-up*  occurs  if  the  spiral  consists  of  identifiable 
material  - what,  today,  we  call  a "material  arm."  Lindblad 
pictured  the  spiral  as  a pattern— a density  wave. 

C.w.  Lin  2md  his  group  have  built  this  idea  into  a pleasing 
theory  that  has  caused  guite  a bit  of  excitement  among 
astronomers . 

Even  with  the  help  of  these  models,  the  problem  of 
spiral  structure  cannot  be  regarded  as  solved  — many  features 
are  not  yet  understood.  Neither  theory  nor  observation 
can  give  an  unambiguous  answer  to  so  simple  a question  as 
whether  the  spiral  patterns  lead  or  trail.  The  lifetime 
and  stability  of  the  spiral  patterns  are  open  questions. 

There  are  other  difficulties  as  well,  but  they  merely 
reinforce  the  need  for  alternate  approaches  to  the  problem. 

One  of  the  nice  things  about  working  in  astronomy  is 
that  many  of  the  obje  ‘-.s  are  incredibly  beautiful . A spiral 
galaxy  is  one  of  the  most  pleasing  objects.  In  Figure  1,  a 
well-known  spiral  galaxy,  M 51,  is  shown.  Ignore  the  bright 
knot  at  the  end  of  one  of  the  arms.  The  features  that  impress 
you  immediately  in  this  photograph  are  (1)  a general  rather 
good  twofold  symmetry  that  extends  over  the  entire  galaxy. 
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Fig.  1.  A spiral  galaxy  seen  face-on.  This  is  known  to 
astronomers  as  M5’  or  NGC  5194. 


in  spite  of  many  detailed  irregularities,  (2)  a reasonable 
amount  of  contrast,  or  of  brightness  difference,  between 
the  spiral  arms  and  the  inter-arm  regions,  (3)  generally  de- 
creasing brightness  farther  from  the  center,  with  a fairly 
bright  center  (the  photograph  does  not  show  this  nearly  as 
well  as  it  should— no  photograph  can),  (4)  disappearance  of 
the  spiral  pattern  at  the  center,  but  the  spiral  continues 
outward  as  far  as  you  can  distinguish  the  galaxy,  (5)  some 
dark  lanes  on  the  inner  edges  of  the  spiral  arms  (trailing 
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•dftif  if  tha  anna  trail) « (6)  it  loeki  Ilka  a flat 
ebjaot  laan  faea»an  in  thia  ]photograt>h»it  la  a llttla 
difficult  to  Inaflna  a thraa-dlnehtlonal  atrueture  that 
would  look  aomathlDf  like  thia  In  any  dlraotlen>  (7)  It 
la  olaarly  a aalf^gravltatlng  ayatanii  (!)  whlla  thara 
may  ba  nalghborai  thalr  Influanoa  la  amall.  Tha  ax> 
parta  will  aaa  a lot  mors  In  thia  pleturs.  The  bright 
apota  outalda  tha  galaxy  Image  are  foreground  atara. 

Figure  1 waa  made  with  an  ordinary  (l.oii  blue** 
aanaltlva)  photographle  plate.  If  a red-aanaltlva  plata 
la  uaad  behind  a filter  to  remove  moat  of  tha  blue  light* 
the  galaxy  ahowa  muoh  laaa  atruotura.  If  the  galaxy  la 
photographed  through  a filter  that  paaaaa  or  than 
a aat  of  bright  "knota*  la  aeen  along  tha  apiral  arma-> 
prlnolpally  near  tha  dark  lanaa.  The  Interpretation  of  thia 
la  that  moat  of  the  light  in  tha  apiral  arma  oomaa  from 
vary  bright*  young*  blue  ataro  (0  and  b atara)*  and  from 
lonlaad  hydrogen  (Hll)  ra;jlona  aurroundlng  auoh  atara. 

Thaaa  atara*  whloh  may  ba  aa  muoh  ae  1000  to  10000  times 
aa  bright  aa  the  aun*  but  only  lO'^lO  timaa  aa  .T.4Balve* 
do  not  live  vary  long— ‘they  eonauma  tha  available  fuel 
atorea  muoh  too  rapidly.  The  rad  baokground  may  ooma  from 
atari  that  are  laaa  maaaive*  hence  longar-llvad.  Moat  of 
the  maaa  la  In  the  form  of  atara  that  produoe  the  red  light* 
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most  of  the  light  comes  from  the  blue  stars. 

Our  own  Galaxy  has  all  these  ingredients  as  well. 

We  see  bright  blue  stars,  many  faint  red  stars,  and 
gas  clouds.  There  are  some  bright  red  stars  too,  but 
these  are  much  less  massive  than  the  bright  blue  stars, 
and  are  at  an  advanced  stage  of  their  aging  process. 

Usually,  the  bright  blue  stars  are  near  or  inside  gas 
clouds,  the  gas  very  near  the  star  often  being  ionized. 

The  gas  density  is  very  irregular.  The  bright  blue 
stars  must  have  been  born  recently — presumably  out  of 
the  concentrations  of  gas.  Moving  with  typical  veloci- 
ties, they  cannot  depart  from  their  parental  gas  cloud 
very  far  during  their  lifetime.  Of  course,  stars  of  all 
masses  will  be  formed  from  these  gas  clouds-  -many  more 
low-mass  stars  than  high-mass  stars,  but  almost  all  the 
light  comes  from  the  bright  blue  (massive)  stars.  It  is, 
of  course,  no  accident  that  we  think  that  extragalactic 
nebulae  are  built  of  the  same  ingredients  that  we  see  in 
the  solar  neighborhood  of  our  own  Galaxy — it  is  precisely 
because  we  see  them  here  that  we  think  they  must  be  the 
principal  constituents  of  other  galaxies.  We  also  see  in 
our  own  Galaxy  dark  regions,  or  "dust  clouds,"  usually 
associated  witli  gas  clouds  and  bright  blue  stars , that  we 
think  are  similar  to  the  dark  lanes  in  these  other  galaxies. 
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NGC  1300,  in  Figure  2,  shows  another  common  form  of 
spiral  galaxy.  This  is  known  as  a "barred  spiral,  " and 
shows  the  same  features  as  have  been  pointed  out  in  M51, 
although  perhaps  different  in  detail.  The  barred  spirals 
usually  have  the  pair  of  dark  lanes  symmetrically  disposed 
near  the  ends  of  the  bar.  The  bar  tends  to  be  redder  than 
the  arms,  M81,  in  Figure  3,  is  a particularly  beautiful 
object,  showing  again  the  same  kinds  of  features.  Here 
the  spiral  pattern  is  more  tightly  wound.  M81  gives  the 
distinct  impression  of  a flat  object  seen  in  some  direc- 
tion other  than  face-on.  Finally,  NGC  891,  in  Figure  4, 
shows  the  extreme  case  of  one  of  these  objects  seen  edge-on. 
Presumably,  if  you  could  see  it  from  another  direction, 

NGC  might  look  like  M81  or  MSI  (without  the  satellite) . 
Notice  the  dark  lane  concentrated  rather  closely  to  the 
median  plane.  All  these  pictures  are  shown  in  an  attempt 
to  convince  you  that  a reasonable  model  for  these  objects 
is  a self-gravitating  mixture  of  various  constituents,  all 
constrained  to  move  in  a plane. 

There  are  other  kinds  of  galaxies — principally  the 
very  regular  and  beautiful  ellipticals,  which  look  like 
(oblate)  ellipsoidal  mass  distributions,  and  do  not  show 
the  dark  lanes  or  gaseous  regions — and  the  irregulars, 
which  show  a little  bit  of  everything,  with  much  less 
organization. 
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Fig.  2.  A different  kind  of  spiral  galaxy— a barred 
spiral.  This  is  NGC  1300,  also  seen  face-on. 
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Fig.  3.  Another  spiral  galaxy  (M  81  » NGC  3031)  . This 
gives  the  impression  of  a flat  object  seen  from  some 
angle  other  than  toce-on. 
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Fig.  4.  A spiral  galaxy  seen  edge-on  (NGC  891).  Presumably 
M 51  or  M 81  would  look  like  this  if  viewed  from  the  appro- 
priate direction,  and  NGC  891  might  look  like  one  of  them  if 
viewed  from  another  direction. 
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As  plasma  physicists,  you  will  notice  that  nothing 
has  been  said  about  magnetic  fields.  A few  years  ago, 
most  attempts  to  explain  spiral  structure  centered  on 
magnetic  fields.  There  is  good  evidence  that  magnetic 
fields  are  one  of  the  ingredients  of  our  galaxy.  The 
main  justification  for  omitting  them  from  the  present 
discussion  is  that  the  influence  of  the  magnetic  fields 
on  the  dynamics  of  the  stars  is  through  the  gravitational 
effect  of  the  ionized  gas — which  represents  a small  frac- 
tion of  the  total  mass.  Failure  to  construct  a convincing 
spiral  model  without  magnetic  fields  would  force  us  to 
include  them;  but  it  is  worth  a try  without  magnetic  fields 
because  a model  without  them  will  be  much  simpler. 

The  starting  point  for  most  current  theories  of  spiral 
structure  is  abstracted  from  the  conditions  just  described. 
Models  are  to  be  constructed  of  self-gravitating  systems 
restricted  to  a plane.  In  that  plane,  there  is  a pre- 
dominantly axisymmetric  mass  distribution  that  generates 
axisymmetric  potential  and  force  fields.  The  axisymmetric 
part  consists  of  red  stars  and  contains  most  of  the  mass. 
Superimposed  on  this  background  is  a gaseous  system — also 
self-gravitating,  but  obeying  gas-dynamical  equations 
rather  than  the  particle  equations  of  the  stellar  dynamical 
system.  The  two  subsystems  interact  to  generate  a self- 
oonsistent  whole.  Both  subsystems  partake  of  the  differential 
rotation.  The  gaseous  subsystem  contains  a spiral  pattern 
which  rotates  (almost)  rigidly  with  its  own  angular  velocity. 
The  material  (both  stars  and  gas)  flows  through  the  pattern. 
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There  is  a slight  potential  minimum  at  the  pattern  (the  total 
potential  field  is  no  longer  axisymmetric) , where  the  gas 
tends  to  concentrate.  The  gas  concentration  also  induces  a 
slight  concentration  of  stars  in  the  neighborhood  of  the 
spiral  pattern,  but  that  concentration  is  much  weaker. 

A shock  may  form  as  the  gas  flow  enters  the  potential  minimum 
at  the  spiral  pattern.  New  stars  are  thought  to  form  in  re- 
gions of  high  density — thus  preferentially  near  the  shock. 
When  old  stars  die,  they  return  some  gas  to  the  medium,  to 
allow  this  process  to  continue.  However,  not  all  gas  is 
returned,  so  the  process  cannot  go  on  forever.  The  angular 
velocity  of  the  pattern  is  lower  than  the  angular  velocity 
of  the  gas  and  stars  over  most  of  the  region  in  which  the 
pattern  can  be  seen.  Lin's  models  are  built  by  impressing 
a spiral  pattern  on  this  kind  of  background,  then  solving 
the  self-consistency  problem  for  the  combination  of  gas  and 
stars  in  the  (linearized)  limit  of  small  density  variations 
and  of  small  pitch  angles  for  the  spiral  patterns. 

Computer  models,  on  the  other  hand,  may  start  from 
nearly  axisymmetric  models  and  allow  a process  like  star 
formation  to  go  on.  The  stars  move  under  th@ usual  stellar 
dynamical  equations,  with  the  forces  determined  by  self- 
gravitation.  The  "gas"  population  follows  a modifif d 
dynamics  according  to  which  turbulent  energy  is  artificially 
removed.  So  far,  the  "gas"  has  not  obeyed  gas-dynamical 
equations,  but  only  a crude  approximation  to  them.  A shock 
could  not  form  in  these  models.  We  are  improving  this 
feature  of  the  calculation.  Hohl's  models  differ  in  impos- 
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ing  an  axisyranetric  potential  in  which  the  stars  move  so 
only  one  population  is  --%eded.  The  computer  models  normally 
handle  about  10^  partial.  ^ — they  could  be  pushed  to  10®  or 
10^  on  current  machines  if  there  were  any  clear-cut  reason 
for  doing  so.  Even  so,  they  fall  far  short  of  the  10^^  in 
a real  galaxy.  Thus  the  theoretical  models  (Lin,  and  others) 
and  the  computer  models  are  complementary  approximations  to 
real  stellar  systems.  The  theoretical  models  ignore  the 
grainy  structure  of  r3al  stellar  systems,  while  the  com- 
puter models  are  far  too  grainy. 

Derails  of  the  calculations  have  been  published,  and 
will  not  be  discussed  here . Our  calculation  has  been  adver- 
tised to  be  reversible  and  to  have  an  exact  Liouville  theorem 
in  the  ^-space,  all  obtained  at  the  cost  of  treating  the 
integrations  somewhat  crudely.  Reversibility  is  as  much  a 
matter  of  numerical  accuracy  and  roundoff  as  it  is  of  the 
difference-scheme  used.  We  have  taken  some  pains  in  these 
matters,  but  cannot  give  an  honest  appraisal  as  to  how 
important  these  features  are. 

The  results  of  a calculation  that  yielded  spiral 
patterns  are  shown  in  a motion  picture.  A few  frames  from 
the  motion  picture  are  reproduced  here  as  Figures  5 and  6 . 

The  "star”  field  shown  in  the  upper  right-hand  corner  of 
Figure  5 changes  very  little  as  the  calculation  proceeds. 

The  remainder  of  Figures  5 and  6 show  the  "gas,"  at  succes- 
sive integration  steps  at  a stage  of  the  calculation  in 
which  the  spiral  pattern  had  settled  down  fairly  well.  The 
pattern  rotates  in  about  30  integration  steps , while  Fig- 
ures 5 and  6 show  11. 
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Fig.  5.  Frames  from  the  motion  picture  of  the  computer  spirals. 
The  upper-right-hand  frame  shows  the  "stars,"  which  change  little 
during  the  calculation;  the  rest  show  the  "gas*  at  various  integra- 
tion steps. 
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This  calculation  started  from  a circular  disk  that 
was  all  "gas,"  but  had  a rule  for  creating  "stars"  out  of 
the  "gas"  that  is  thought  to  conform  to  what  might  go  on 
in  a real  galaxy.  The  precise  rule  must  have  profound 
dynamical  consequences — certainly  altering  the  rule  alters 
our  models  - but  this  particular  aspect  of  the  calculation 
should  not  be  taken  too  literally.  By  the  time  shown  in 
Figures  5 and  6,  about  85%  of  the  mass  was  in  the  form  of 
"stars,"  the  remaining  15%  still  being  "gas."  Star  forma- 
tion had  stopped  long  before  the  time  of  these  figures. 
However,  once  stars  %«ere  formed,  they  remained  stars  for 
the  rest  of  the  calculation — there  was  none  of  the  re- 
cycling of  material  that  is  expected  in  a real  stellar 
system. 

The  spiral  density  wave  idea  is  shown  in  Figures  7 
and  8.  These  figures  represent  the  "gas"  portion  of  the 
system,  with  a few  "particles"  singled  out  and  plotted 
as  large  squares.  The  identity  of  certain  "particles"  is 
retained  from  frame  to  frame.  In  figures  7 and  8,  indi- 
vidual "^/articles"  can  be  seen  to  approach  the  spiral 
feature  from  behind  (the  rotation  is  clockwise) , dwell  at 
the  feature  momentarily,  then  to  pass  on  through  it.  We 
have  not  been  able  to  show  this  effect  in  a sequence  of 
still  pictures  nearly  as  dramatically  as  .he  motion  picture 
shows  it,  but  the  effect  is  there. 

A word  of  warning.  These  sequences — and  the  motion 
picture — should  not  be  considered  as  depicting  the  f ;,ing 
or  evolution  of  a real  galaxy.  The  initial  conditions  are 
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Fig.  7,  Detail*  of  the  spiral  patterns,  showing  individual 
particles  moving  through  the  spiral  features.  The  entire 
system  is  shown  in  the  top  frame,  the  lower  frames  are 
enlargements  out  of  that  picture  at  intervals  of  1/5  an  inte- 
gration step.  Certain  particles  are  plottedas  large  squares 
in  each  of  the  frames,  to  show  the  motion  of  those  particles 
relative  to  the  pattern. 
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Fig . 8 . Continuation  of  Fig . 7 . 
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certainly  iinrealistic,  and  the  real  system  has  a more  com- 
plex interplay  of  various  properties  than  we  have  been  able 
to  include  in  the  computer  program.  Thus  the  fact  that  one 
or  more  of  these  frames  might  look  like  photographs  of  some 
real  galaxy  does  not  mean  that  we  have  managed  to  reproduce 
the  evolutionary  history  of  that  particular  galaxy,  or  even 
that  earlier  and  later  stages  of  the  calculation  indicate 
what  that  galaxy  would  look  like  at  earlier  or  later  stages 
of  its  aging  process.  The  value  of  the  numerical  experiments 
lies  in  general  indications  of  how  difficult  it  is  to  build 
spiral  patterns  that  live  for  a while  (these  lived  for  about 
3-4  pattern  rotations) , of  the  interplay  between  the 
"star"  and  "gas"  populations  in  the  pattern,  what 
fraction  of  the  mass  of  the  system  participates  in  the 
pattern,  and  so  on.  It  is  particularly  valuable  to  be 
able  to  "kick"  the  computer  experiment  to  see  if  it 
’’bounces,  "--something  that  we  cannot  do  with  the  real 
galaxy.  The  computer  experiment  is  an  experimental  tool 
with  which  we  can  try  to  find  out  what  makes  spiral 
patterns.  While  the  emphasis  in  this  paper  is  on  spiral 
patterns,  there  are  other  experiments  that  both  Hohl  and 
we  have  done  with  these  systems.  These  include  experi- 
ments on  gravitational  stability  and  attempts  to  verify 
various  stability  predictions. 

So  what  have  we  learned  from  these  computer  experi- 
ments? We  have  learned  that  spiral  patterns  can  be  constructed 
of  self-gravitating  systems  without  need  to  invoke  magnetic 
forces.  But  two  populations  were  needed,  or  some  other 
artifice  to  emphasize  the  spiral  pattern.  Real  galaxies 
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have  a very  effective  amplifier  of  small  density  variations 
to  produce  large  brightness  variations.  Computer  models 
need  the  same  thing.  On  detailed  analysis,  we  find  that 
there  is  a spiral  density  wave  in  the  stars  as  well  as  in 
the  gas — there  is  about  as  much  total  mass  participating 
in  the  spiral  phenomenon  in  the  stars  as  there  is  in  the 
gas.  But  about  1/4  the  gas  participates  and  less  than  5% 
of  the  stars,  so  when  we  plot  the  star  density  we  do  not 
see  a spiral  pattern.  So  far,  there  are  no  spiral  patterns 
in  computer  models  without  two  populations  (think  of  Kohl's 
background  potential  as  the  second  population) , just  as  we 
know  of  no  spiral  systems  in  the  sky  that  do  not  have  two 
populations.  But  are  two  populations  necessary?  We  do  not 
know.  Spiral  patterns  seem  to  appear  when  the  conditions 
:e  about  right,  but  we  find  that  spiral  patterns  are  diffi- 
cult to  stir  up  if  the  conditions  are  not  just  right  (this 
is  t)ie  content  of  Quirk's  Ph.D.  Thesis). 

As  with  all  experiments,  the  computer  experimenter  must 
be  very  careful  to  avoid  interpreting  sit  lations  in  which 
the  experimental  results  fail  to  contradict  his  prior  preju- 
dices as  proof  of  the  correctness  of  those  prejudices.  With 
these  experiments,  we  have  seen  some  patterns.  What  we  see 
fails  to  contradict  our  prejudices.  We  feel  that  we  have  a 
foot  in  the  door,  ard  a valuable  tool  for  experimenting  with 
properties  of  spiral  systems.  The  real  test  comes  now — to  see 
if  we  know  how  to  use  that  tool  for  some  definitive  experi- 
ments. 
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For  those  who  may  wish  to  pursue  some  of  these  matters 
further,  the  following  references  are  starting-points  and 
lead  to  earlier  literature: 

(1)  Theoretical  work  on  spiral  waves,  especially  the 
Lin  school: 


C.  C.  Lin,  C.  Yuan,  and  F.  H.  Shu, 

Astrophys.  Journ.  155 , 721  (1969) 

(2)  Kohl's  computer  experiments: 

F.  Kohl,  "Dynamical  Evolution  of  Disk  Galaxies", 

NASA  Technical  Report  NASA  TR  R-343,  July  1970. 

F.  Kohl  and  R.  Hockney,  Journ.  Computational  Physics, 
4,  306  (1969). 

(3)  Our  group: 

R.  H.  Idller,  K.  H.  Prendergast,  and  W.  J.  Quirk, 
Astrophys.  Journ.  161 , 903  (1970). 

(4)  General  review  of  astronomical  view  of  spirals 
(conference  proceedings) 

The  Spiral  Structure  of  Our  Galaxy,  lAU  Symposium  38 

W.  Lecker  and  G.  Contopoulos,  Editors 

(Dordrecht,  Holland:  D.  Reidel  Publishing  Co.)  1970. 
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Chemistry  from  Computers: 

A New  Instrument  for  die  Experimentalist 

Anioid  C.  Wahl 
Argonne  National  Laboratories 
Argonne,  Illinois 

INTRODUCTIOH 

Some  time  ago,  being  fresh  from  the  enthusiasm  of 
computing  Hartree-Fock  (best  molecular  orbital)  wave 
functions  for  nnn-trlvlal  molecules,  I gave  a talk^ 
entitled  "Hartree-Fock  Is  Here:  What  Next?"  and  I received, 
from  an  experimentalist,  a reprint  request  for  the  article 
"Hartree-Fock  la  Here  - Who  Cares?"  This  mis-stating  of  the 
title  of  my  optimistic  talk.  In  addition  to  being  humorous, 
contained  a very  substantial  bit  of  truth;  namely,  computers 
have  brought  us  a great  deal  - vast  numerical  tables  of 
molecular  properties,  pretty  pictures,  detailed  wave  functions 
from  many  small  molecules  (In  many  cases,  so  precise,  they 
are  unusable),  and  perhaps  more  "theoretical  chemists"  thau 
ever  before.  But  how  much  chemistry  have  they  really  given 
to  us?  This  question  certainly  needs  to  be  answered,  and  If 
we  are  to  make  chemists  happy  we  must  agree  to  answer  It  on 
their  terms.  Thus,  we  need  a precision  In  potential  energy 
surfaces  of  about  1/10  of  an  eV,  we  need  better  than  5Z 
precision  In  Ionization  potentials,  binding  energies,  vibrational 
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frequencies,  tern  values,  and  spectroscopic  constants.  We, 
further,  must  go  beyond  Isolated  calculations,  and  Into 
their  comprehensive  coupling  with  the  traditional  tools  of 
the  chemist  to  allow  us  to  obtain  macroscopic  properties. 

In  this  paper  I would  like  to  explore  how  close  we,  at 
Argonne,  are  to  achieving  such  results  from  computers.  It  will 
become  apparent  that  we  must  be  cautious,  but  that  in  certain 
cases  we  are  able  to  obtain  truly  reliable  chemical  information 
from  our  a priori  computing  systems  and  that  our  research  is 
most  properly  viewed  as  the  development  of  a new  Instrument  for 
the  chemist  by  which  he  can  obtain  detailed  answers  often  not 
accessible  experimentally.  An  intriguing  and  very  Important 
aspect  of  this  new  apparatus  is  that  it  permits  us  to  "look"  in 
unprecedented  detail  with  arbitrary  magnification  or  time  scale 
(when  quantum  mechanically  legel)  at  a chemical  process  under 
study,  be  it  molecular  electronic  excitation,  vibration, 
collision,  or  the  entire  path  of  a chemical  reaction  (See  note 
on  page  302  and  Figures  following). 

THE  MOLECULAR  ORBITAL  MODEL 

As  a first  step  in  tracing  th”?  development  of  our  new  ab 

initio  Instrument  for  exploring  molecular  structures,  let  us 

look  at  a very  popular  model  of  electronic  structure;  namely, 

2 

the  Hartree-Fock  molecular  orbital  model.  This  model 
currently  is  being  applied  widely  in  the  name  of  chemistry 
to  all  kinds  of  systems.  However,  some  typical  results 
obtained  by  the  Hartree-Fock  model  show  that  although  it  is 
adequate  for  some  molecular  properties,  the  Hartree-Fock 
model  has  very  well-known  and  wel 1-subs  can t lated  deficiencies 
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which  make  it  difficult  to  really  do  a priori  chemistry  from 
Hartree-Fock  calculations. 

First  of  all,  let  us  briefly  review  what  the  Hartree-Fock 
2-30 

model  is.  The  Hartree-Fock  model  is  the  best  orbital  model. 

20 

In  the  Hartree-Fock  model  we  place  electrons  in  individual 
three-dimensional  functions  include  spin  functions,  and  then 

form  a properly  antisymmetrized  product  of  these  spin  orbitals. 

' ■ ®’i‘i  (1) 

to  obtain  the  total  atomic  or  molecular  wave  function. 

Mathematically,  the  orbitals  1 are  solutions  of  Integro- 
dlfferentlal  equations  of  the  form 


F*i  . 


where  F is  an  operator  depending  upon  all  electrons  and  nuclei 
of  the  systems  and  arising  from  the  variations  of  its  total 
electronic  energy.  These  equations  must  be  solved  Iteratively 


28 


since  the  orbitals  determine  the  opeiator  F and  vice-versa. 

Convergence  on  the  "best"  set  of  orbitals  is  achieved  when  the 
t^s  from  two  successive  iterations  agree  within  some  permissible 
numerical  threshold.  In  Figures  1 through  3 some  typical 
pictures  of  best  molecular  orbital  and  total  electron  densities 
for  a variety  of  diatomic  molecules  are  shown.  From  these 
pictures  it  immediately  becomes  apparent  that  the  Hartree-Fock 
model  forms  a very  appealing,  conceptual  and,  in  fact,  symbolically 
beautiful  framework  for  thinking  about  molecules . 
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Elrcoonic  ptobablUty  ~ck>udi‘‘  for  Fj  and  NaFj.  Thete  abo 
may  br.  mapped  ai  contoui  diagiams.  See  Figi.  la  and  2a. 


Fig.  Ic 

Toul  election  ptobability  cloudi  foi  lome 
homonucleat  diatomic  moleculei  which  can 
be  mapped  by  contoui  Unei  ai  in  Fig.  la. 
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The  homopolar  cases  (Figure  1)  have  symmetry  and  covalency; 

In  the  ionic  systems  (Flgti/e  2)  the  molecular  orbitals  are 

really  localized  on  the  individual  ions  and  are  very  much  like 

the  isolated  ionic  orbitals.  In  looking  at  "pictures”  of  mole- 

32  33  32  33 

cular  processes  --  namely,  ionization  ’ and  excitation  ’ 
(Figure  3)  — it  appears  that  in  the  orbital  framework  we  get  a 
qualitative  feeling  for  what's  happening.  An  orbital  shrinks 
when  we  remove  an  electron,  it  gets  a little  smaller,  a little 
tighter,  because  there  is  less  electron  repulsion.  Further,  the 
non-active  orbltalr  are  relatively  insensitive  to  the  ionization 

process  (Figure  3a).  In  Figure  3b  we  "see"  quite  dramatically 
33 

a o to  ir  excitation  in  the  hydrogen  molecule  followed  by 
ionization. 

Now  let's  turn  to  some  typical  quantitative  results 
obtained  from  the  model.  In  Tables  1 and  2 recent  results 
of  Hartree-Fock  calculations  on  diatomic  systems^^  are 
shown.  We  are  first  struck  by  the  rather  good  geometry  pre- 
dictions — we  can  predict  internuclear  distances,  often 
within  less  than  IZ.  Also,  a typical  one-electron  property 
such  as  the  dipole  moment  is  well  predicted.  But,  looking 
further  at  the  tables,  we  find,  from  a chemist's  viewpoint, 
binding  energies  are  terrible.  We  can,  of  course,  correct 
them  semi-emplrlcally , but  this,  after  all,  cannot  be  called 
a priori  chemistry  from  computers.  We  see  that  the  dissocia- 
tion energies  are  often  off  by  lOOZ;  take  F^,  as  an  outstanding 
example  of  this  deficiency.  Also,  vibrational  frequencies 
really  don't  allow  us  to  distinguish  between  excited  states  of 
the  same  molecule;  the  precision  is  not  sufficient.  We  find, 
for  Instance,  in  the  excited  states  of  the  nitrogen 
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MOLECULAR  ORBITAL  DENSITIES* 

THE  ALKALI  HAUDES 

CATION  PARENTAGE 
> 2s  2pTT  2po'  3s  3pTT  3p 


*These  molecular  orbitals  are  arranged  according  to  their  separated  ion  parentage 
. . .first  the  set  arising  from  the  cation  and  then  the  set  from  the  anion.  The 
molecular  orbital  label  is  given  above  each  diagram. 
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Fig.  2a.  Orbital  model  of  tome  alkali  halidei. 
Conventions  are  explained  in  ANL-7076  by  A.  C. 
Wahl (1965);  also  Science  IM.  961  (1966),  and  for 
a discussion  of  alkali  halide  demities  see  A.  C, 
Wahl,  F.  laniszewski,  and  M.  T.  Wahl  (to  be  sub- 
mitted to  Science);  Atoms  to  Molecules  (Film 
series)  by  A.  C.  Wahl  and  U.  Blukis,  McGraw-Hill 
Book  Co.,  New  York  (1969)  and  J.  Chem.  Educ.  45, 
"87  (1968);  and  Four  wall  charts  of  atomic  and  mo- 
lecular structure  by  A.C,  Wahl  and  M.  T.  Wahl, 
McGraw-Hill  Book  Co.,  New  York. 
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Fig.  3a.  In  the  c^iul  picture  of  molecular  lonuation  for  the  nitregen  nK>leculc  <t1\  valence  i>rhttaU  lia^ehccn 
plotted.  Note  tliat  it  is  primarily  the  orbital  from  which  an  clocmHi  has  hi'cn  rciiio\cd  which  changes.  Fv'r  con* 
venuons  tec  ANL*707€  by  A.  C.  Wahl  (1%.S).  also  Science  l.il.  iM>l  and  fv>r  a discission  of  alkali  lialidi' 

densities  see  A.  C.  Wahl,  F.  Janiszewtki.  .ind  M.  T.  Wahl  (to  he  submitted  to  Science).  For  wavefniictioiis  see 
P.  E.  Cade,  K.  S.  Sales,  and  A.  C.  Wahl,  J.  Oicm.  Phyi.  1»73(1ih'^>. 


268 


Chemistry  from  Computers 


Ftg.  3b.  The  dugiams  lepteient  the  two  (undimcntil  piucenci  in  chcniistty;  excitation  and 
ionization.  The  diagiam  repicseiiting  the  excited  and  ioiii.;ed  itates  ate  contoui  ploti  of  the 
total  electron  demitiei  of  the  three  systems;  Ho  in  lo  ground  state;  Ho  in  an  excited  pi  state, 
and  in  its  ground  state.  In  all  three  diagrams  the  outermost  contour  has  a value  of  6.1  x 
10'^  electrons/bolir'^  and  each  successive  inner  contour  increases  in  value  by  a factor  of  2. 
Note  the  disappearance  of  the  inner  contour  value  of  ,25  ni  H2  after  it  has  undergone  excitation 
or  ionization.  These  diagrams  were  drawn  anioniatically  by  electronic  compnteis  and  arc  based 
on  accurate  ab  initio  calculations  of  the  wavcfuiictioiis  for  the  H2  systcni,  [A  Double  Config- 
uration Self-consistent  Field  Study  of  the  ^1l^,  litj.  and  States  of  H2  by  W.  Zemke, 
P.  Lykos,  and  A.  C.  Wahl  (to  be  submitted  to  ].  Cheni.  Phys.,  and  Ph.D.  Thesis  by  W,  Zemkc, 
I.I.T.);  and  BISON:  A New  Instrument  for  tlie  ExpetinieiitaUst  by  .\.  C.  W.ilil.  P.  I.  Bertoncim, 
K.  Kaiser,  and  R.  H.  Land,  bit.  J,  Quantum  Clicm.,  Sanibcl  Symp,  Issue  (1'.I6'J)J 
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42 

ion  (Figure  7)  that  there  is  an  inversion  of  molecular  energy 
levels,  that  does  not  allow  us  to  Interpret  spectroscopy.  Now, 
the  reasons  for  these  defects  are  well  known.  The  orbital 
picture  has  an  Inherent  error  built  into  it,  the  correlation 
error.  The  orbital  picture  does  not  allow  electrons  to  get  out 
of  each  other’s  way  explicitly  and  Instantaneously.  It  happens 
that  this  error  for  the  atoms  Is  not  the  same  as  the  error  for 
the  molecule  built  from  these  atoms.  Therefore,  binding 
energies  are  not  good,  and  further,  the  error  differs  for 
different  states  of  the  same  system.  Thus,  term  values  are 
not  accurate. 

Secondly,  a simple  molecular  orbital  picture,  although 
relatively  good  at  the  equilibrium  configuration  of  most 
molecules,  deteriorates  rapidly  as  you  try  to  pull  the  molecule 
apart.  Thus,  the  shape  of  the  potential  curve  Is  distorted  by 
the  constrained  form  of  the  molecular  orbital  picture.  These 
two  defects  of  the  Hartree-Fock  model  account  for  Its  most 
serious  shortcomings;  namely.  Improperly  shaped  energy  surfaces, 
bad  binding  energies,  and  badly  computed  term  values  for 
transitions  between  electronic  states. 

There  ar^  notable  cases  where  the  Hartree-Fock  model  does 

provide  some  chemistry,  but  certainly  not  a "chemist's" 

chemistry.  For  Instance,  In  Figures  4,  5 and  6 the  potential 

47 

curves  obtained  from  Hartree-Fock  calculations  on  the  rare 


gases  He, 

Ne,  Ar  are  plotted 
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InUrnucIfOr  dittonct  R (0<*r») 

Fig.  4.  He-He  potential  curvet.  AK^-temieinpitlcai  curve  from 
Kanering  data;  I.  Amdur.  I.  D.  Iordan,  and  S,  O.  Colgate,  I,  Chem. 
Fhys.  15ZS  (1961).  AB-temiempiricai  curve  from  icaltering  data; 
I.  Amdur  and  R.  f.  Beiuand,  I.  Chem.  Phyt.  36,  107B  (1962).  BD-- 
temiempiricai  curve  from  composite  data;  R.  \.  Buckinghan  and 
D.  M.  Duparc,  Progreii  in  International  Reiearch  on  Thermodynamic 
and  Traniport  Properties  (Symposium  on  Thermophyticai  Properties, 
Princeton  University,  1962;  American  Society  of  Mechanical  Engi- 
neers. Academic  Press,  Nevt  York.  1962),  p.  378.  TFD--Thomas- 
Fermi-Dirac  method;  A.  A.  Abrahamton,  Phys.  Rev,  1^,  693  (1963). 
AJB--semiempiricai  curve  from  scattering  data;  I.  Amdur,  I.  E.  Iordan, 
and  R,  R,  Bertrand.  Atomic  Collision  ProcestetfEd.  M.  R.  C.  McDowell, 
Proceedings  of  the  Third  International  Conference  on  the  Ptiyiics  of 
Electronic  and  Atomic  Collisions,  London,  1963;  Nonh-Hoiiand, 
Amsterdam,  1964),  p,  934.  KL — semiempirica!  curve  from  scattering 
data;  A.  B.  Kamnev  and  V.  B.  Leonas,  Soviet  Physics —Doktady  10, 
529  (1965),  LCAO--iincar-ccmbinition-of-atomic-otbitaIs  method; 
T.  L.  Gilbett  and  A.  C.  Wahl,  I.  Chem.  Pliys,  47,  3425(1967).  OSCF-- 
optimized  teif-consistent-fieid(Harttee-Fock)  method;  loc. 
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InIvrruciMr  dittanc*  (B«tn) 


Fig.  S.  Ne-Ne  Pocentlti  cicvo.  MR— temiempiiical  cuive 
from  Kineiing  d<«:  E.  A.  Mjtoo  and  W,  R.  Rice,  ],  Chem. 
Phyt.  843  (19S4),  AM— leiniempiilc*!  cuive  from  icinet* 
Ing  (Um;  I,  Amdui  and  E.  A.  Maion,  J.  Chem.  Phyi.  415 
(19SQ.  TFD— 'thomai'Petmi-Dtrac  method;  A.  A.  Abiahamion, 
Phjn.  Rev.  1^.  693  (1963).  KL-temiempitical  cuive  'tom 
icaneiing  data;  A.  8.  Kamnev  and  V.  B.  Leonaa,  Soviet  Ph,>>.— 
DoMady  529  (1965).  ICAO— iineai-combinatlon>of>atomic> 
oiMtal  method:  T.  L.  Cilbcit  and  A.  C.  Wahi,  J.  Chem.  Phyi. 
3435  (1987).  A ASCP— augmented  aaymptotic  ieIf>coniiitent> 
field  method:  loc.  clt. 
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Fig,  0.  Ar-Ar  potential  curves.  LCAO— Uiie»r-com!5ination- 
of-atomic -orbitals  method;  T.  L.  Gilbert  and  A.  C.  Wahl, 
J,  Chem.  Phys.  47,  3425  (1%7).  AASCF--augmented  asymp- 
totic self-consistent -field  metliod;  loc,  cit,  TFD--Thomas- 
Fermi-Dirac  method;  A.  A,  Abrahamson,  Phys,  Rev,  I^,  693 
(1963),  BF--semiempiricaI  curve  from  composite  data,  J,  A, 
Barker  and  A,  Ponipe,  to  be  p.iblislicd,  AJP--semiempiricaI 
curve  from  scattering  data;  L Amdur,  J,  E,  Jordan,  and  R.  R. 
Bertrand,  Atomic  Collision  Processes  (Ed,  M,  R,  C,  McDowell, 
Proceedings  of  the  Tt  ird  International  Confereuce  on  the 
Physics  of  Electronic  and  Atomic  Collisions,  Eoiidon,  1963; 
Norih-Holland.  Amsterdam,  1964),  p,  934,  AJj  and  Ajj-- 
semiempirical  curves  from  scattering  data,  1,  Amdur  and 
J.  E.  Jordan,  quoted  in  D.  D.  Konowalow  and  S.  Carta, 
~Mone  Potential  Functions  for  Nonpolar  Cases,"  Report 
WlS-TCl-74  from  the  Theoretical  Chemistry  Instituic  of  The 
Unlvenily  of  Wisconsin,  EVc.  1964,  KL — semieinpirical 
curve  from  scattering  data;  A.  9.  Kanmev  and  V,  B.  Leonas, 
Soviet  Phys, "Doklady  W '^9  (1965).  AM--sem>.empltical 
curve  from  scatterhig  data;  1.  Amdur  and  E,  A.  Mason, 
J.  Chem.  Phys.  22.  670  (1954). 
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correlation  error  fo”  these  closed-shell  systems  remains  rela- 
tively constant  as  the  atoms  are  forced  together.  There  are  no 
new  electron  pairs  formed  !«nd,  thus,  no  new  strong  electron 
correlations  associated  with  molecular  formation. 

BEYOMD  THE  MOLECULAR  ORBITAL  MODEL^^~^^^ 

The  Hartree-Fock  model  Is  good  for  predicting  geometry  and 

many  one-electron  properties  (this  is  also  true  for  similar 

calculations  on  polyatomic  systems).  The  Hartree-Fock  model 

also  yields  adequate  results  for  a variety  of  molecular  systems; 

namely,  those  arising  from  closed-shell  interactions,  for 

47 

Instance  the  noble  gases.  Systems  In  which  there  Is  only  a 

48.49  64 

one-electron  bond  are  typified  by  86^+,  Li-He,  NaHe, 

NeH+,  HeH+^^  (some  rather  bizarre  systems  from  the  chemist’s 
viewpoint),  and  highly  Ionic  systems  for  which  the  shape  of 
the  potential  curve  is  rather  good  are  typified  by  the  alka  1 
halldes^®’^^  which  are.  In  fact,  analogous  to  the  rare  gas 
systems  held  together  by  a coulomb  force. 

How  can  we  improve  this  model  without  losing  Its  valuable 
features?  i would  like  to  describe  what  we  have  been  doing  to  go 
beyoni.  the  Hartree-Fock  model  with  the  goal  in  mind  of  obtaining 
results  on  diatomic  and,  eventually,  larger  systems.  A con- 
dition is  that  these  results  be  of  genuine  <uantitatlve  use  to 
the  experimental  chemist  and  serve  to  complement  his  efforts, 
particularly  where  the  experiment  is  difficult  to  perforit.  Such 
situations  might  involve  high  temperatures,  highly  corrosive 
maierials  or  very  short-lived  transients.  The  essence  of  our 
scheme, which  I am  now  going  to  describe,  involves 
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Fig.  7,  At  ihf  left  are  thown  theoretical  potentlah  foi  the  nitrogen  molecule  and  In  loni;  at  the  right, 
eapetimenul  curvet.  Note  the  Invenlon  of  the  *tg  and  *ny  lUte—a  defev.<  of  the  ochical  picture.  See 
P.  E.  Cade.  K.  S.  Salet,  and  A.  C.  Wahl,  I.  Chera.  Phyi.  l»73(19e6).  See  Fig.  3a  for  the  changes 
taking  place  in  the  orbital  picture  of  these  loniaatlont. 
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a direct  pursuit  of  the  two  major  defects  of  the  Hartree- 
Fock  model.  (1)  The  molecule  is  allowed  to  dissociate 
properly  (in  many  cases,  this  is  a tiivial  extension  of  the 
Hartree-Fock  picture),  and  (2)  the  correlation  error  in  the 
molecule  is  made  the  same  as  the  correlation  error  in  the 
atoms.  The  latter  is  more  difficult  to  achieve  - especially 
in  the  general  case.  However,  for  systems  in  which  the 
chemical  bond  is  Isolated  by  being  one  quantum  number  higher 
than  the  rest  of  the  molecular  core,  the  correlation  energy 
changes  associated  with  molecular  formation  are  isolated  by 
being  placed  in  this  bonding  region  and  we  can  do  a rather  good 
job  of  making  the  correlation  error  constant,  as  a function 
of  inter-nuclear  distance. 

We  see  some  typical  results  for  the  systems  H^,  Li^,  and 
NaF  in  Figures  6,  9,  and  10.  We  see  in  Figures  8b  and  9b  the 
orbitals  necessary,  in  addition  to  the  Hartree-Fock  model,  for 
the  bonding  electrons  to  avoid  each  other  as  the  molecule  forms, 
and  to  give  us  a correct  continuous  picture  of  chemical  bonding 
(Figures  8c  and  9c).  These  correlation  terms  may  be  conven- 
iently categorized  as  In-out,  left-tight,  and  angular.  When 
added  or  subtracted  to  the  ground  state  molecular  orbital  they 
move  the  electrons  away  from  each  other  in  an  in-out,  left-right, 
or  angular  sense.  For  systems  such  as  in  which  there  is  a 

single  bond  - no  other  electrons,  and  in  which  the  bond  is 

quantum  level  two  and  the  core  in  quantum  level  one,  the 
quantitative  results  are  truly  gratifying  and,  in  fact,  are  of 
sufficient  quality  to  be  useful  to  the  experimentalist.  For 
F^,  ve  have  obtained  significantly  better  results  than  those 
obtainable  from  the  Hartree-Fock  model,  but  still  have  not 
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Fig.  i* 

Compsiiiua  of  Hamee-Fock,  W;  optimal  double 
OOC:  and  optimal  valence  config* 
ttiatian,  OVC;  potential  cisvct  with  expenmenul 
one  fat  Hj.  (C.  Dai  and  A.  C.  Wahl,  J.  Chem, 
Phyt.  44.  87  (1966).] 
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HYDROGEN  MOLECULE  FORMAION  CONTOURS 
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Fig.  8b.  The  otbltab  making  up  the  H2  OVC  wavefuncUon  at  Re  and  neat  dlaocuuon. 

In  FIgi.  8b.  8c.  9b.  9c,  the  outetmoat  contour  In  all  caiei  correipondi  to  a deisiiy  of  6.1  x 10**  e*/bohr^.  Each  luccet- 
live  innet  contour  then  Increiiei  by  a facloc  of  2. 
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Fig.  te.  Tottl  cha«g'-4emlcy  <«a«>ua  of  <he  Hg  OVC  wavefvoctlon  m die  molecule  fotim.  (C.  D«  ami  A.  C.  Wahl, 
1.  Omsi.  Fhjn.  ^ 91  (1M6)  and  laid.,  3934  (1981).]  The  horiionul  line  li  die  level  of  the  Hg  eapoimcaul  eaeegf. 
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Fig.  9a 

Comparison  of  Haioec>Fock  and  optimal  valence 
conflgutadcn  poteodal  curvet  with  experimeiiul 
one  for  Lig.  (C.  Dat  and  A.  C.  Wahl.  ).  Chem. 
Fhri.  44,  91  (1966)J 
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UTHMi*  IWLECULE  FORMATION  CONTOURS 

FOR  EHF  m/Z  FUNCTIONS 

MOON6  MPHWG 


50  ^ 

NTCRNUCLEAR  nSTANCE 
(BOHRS) 


Fit.  9b.  The  «blUli  nuking  up  the  U,  OVC  w.velunctloii  .1  jO.  Du 
1 A.  C.  wehl.  i.  Chem.  Phy.  44.  .7  (1966,  «d  Ibid..  41.  9934  (1967,.! 
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done  well  enough  to  really  aid  the  experimentalist  (Table  3 
and  Figure  11).  The  reaeon  for  this  is  that  conventionally 
le  cuneldered  to  be  a single-bonded  molecule.  However,  the  two 
electrone  forming  the  bond  are  in  the  same  radial  quantum  shell 
and,  thue,  occupy  the  same  physical  space  as  twelve  other 
electrone.  Therefore,  there  are  subtle  intershell  correlation 
effects,  which  must  be  taken  into  account. 

Let  me  now  review  the  essential  ideas  of  the  Optimized  Valence 
Configuration  (OVC)  method,  and  then  describe  its  recent  applica- 
tion to  an  experimentally  uncharacterized  system. 

Configurations  were  added  to  the  Hartree-Fock  picture  to 
allow  proper  dlseoclatlon  of  the  molecule.  (In  this  is  merely 
one  extra  configuration  which  subtracts  the  ionic  terms  as  the 
atome  eeparate.  Inclusion  of  such  a configuration  allows  us  to 
"look"  continuously  at  molecular  formation.  We  could  not  do 
this  with  the  simple  model  of  the  mol-icular  orbitals.)  Addi- 
tional configurations  allowed  the  bonding  electrons  to  avoid  each 
other  ae  the  molecule  formed;  since  they  were  of  course, 
avoiding  each  other  completely  when  the  constituent  atoms  were 
at  infinite  distance.  Included  were  angular  and  in-out  terms 
in  addition  to  the  left-right  term  which  brought  about  proper 
dlesoclatlon. 

The  optimized  valence  configuration  wave  function  thus  has 
the  form 


0 0 k k k 


where  the  i|ij^  are  antisymmetrized  products  of 
to  equation  (1).  However,  the  are  now  in 


orbitals  similar 
the  general  solution 
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of  individual  integro  differential  equations  of  the  form^^^’  • 
105,106-121 

^♦l  • "i*l 

where  the  are  more  complicated  operators  depending  upon  all 
orbitals  of  the  system  and  all  mixing  coefficients  Con- 

vergence to  be-.t  orbitals  is  achieved  in  this  model  when  the 
energy  of  the  system  is  stationary  with  respect  to  variation  of 

both  the  coefficients  A,  and  the  orbitals  6,.  We  have  seen  some 

k ’^i 

of  these  necessary  additional  orbitals  in  Figures  8c  and  9c. 

Thus,  we  evaluate  only  the  Increase  in  correlation  energy 
associated  with  molecular  formation,  and  we,  in  addition, 
allow  .:he  core  to  distort  and  polarize,  but  we  do  not  try  to 
correlate  the  core.  We  assume  that  the  correlation  error  in 
the  core  is  constant.  This  assumption  is  supported  by  calcula- 
tions on  the  rare  gas  systems,  (Figures  4-6)  and  also  by  our 
calculations  on  Li2  (Table  3).  We  now  feel  that  we  understand 
this  model  very  well  and,  as  we  have  stated  earlier,  for  the 
type  of  bond  which  is  isolated  we  can  do  a very  good  Job  in 
obtaining  the  proper  molecular  energy  surface.  For  an  ionic 
bond,  the  ionic  system  was  handled  quite  well  with  the  Hartree-Fock 
approximation  and  we  needed  only  one  additional  configuration  to 
allow  for  proper  dissociation.  Because  of  Intershell  effects,  we 
still  are  not  able  to  calculate  bindiiit,  energy.  However,  tech- 
niques now  being  developed  are  expected  to  provide  the  necessary 
improvement.  (See  NaF  results  in  Table  3 and  Figure  10.) 

For  F2,  we  see  that  our  results  are  not  yet  satisfactory; 
(Tcble  3,  Figure  11)  again,  because  of  ,i;tershell  effects.  The 
correlations  between  po  and  pir  electrons  and  between  s and  p 
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! 

I 

•lactront  art  not  takan  Into  account  in  our  mathod  (at  thla 
writing) . 

Bowavar,  bolatarad  by  our  confldanca  that  wa  can  do  vary 

wall  on  tha  alkall-typa  ayatana,  wa  dacldad  to  try  to  do  a 

pradlctlva  calculation  concarnlng  a ayataa  of  which  llttla  la 

known  axparliaentally . Applying  our  mathod,  wa  obtalnad  tha 
138 

raaulta  for  Na-Ll  praaantad  In  Tabla  3 end  Flguraa  12  and 
13.  A binding  anargy  of  about  .85  aV  (qulta  aubatantlal)  and 
tha  calculatad  vibrational  fraquancy,  ate.  ara  predlctad.  Wa 
faal  wa  can  attach  a praclalon  to  thaaa  raaulta  of  a faw  parcant 
and  wa  ara  hoping  that  thaaa  raaulta  will  b^  uaad  by  tha  axparl- 
nantallat  In  tha  naar  futura  to  guide  him  In  further  charactarlalng 
thla  ayatam. 

A NEW  "IBSTRUMEBT"  FOB  CHEMISTS 

Tha  naxt  quaatlon  la,  alnca  wa  new  hava  aoma  ab  Initio  raaulta 
on  tha  anargy  aurface  of  tha  almpla  but  exparlmentally  uncharactarliad 
ayatrm,  Ball,  what  can  ba  dona  with  auch  raaulta  to  anhanca  thalr 
chamlcal  utility?  Aa  ona  axampla  of  auch  an  application  wa  can 
turn  to  tharmodynamlca . Wa  know  that  we  could  daac'rlbe  a vapor 

mlxtura  of  Na  and  LI  tharmodynamlcally  If  wa  could  obtain  Ita 
13“ 

aquation  of  atata 

Wa  muat  therefore  evalueta  the  vlrlal  coaf f Iclenta . In  tha 
caaa  of  NaLl  wa  ara  fortunate  bacauae,  aa  Indlcatad  by  calculatad 
aqulllbrlum  conatanta  for  a NaLl  mlxtura  (Tablaa  4 and  5),  at  tha 
tamperaturaa  and  praaaura  of  Intareat,  wa  may  aaauma  that  tha 
ayatam  conalata  ovarwhalmlngly  of  laolated  atoma.  Tharafora,  wa 
may  calculata  only  the  aacond  vlrlal  coafflclant,  aaaumlng  tha 
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CHEMICAL  BOND 


R (Roha)  *•«> 

UigMt  Cootoor  Value  Ploned  ~ 0.1 
Comout  Ratio  m O.S 


EleetiM/Boiif^ 


SSO 


Rffohn)  S.OO 

Laigctt  Contour  Value  Plotted  • O.l  Elecuoo/Rohr 

Cowoui  Ratio  ■ O.S 


5.S0 


Fig.  13.  Contoun  of  chalge  density  diffetence  aaKCiated  with  the  ^ 

bond  in  the  h state  of  NaU.  Uppet  diagram  show.  *e  region  where  charge  lus 
relative  to  dissociated  atoita.  Uwet  diagram  show,  where  charge  densi^  has  decteiwd 
relative  to  dteociated  atoms,  fa  -n.«retic.l  Study  of  the  Nal  Sy.^^  by  P.  Bertonclni. 
G.  Das,  and  A.  C.  Wahl.  ANL-7447  (1969);  also  siR>mltted  to  J.  Chem.  Phys.) 
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concentratlone  to  be  the  initial  concentrations  of  the  atoms. 
The  second  vlrial  coefficient  B(T)  in  the  virial  equation  of 
state  may  be  obtained  for  a Na-Ll  mixture  from  the  relation 


B(T)  - Bj^^^  (T)X 


Li 


^ ®NaLi(^>^i*Na 


where  X^  represents  the  mole  fraction  of  component  1. 

In  order  to  calculate  the  three  B..  (T)  we  of  course 

Ad 

needed  the  AB  Interaction  potential  V..  for  both  the  ground 
state  and  excited  repulsive  Jtate  arising  from  the  three 
types  of  collision  of  atoms  in  their  ground  state:  Nall,  Ll-Ll, 
Na-Na.  It  is  here  that  the  ab  initio  calculation  plays  an 
Important  role.  The  potentials  are  available  expcrlmenf ally 
for  Ll^  or  Na2  and  we  used  our  calculated  one  for  NaLl.  A 

3 

variety  of  ways  for  evaluating  (R)  for  the  I etate  arc  ueed 

consisting  mostly  of  semiemplrlcal  forms  or  "ecaled"  or  "reduced" 

140 

potentials;  namely,  Rydberg,  Morse,  Anti-Morse,  power  serlae. 

We  have  used  our  ab  initio  potentials  (in  which  we  have  con- 
siderable confidence)  and  compared  them  with  various  popular 
semiemplrlcal  forms. 
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Through  the  relation: 

B - f B^ 

and 

®^B  ■ I - **P[  -^^]1 

we  can  obtain  from  these  potentials  the  three  required  vlrial 
coefficients. 

Now,  what  have  we  done  with  all  of  these  results?  We  have 
predicted  the  existence  of  and  cosiputed  molecular  properties 
for  NaLl  that  were  not  available  experimentally;  we  have  gone 
further  and  used  our  potential  curves  to  calculate  the  second 
vlrial  coefficients  and,  thus,  the  degree  of  ideality  of  alkali 
vapors  (alkali  systems  are  difflcuH  systems  to  look  at  experi- 
mentally and,  in  fact,  Na-Ll  , as  noted  previously,  has  not  been 

observed),  and  are  now  calculating  some  transport  properties  for 
141 

the  vapor  mix'  We  also  have  been  able  to  crltlrlrc  the 

3 

assumed  form  of  the  I potential  curves  customarily  used  and  are 
suggesting  a better  form  based  on  our  calculations. 

This  study  of  the  alkali  v#por  presents  a good  example 
of  how  ab  Initio  results  can  be  dovetailed  into  traditional 
chemistry . 

By  the  further  development  of  the  techniques  outlined 
above  to  handle  cross  shell  correlations  and  other  types  of 
molecules,  we  feel  that  comparable  energy  surfaces  can  be 
obtained  for  other  diatomic  molecules.  In  fact,  this  is  currently 
our  main  mission  in  addition  to  extending  these  methods  to  open- 
shell  excited  state  systems  so  that  we  may  obtain  accurate 
theoretical  term  values. 
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It  should  be  enphasized  that  there  Is  no  reason  to  believe 
that  what  we  have  learned  In  diatonic  syscens  wll'  be  any  slnpler 
In  polyatonlc  systens.  In  fact.  It  is  Inportant  to  develo 
diatonic  theory  and  diatonic  calculations  to  a point  where  they 
are  of  use  to  the  experlnentallst  before  Junplng  into  conpllcated 
polyatonlc  systens  using  old  methods  with  their  well-known 
deficiencies.  This  is  the  conpelling  reason  for  refining  our  tools 
on  diatomic  nolecules  which,  although  perhaps  of  less  Innedlate 
interest  to  the  tradlatlonal  chemist,  provide  a much  more  economi- 
cal medium  for  the  evolution  of  new  techniques. 

We  feel  that  the  calculated  results  on  the  alkali  dimers  do 
represent  an  example  of  chemistry  from  computers.  The  isolated 
energy  point  or  wave  function  did  not  rer-.'er.cnt  chemistry,  but  a 
potential  energy  surface  then  used  to  pred-''.;  olndlng  energy, 
and  ultimately  transport  properties  must  be  considered  genuine 
chemistry.  More  Inportant,  we  are  now  thinking  more  compre- 
hensively in  terns  of  complete  chemical  processes,  potential 
energy  surfaces,  ground  and  excited  sertes,  state  functions, 
vlrlal  coefficients  --  all  of  which  for  selected  simple  systems 
can  now  be  obtained  from  computers  and  from  computer  calculations. 
It  is  more  inportant  now,  therefore,  than  previously  that 
theoreticians  talk  to  experimental  chemists  because  1 think 
that  many  chemists  do  not  know  how  i.«r  the  field  of  computational 
chemistry  has  cone.  Likewise,  theoreticians  do  not  know  how 
Intimately  new  experimental  techniques  are  probing  molecules  and 
how  much  Interesting  chemistry  there  Is  in  the  world  of  small 
molecules.  It  is  also  important  that  theoreticians  and  the 
experimentalists  feed  these  ab  initio  numbers  Into  existing  seml- 
emplrlcal  theories,  and  that  through  this  process  the  semi erp 1 r 1 cal 
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rules  be  upgraded  by  what  slight  be  called  seal-ab-lnltlo  rules 
into  which  new  relationships  and  concepts  of  aolecular  Inter-actlona 
obtained  froa  accurate  calculations  are  embodied.  This  is  an 
important  added  bonus  available  from  the  calculations  due  to  the 
"adiabatic"  nature  of  the  computing  process.  We  can  "freeze"  our 
numeric  model  and  "look"  at  any  stage  of  a process.  For  example, 
we  can  now  watch  a molecule  form  or  atoms  collide  in  terms  of 
their  changing  electronic  charge  density  continuously  being 
displayed  on  a cathode  ray  tube  controlled  by  digital  computers 
(Figure  5)  during  the  chemical  process  numerically  under  uay.^^ 
Figures  8.  9,  12-17. 

In  conclusion,  we  should  say  that  the  chemist  is  not  going 

to  be  replaced  by  the  computer  --  at  least,  certainly  not  by  the 

computer  used  in  a purely  theoretical  manner.  However,  I think  that 

times  have  changed  in  the  sense  that  the  chemist  can  obtain  so,>his- 

tlcated,  relevant,  and  accurate  answers  from  computers,  particularly 

where  difficult  experimental  conditions  are  required,  where  the 

142 

calculation  is  feasible  but  the  experiment  *s  not.  (Computers 

don't  burn  up  or  melt  when  the  temperature  ol  your  theoretical 
model  is  Increased;  computers  do  net  corrode  if  you  perform  a 
calculation  on  fluorine;  and  the  time  scale  of  your  numeric 
experiment  can  be  expanded  or  contracted  at  will.) 

The  new  capabilities  we  have  with  electronic  computers  should 
be  interwoven  into  the  experimentalist's  thinking  and  he  really 
should  consider  the  alternatives  when  he  seeks  a particular 
physic',  property  of  a simple  system,  "Should  I measure  it  or 
should  I compute  itf"  We  shall  find  that  the  limits  of  error  in 
the  computation  often  are  comparable  to  limits  of  error  obtainable 
experimentally,  and  sotietlmes  that  the  derivation  is  more 
tractable  and  economical. 
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THE  COVALENT  BOND:  FORMATION 
OF  THE  HYDROGEN  MOLECULE 


u^p„yt  ,ne  Dcgtnmog  *nd  end  diagi.mi  ii.  the  fotmatioa  of  the  H»  molecuk 
^ cooOHU  cooe^oo*  » a fwobabte  elecnon  demlty  of  .25  e 'W  and 

each  siKccBlve  outei  contow  decteaied  by  a faciot  of  2 down  to  4.9  a I0-<  e*/boht3 


294 


Chemistry  from  Coin^utcrj 

FILM  LOOP  is: 

THE  IONIC  BONO:  FORMATION 
OF  THE  LiF  MOLECULE 


13  9 BOHRS 


INTCRNUCLCAR  DISTANCE 

Fig.  IS.  DUplayj  3 tequencet  In  the  fccmition  of  the  highly  ionic  tyitem  UF  from  the  li 
and  fluorine  atoma.  Note  change  bora  U and  F atom  to  U'*'  anJ  F*  atoms  at  a distance 
of  13.9  bohn  where  the  ionic  configuration  becomes  mote  stable,  in  aii  diagram  the  in- 
nermcst  o':i>our  coaesponds  to  a probable  electron  density  of  1.0  e'/boht^  and  each  sue* 
cessivc  outer  contour  decreases  by  a factor  of  2 down  to  4.9  x 10*^  e'/bohr^. 
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FILM  LOOP  Y 

THE  REPULSION  BETWEEN  NOBLE  GASES 
HE-HE  INTERACTION 


6x10+2 


4x10+2 


2x10+2 


I bohr  5 5.29  x I0~®  cm 


Kcal/mole 


5 10  bohr 

INTERNUCLEAR  DISTANCE 


Fig.  16.  Displa/i  the  beginning  and  end  diagram  in  the  tep'Jbive  interaction  of  two  helium  atom. 
At  atom  move  together  note  how  the  electron  charge  is  squeezed  from  between  the  nuclei  to  the 
ends  of  the  molecuie.  (A  consequence  of  the  Pauli  Fjtclution  Principie.)  In  aii  diagram  the  inner- 
most contour  coirespondt  to  a ptobabie  eiecmm  density  of  1.0  e'/boht^  and  each  successive  outer 
contour  decreases  by  a factor  of  2 down  to  4.9  x 10'^  e'/bohi^. 
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Towards  this  view  we  "coaputer  qi  intua  chealsts"  are 
developing  our  theory  and  procedures  Into  self-contained  "packqges" 
or  systems  which  should  be  treated  as  a new  piece  of  experlaental 
apparatus  requiring  little  or  no  Intlaate  knowledge  of  Its 

143-146 

detailed  structure.  Our  ultimate  goal  Is  to  make  these 

chemical  computing  systems  so  self  contained  that  the  experimental 

143 

chemist  can  ask  of  them  truly  chemical  questions  such  as  "What 

Is  the  dipole  moTt.ent  of  CaOl"  or  "What  are  the  vibrational  levels 

of  VCl^l"  or  "What  are  the  transport  properties  of  alkali  vapors?" 

This  requires,  of  course,  that  our  computing  systems  embody  not 

only  mathematical  analysis  but  our  procedures  and  experience  In 

utlllzlr'g  these  theoretical  techniques  and  that  such  systems  are 

capable  of  continuous  growth,  revision  and  eventually  learning 

from  the  system's  own  accumulating  experience.  It  Is  further 

mandatory.  If  these  systems  are  to  be  useful  to  the  non-speclallat 

that  a guarantee  of  reliability  and  precision  relative  to 

external  reality  be  made.  This  has  formulated  our  phlloaophy 

that  only  methods  capable  of  routinely  producing  chemically 

useful  precision  be  Incorporated  Into  the  final  system  concept. 

The  non-speclallst  should  not  be  seduced  Into  believing  numbers 

simply  because  they  are  produced  In  an  officious  manner.  Due 

to  the  meteoric  progress  being  made  In  computer  design  and 

143-149 

capacity  and  the  Increasing  sophistication  of  "computer 

chemists",  I have  confidence  that  the  above  and  more  provocative 
chemical  questions  shall  be  poaed  to,  answered  by,  and  eventually 
even  formulated  by  our  new  numeric  apparatus. 
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NOTE:  Aa  interesting  aspect  ol  the  pictorial  material  dealing  with 
eiectranic  charge  density  and  its  change  during  molecular  lorma- 
tioo,  excilelion  and  ioniulion  presented  ia  this  paper  is  that  all  dia- 
grams arc  produced  and  drawn  automatically  by  digital  computers 
linked  to  plolling  devices  (CRT  and  paper).  This  pictorial  project  is 
cumsilly  being  made  interactive  thmigh  the  use  of  the  Latoratory's 
new  gr^kel  equipment.  The  author  and  hia  associates  arc  devel^ 
ing  what  they  call  an  IntteactNt  Qumtum  Mechaetics  Laboratory 
through  wbkh  a researcher  or  iludcBt  con  tit  st  n CRT  frophic  con* 
sole  and  by  roqvctt  **wttcb"  a tenet  of  fnadamMUl  cbcnical  pro- 
cettet  wfiid)  he  pertonally  may  amtrol  and  modify.  Material  similar 
10  Uwsc  diatramt  hat  ben  organized  iato  a book  and  leriea  of  Uiaru 
**Atomic  and  Molecular  Structure;  A . Pictorial  Approach,”  A.C. 
WabI  and  M.T.  Wahl,  McGraw-Hill  (l%9).  and  a set  of  motion  pic- 
turca  "Atocni  t:a  Molecules,”  A.C.  Wahl  and  U.  Bhikit,  McGraw-Hill 
(1969). 
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Numerical  Solutions  of  the  Vlasov  Equation 


J.  Denavit 

Plasma  Physics  Division 
Naval  Research  Laboratory 
Washinuton.  D.C. 


ABSTRACT 

This  paper  present  a review  of  numerical  solutions  of  the  Vlasov  equation 
by  the  fourier-I''ourier  transform  method  and  by  the  direct  method  of  integra- 
tion in  which  the  distribution  function  is  pushed  in  the  phase  plane.  Computer 
codes  were  written  to  implement  both  methods  end  numerical  solutions  of  two- 
stream  Instability  problems  by  both  methods  are  compared.  The  Fourier-Fourier 
transform  code  uses  fast  Fourier  transforms  to  compute  the  convolution  term 
which  appears  in  thp  transformed  Vleisov  equation.  This  technique  allows  solu- 
tions with  a large  number  of  modes.  In  the  direct  integration  code,  the  dis- 
tribution "unction  is  not  generally  reconstructed  at  eveiy  time  step.  The 
examples  presented  in  the  paper  suggest  that,  by  properly  choosing  the 
frequency  of  reconstruction  of  the  distribution  function,  it  may  be  possible 
to  minimize  both  the  noise  due  to  discrete  particle  interactions  and  the  dif- 
fusion which  occurs  every  time  the  distribution  function  is  reconstructed. 
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I.  IHTHODUCTION 

Collective  pheucnena  in  colUfilooless  plasmas  have  been  studied  analyti- 
cally in  terns  of  the  Vlasov  equation,  which  describes  the  dynamics  of  a systems 
of  many  charged  particles,  and  Maxwell's  equations  to  describe  the  electromag- 
netic field.  Analytical  solutions  have  often  been  based  on  a decco^sition  of 
the  spatial  dependence  of  the  distribution  function  into  linearly  independent 
nodes,  followed  by  studies  of  nonlinear  coupling  between  modes.  In  numerical 
simulation  of  plasmas,  a more  direct  method  has  been  widely  used.  Here  the 
positions  and  velocities  of  a large  n\anber  of  particles  moving  in  their  self- 
consistent  field  are  cooputed  as  a function  of  time.^^"^^  Thus  the  coanplete 
dynamical  state  of  the  system  is  knon/n  at  every  time  step,  and  average  quanti- 
ties of  interest,  such  as  number  densities  or  tenperatures,  are  computed  when- 
e*;er  desired.  Although  the  number  of  particles  which  may  be  followed  on  a 
ccinputer  is  much  smaller  than  the  nxunber  of  particles  found  in  actual  plasmas, 
particule  simulations  are  conceptually  similar  to  actual  experiments  and  have 
been  successful  to  provide  an  understanding  of  a variety  of  plasma  phenomena. 

An  alternate  approach  to  the  cos^tational  study  of  collisionless  plasmas 

>'^-lT ) 

is  provided  by  numerical  solutions  of  the  Vlasov  equation.''  Since  it  is 
based  directly  on  the  same  equation,  this  approach  lies  close  to  analytical 
methods.  It  yields  itself  easily  to  the  study  of  linearized  solutions  and 
mode  coupling  effects.  However,  it  is  also  applicable  to  strongly  nonlinear 
problems  and  can  therefore  provide  a useful  link  between  particle  simulations 
and  theoretical  results.  Since  it  differs  fundamentally  in  its  approach  from 
the  particle  simulation  method,  conparison  of  the  two  methods  gives  an  insight 
into  the  validity  and  limitations  of  both  methods. 

The  present  paper  will  be  limited  to  one-dimensional  problems  involving 
only  electrons  moving  over  a uniform  positively  charged  background,  and  periodic 
boundary  conditions  in  space  will  be  assumed.  Let  L denote  the  periodicity 
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lenctb  of  ^bs  pl«aaa  aal  o)^  the  plaama  frequency.  Dlstancss  will  be  measured 

In  units  of  L and  times  will  be  measured  in  utilts  of  w~^.  It  follows  that 

P 

the  electric  field  la  meaaurad  In  'uiits  of  mLoi  ^/e  whare  e and  m are  the  elec- 

P 

tron  charge  and  mass.  The  ooe-dlmenslbnal  Vlasov  equation  then  takes  the  form 


6f 


’■If 


(1) 


where  f(x,v,t)  denotes  the  electron,  distribution  function  and  E(x,t)  la  the 
electric  field.  Let  E(x,t)  » E®*^(x,t)  +E^*(x,t),  where  E***  I*  external 
electric  field  and  E^’^^  la  the  Intemal  field  due  to  electrons  and  the  posi- 
tively chargad  background.  The  Internal  field  la  detemlned  by  Poisson'  a 


equation, 


(2) 


The  solutions  of  the  Vlasov  equation  obey  the  principle  of  conservation  of 
density  In  phase.  The  density  In  phase  Is  the  distribution  function  Itsslf 
In  the  present  case.  Let  (x^,  v^)  denote  the  coordinates  of  a partlcls  In 
the  phase  plane  at  time  t^.  At  time  t,  the  particle  has  moved  to  the  phass 
point  (x,v).  Conservation  of  density  In  phase  requires  f(x,v,t)  > f(x^,v^,t^). 
We  will  see  In  Section  III  that  this  property  Is  used  for  the  direct  Integra- 
tion of  the  Vlasov  equation  In  phase  plane. 

An  Important  property  of  the  solutions  of  the  Vlasov  equation  is  thslr 
tendency  to  acquire  Increasingly  fins  structures  In  phase  plans  a>;  tins  In- 
creases. This  phenomenon  may  bo  Illustrated  In  terms  of  the  oscillations  of 
an  electron  gas  trapped  In  the  potential  trougn  of  an  external  electric  flsld 
of  ths  form  E « E^sln  2ttx/l.  Neglecting  the  Internal  field  which  would  not 
change  tha  raaults  qualitatively,  the  electron  trajectories  are  given  by 
Jacobi  elliptic  functions. 
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sin  = H sn(u,B)  , 

^ = K cn(u,B)  , 

TR 

with  u = 2nt/t  + u . Here  t_  denotes  the  trapping  period  and  v_  the  trap- 
IK  O IK  IK 

ping  velocity.  The  modulus  K and  the  constant  depend  on  the  initial  elec- 
tron ccrrdinates  in  the  phase  plane.  The  limit  cycle  defining  the  boundary 
between  tn^ipea  and  untrt^ed  electrons  in  the  phase  plane  is  shown  in  Fig.  1. 

If  the  electrons  are  Initially  distributed  uniformly  over  the  shaded  area 
shown  in  Fig.  1(a),  their  phase  density  at  t = will  be  uniformly  distri- 
buted over  the  shaded  area  shown  in  Fig.  1(b).  In  the  present  case,  the  develop- 
ment of  the  fine  spiral  structure  near  the  limit  cycle  is  cause  ? by  the  sharp 
anplitude  dependence  of  the  period  of  oscillations  of  trapped  electrons  in  this 
region.  As  tine  increases,  the  description  of  the  distribution  function  re- 
quires an  ever  finer  resolution  which  ultimately  exceeds  the  finite  capacity 
of  conputer  storage. 

(12) 

This  phenomenon  has  been  discussed  by  I^den  Bell'  in  relation  to  the 
approach  to  equilibrium  of  solutions  of  the  Vlasov  equation.  When  the  struc- 
ture becomes  so  fine  that  its  scale  is  much  smaller  than  the  chai^teristic 
lengths  and  velocities  of  the  plasma  phenomena  of  interest,  its  description 
may  be  abandoned  and  a coarse -greiined  distribution  function  r(x,v,t)  defined 
by  averaging  f(x,v,t) , 

1 

■?(x,v,t)  = J J w^(x')w^(v')f(x  + x',v  + v',t)dx'dT'.  (^) 

O - QD 

The  weight  functions  w^(x)  and  w^(v)  define  the  resolution  and  the  exact  form 
of  the  averaging  operation.  The  choice  of  these  functions  is  an  important  con- 
sideration in  msaerical  solutions  of  the  Vlasov  equation. 
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9y  rtvtrilng  tha  ilgn  of  t In  Eq.  (1)  It  may  be  obaerved  that  aolutlona  of 
tba  Vlaaov  aquation  are  reveralbla.  However,  the  avera^g  (iteration  defined 
by  (3)  amounta  to  neglecting  aone  of  the  Infonnatlon  contain  ' In  the  fine 
atructura  of  f(x,v,t).  Tlnu  numerical  aolutlona  of  the  Vlaaov  equation  ualng 
thla  averaging  operation  an  not  exactly  reveralble.  Since  the  coiqputatlon 
of  tha  coarae-gralned  dlatrlbutlon  function  alao  Involvea  the  averaging  of 
different  neighboring  valuea  of  the  original  dlatrlbutlon  function,  the  princi- 
ple of  ccnaarvatlcQ  of  danalty  In  phaae  no  longer  appllea  exactly  to  the  coarae- 
gralned  dlatrlbutlon  function. 

Numarlcal  methoda  for  the  aolutlon  of  the  Vlaaov  equation  may  be  claaaifled 

aa  (A)  direct  methoda.  In  which  the  dlatrlbutlon  function  la  repreaented 

directly  In  the  (x,v)  plane,  and  (B)  tranefonn  methoda , In  which  tha  dlatrlbu- 

tlon  function  la  flrat  tranaformed  (Fourier  tranaformed  for  example)  and  the 

tranaformed  Vlaaov  equation  la  then  Integrated  numerically.  Two  typea  of  direct 

methoda  have  been  uaedi  (a)  the  dlatrlbutlon  function  may  be  puehed  In  the 

tc  a \ 

(x,v)  plane  along  Ita  oharacterlatioa,'”^  ^ or  (b)  the  phaae  plane  may  be  Ini- 
tially divided  Into  a number  of  uniform-denalty  leglona  representing  the  Ini- 
tial distribution  function,  and  then  only  bo'undary  points  need  to  be  followed 

(a) 

In  tlme.'^^  Transform  methoda  can  also  be  au'udlvlded  Into  several  typea  depend- 
ing on  the  type  of  transform  used,  (a)  The  distribution  function  may  be 

(10) 

Fourier  transfonied  with  respect  to  both  position  and  velocity,  this  Is  called 
the  Fourler-Fourler  transform  method,  or  (b)  the  dlatrlbutlon  function  may  be 
Fourier  transfonied  with  respect  to  position  only  and  the  velocity  dependence 
of  each  mode  represented  by  an  expansion  In  Hemlte  polynomials. The 
latter  method  la  called  the  Fourler-Hermlte  method. 

This  paper  presents  a review  of  the  Fourler-Fourler  transform  method  and 
of  tha  direct  method  of  Integration  In  whl  .'h  the  dlatrlbutlon  function  la 
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puahed  In  the  (x,v)  plane.  Ccoputer  codea  were  written  to  isvlement  both 
nethoda  and  numerical  aolutlona  of  two-atream  Inatahlllty  problem!  by  both 
methoda  are  coiqpared. 

The  Fourler-Fourler  tranaform  method,  originated  by  Knorr,^^^^  la  con- 
aldered  In  Section  II.  Prevloua  aolutlona  ualng  thla  method  had  been  limited 
to  a few  modea.  The  preaent  code  uaea  faat  Fourier  tranaforma  to  coogpute  the 
convolution  tem  which  appeu>a  In  the  tranafonned  Vlaaov  equation.  Thla  tech- 
nique yield!  a conalderable  aavlng  In  computing  time  and  aolutlona  with  up  to 
8?  modea,  capable  of  repreaentlng  atrong  nonlinear  effecta  have  been  obtained. 

The  code  written  to  iqplement  the  direct  method  of  Integration  la  capable 
to  generate  "hybrid"  aolutlona  In  which  particlea  of  different  maaaea  are  ad- 
vanced aa  In  a particle  code,  but  the  dlatrlbutlon  function  la  reconatructed 
periodically  aa  In  a Vlaaov  code  by  an  averaging  operation  almllar  to  Gq.  (?). 
The  example!  preaented  In  Section  III  auggeat  that,  by  properly  chooaing 
the  frequency  of  reconatructlon  of  the  dlatrlbutlon  Auction,  It  may  be 
poaalble  to  minimize  both  the  nolae  (or  apurloua  oaclilatloni.< ) due  to  dla- 
crete  particle  Interaction!  and  the  dlffualon  ^ich  occura  evezy  time  the  dla- 
trlbutlon  function  la  reconatricted. 

II.  THE  FCfURIER-FOURIER  TRANSFORM  METHOD 

1.  Fourier  Trenaforma 

The  apatlal  dependence  uf  the  dlatrlbutlon  function  f(x,v,t)  and  of 
the  electric  field  E(x,t)  ia  reprea^ted  In  Foui'ler  aerlea  aa 

r(»,v,t)  . I 

n--  «• 

and  ^ 

E(x,t)  - S^(t)e^’'^  , 
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with 


and 


-2ninx  , 
e dx  , 


gjj(v,t)  = J f(x,v,t) 

o 

1 

E„(0  = jE(x,t)e‘^"^“dx 


The  distribution  functions  g^(  v,t)  for  'each  mode  n are  now  Fourier  transformed 
with  respect  to  velocity, 

+00 

H^(q,t)  = J gjj(v,t)e^‘^^dv  , 

. oo 

with  . 

+0D 

gn(v,t)  = ^ J H^(q,t)e-^‘l^dg  . 

m 00 

Since  f(x,v,t)  and  E(x,t)  are  real,  we  must  have 

;.n(v,t)  = rjj(v,t),  f_^(t)  = B»Jt)  (4,5) 

and 

H_^(q,t)  = Hy-q,t)  . (6) 

The  functions  H^(q,t)  with  n = 0,  fl,  ...  are  the  characteristic  functions^^^^ 
of  the  velocity  distributions  corresponding  to  the  spatial  modes.  These  func- 
tions have  an  Interesting  property  relating  them  to  the  Bcoents  of  the  cor- 
responding distributions.  Let  denote  the  moment  of  order  v of  Kjj(v), 

we  have 


This  property  is  used  in  Section  II-5  to  evaluate  the  plasma  density,  momentum 
and  kinetic  energj.  We  observe  in  addition  that  fine  structures  of  the  dis- 
tribution function  in  the  (x,v)  plane,  correspond  to  values  of  H^(q)  for  large 
n and  q.  Thus  truncating  the  set  of  functions  H^^Cq)  at  some  finite  values 
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and  provides  a single  way  to  neglect  the  fine  structure  of  the  dis- 
tribution function  without  affecting  any  of  its  mcuients  for  |nl<m  . A 

' ’ USX 

further  discussion  of  the  significance  of  this  truncation  will  be  given  in 
Section  II-4, 

After  transformation  and  truncation  at  Am  the  Vlasov  equation  (l) 

max 

yields 


where 


~W  ^ = 2?r 


max 


Mq,t)  = I (-2TTiEjH^_Jq.t) 


m 


max 


(8) 

(9) 


Poisson's  equation  (2)  gives 

.2niEj"^  = i H^(q=0,t)  (10) 

for  n r 0 and  = 0. 

The  term  C is  a convolution  which  cooks  from  the  nonlinear  term  of  the 
n 

Vleisov  equation.  Solutions  of  the  linearized  Vlasov  equation  may  be  obtained 
by  sisq)ly  setting 


C„(q,t)  = -2TTiE^H^(q)  , (11) 

where  H^(q)  is  the  characteristic  function  of  the  assumed  spatially  homogeneous 
velocity  distribution.  In  the  linear  case  Eqs.  (8)  decouple  and  their  solu- 
tions may  be  carried  out  independently  for  each  mode  n ^ 0.  The  equation  for 
n = 0 beccoKS  trivial.  In  the  analysis  of  scck  problems,  such  as  in  the  quasi- 
lineeir  theory,  the  VImov  equation  is  solved  including  wave-particle  interactions 
but  neglecting  mode-coupling  terms.  Such  solutions  may  be  obtained  by  using 
the  convolution  term  (11)  for  n / 0 and  setting 
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°Wx 

■%Jt 

In  this  cue  Eq.  (6)  for  n ■ 0 ie  of  couree  not  trlvlrl  and  H^(q)  in  xbe  tern 
(11)  la  tlm  dependent.  An  exaiqple  of  auch  a solution  will  be  given  In  Section 
II-6. 

2.  Algorithm 

The  characterlatlca  of  Eqs.  (8)  are  straight  lines  of  slope  2nn 
In  the  (t,q)  plane  u shown  In  Fig.  2.  Beicause  of  the  reality  condition  (6) 

It  la  only  neceaasry  to  solve  these  equations  for  n 0 so  that  all  charsc* 
terlatlca  have  positive  slopes.  At  each  time  step,  the  value  of  Hj^(q,t)  Is 
obtained  from  the  Iterative  formula. 

* Hjj(q-2Ttn  At,t-At)  + ^ (q-2nn  At ) At Cj^(q-2nn  At  ,t-dt) 

+ qAtc(^)(q,t)  , (15) 

In  which  the  auperacrlpt  denotea  the  number  of  Iterations  carried  out.  The 
reaulta  presented  later  lu  Bectloa  II-6  were  obtained  using  a slnlge  Iteration. 

The  (t,q)  plane  Is  covered  with  a grid  with  mesh  sizes  At  and  Aq.  Values 
of  q In  Eq.  (15)  are  chosen  to  fall  at  grid  points  as  shown  In  Fig.  2.  The 
values  of  q-2Trn  At  then  do  not  fall  at  grid  points  and  the  first  two  terms  In 
Eq.  (15)  must  be  Interpolated.  A nine-point  Lagranglan  Interpolation  wu  used 
In  the  confutations  presented.  With  the  mesh  size  Aq,  we  expect  the  distribu- 
tion function  f(x,v,t)  to  be  adequately  defined  over  the  Interval  -v  or  <v  , 

SULX  lUX 

In  which  Vjj^  “"l/Aq . At  the  lower  boundary  q « -q^^^,  the  values  of 
K^(q-2nnAt,  t-At)  needed  In  Eq.  (15)  are  unknown.  These  values  are  set 
equal  to  zero  thus  truncating  the  characteristic  function  at  q > ^max* 

The  convolution  terms  (9)  are  evaluated  uelng  discrete  Fourier  transforms. 
Consider  two  arrsys  of  N elements  and  Y^,  wherj  the  subscript  m Is  defined 
modulo  N,  and  take  the  discrete  Fourier  transforms  of  both  arrsys. 
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K-1 


2tt1 


= y xe^ 


nj 


m = 0 
N-1 


2ni 


I V 


Bj 


irtiere  J is  also  defined  modulo  N.  The  discrete  Fourier  transform  of  the  pro- 


duct XjYj  yields 


N-1 


2ni 

N 


Z = y X Y e ^ *^  = Ny  X Y (U^) 

n 4(  J J m -n-m  . '■ 

J=0  m:0 

Thus  the  caivolutlon  may  be  coc^ted  in  terns  of  discrete  Fourier  transforms. 

However,  the  modes  E and  H in  the  definition  of  C are  not  cyclic  in  the 
mm  n 

subscript  but  are  zero  for  To  achieve  the  same  result  with  periodic 

arrays  it  is  necessary  to  Increase  the  size  of  the  arrays  by  appending  zeros. 


N-1 


Let  N be  chosen  such  that  3m  + 1 <:  N = 2 , where  G is  an  integer,  and  set 

max 


X 


m 


-2niE  „ and  Y 
N m 


for  N/2-fflj^  <m  <n/2-Ib^^^  and  X^  = Y^^  =0  for  all  other  values  of  m in  the 
internal  0 <m  <N-1.  Then  con^jarlng  (9)  and  (l4)  yields 


N-1 

= Y 


Vn-m 


(15) 


mO 

Using  a fast  Fourier  treuisform  algorithm^ the  caoputlng  time  beccnes 

prc5)ortlonal  to  n^^log^^^.  This  compares  with  a computing  time  proporticaial 

to  m®  „ when  the  convolution  C is  evaluated  by  direct  summation.  Letting 
max  n 

^max  ~ denote  the  number  of  grid  points  in  the  velocity  transform 

directicai  and  neglecting  the  logarithmic  dependence,  the  cosgmting  time  per 
time  step  is  given  by  a J The  constant  a for  a non-optimized  code  on 

the  IBM  360/91  was  found  to  be  0.24  ms. 
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5 . Convergence 

At  each  time  step  the  first  two  terns  in  the  right  memher  of  Eq.  (15) 
are  known  quantities  evaluated  at  the  previous  time  step  while  the  convolu- 
tion terms  C^^^\q,t)  are  linear  combinations  of  the  preceeding  approximation 
. The  matrix  of  the  coefficients  of  these  linear  ccmbinatlons  is 


The  iterative  process  defined  by  Eq.  (15)  converges  only  if  all  the  eigenvalues 
, for  j = -m  of  this  matrix  are  smaller  than  unity.  Let 

j 1Q&7C  lUdjC 

T 

A denote  the  transposed  matrix  of  A*  We  have 

m 

max 

IXjl^  ^Trace(M^)  [e/  , 


or 

„ Ixjl  i qAtVm  U 

max  ^ 

where  U = Y |e  f is  the  electrostatic  energy  of  the  system.  The  iterative 
m^ 

process  is  therefore  convergent  if 

W*^‘'“max^ 

This  ccndition  is  satisfied  by  adjusting  the  time  step  fit  according  to  the  mag- 
netude  of  the  electrostatic  energy.  In  the  examples  presented  in  Section  II-6, 
values  of  fit  larger  than  0.05  were  found  to  satisfy  the  convergence  condition. 
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4.  Truncation 

We  have  observed  earlier  that  the  truncation  of  the  functions  H^(q,t) 
at  n = q = ^‘Ijnax:  ■‘^®'41ts  In  the  elimination  of  the  fine  structure 

of  the  distribution  which  Is  represented  In  the  high-order  modes  (in  position 
and  velocity)  of  H ((i,t).  The  tumcatlons  at  fm  and  ±q  are  equivalent 

n mQX  m&wC 

to  an  averaging  opera'll  on  of  the  form  defined  1/  Eq.  (j)  ■with  ■weight  functions 

m 

max 

w^(x)  = 1 + 2 y cos  2irnx  , 


The  function  w (x)  has  a half-'vd.dth  Ax  =“l/2m  and  the  function  w (v)  has  a 
half -width  Av  =“  rr/  q^^y«  The  choice  of  the  cutoff  values  m^^^  and  q^^^  must 
be  made  such  that  the  half-widths  Ax  and  Av  are  small  congsared  to  the  char- 
acteristic lengths  and  velocities  of  the  system.  For  exanple,  if  the  phenomenon 


being  studied  involves  trapping  osclUatlons  with  a trapping  length  it  is 
generally  found  that  a haJ.f-wid'th  Ax  “hpp/l6  is  required.  Thus  the  S'budy  of 
a ■two-stream  instablll'ty  in  which  the  mode  n = 5 is  dominant  requires  a solution 
including  approximately  4C  inodes.  Both  weight  functions  have  negative  side 
lobes  which  introduce  ripples  in  the  distribution  function.  For  sufficiently 
small  half -■widths , however,  these  ripples  remain  on  a small  scale  and  ha've  no 
effect  on  the  large-scale  feat'nres  of  the  solutions.  As  noted  earlier,  the 
present  a'veraglng  operation  aixs  not  affect  the  moments  of  the  distribution  to 
any  order. 

5.  Conservatlcm  Laws 

Setting  n = 0 and  q ~ 0 in  Eq.  (8)  yields 

=0  • (^7) 
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I'S't  ^(q*t)  and  nF(q,t)  denote  the  real  and  Imaginary  parts  of  I^(q,t).  The 
reality  condition  (6)  requires  H^(0,t)  = 0 and  doaotes  the  (noemalized; 

maiiber  of  particles  in  the  system.  Thus,  Eq.  (17)  is  an  expression  of  the  con- 
servation of  particles  in  the  system.  From  Eq.  (13)  we  observe  that  H^(0,t) 
must  remain  constant,  and  particle  conservation  is  therefore  satisfied  exactly 
in  the  numerical  solution. 

TaMvig  the  derivative  of  Eq.  (8)  with  respect  to  q and  setting  q = 0 and 
n = 0,  in  the  case  where  no  external  fields  are  applied,  yields 


6 


V "1 4=0 


= 0 


The  reality  condition  (6)  requires  I^(q)  to  be  an  even  function  and  H^(q)  to 


be  an  odd  function.  Thus,  the  above  equation  reduces  to 


-L 


= 0 


(18) 


which  is  an  egression  of  nnaentum  consexnration  in  the  system. 

Taking  the  second  derivative  of  Eq.  (8),  truncated  at  setting 

q = 0 and  n = 0 yields 


I 

\ 


\ 


b 

TT 


(.2^  V max 

— ) * I — 

bq^  / » m^  (2TTm) 


l\(<l=«)P 


0 (19) 


'q=0  I 

In  deriving  the  above  equation,  it  has  been  assumed  that  no  external  fields  are 
applied,  and  use  has  been  nade  of  the  reality  condition  (6)  which  iinplies 
0.  The  first  term  in  the  bracket,  represents  the  kinetic 
energy  of  the  system, 

T 

\ x-2  , 

9=0 

and  the  second  term  represents  electrostatic  energy, 


(b  = Hj,/bq=)q^ 


-K3)  . 
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m=l 


(2  m)® 


Thus,  Eq.  (19)  is  an  expression  of  the  conservation  of  energy  in  the  system, 

T + U = constant.  Since  Eq.  (19)  was  derived  frcm  Eqs.  (8)  truncated  at  T 
a check  of  the  energy  cannot  reflect  errors  due  to  truncation  but  only  errors 
due  to  other  causes. 

Momentm  and  energy  checks  are  carried  out  in  the  numerical  solution  by 
differentiations  of  the  central  difference  interpolation  fomula^^^^  for  the 
functions  l^(q)  and  H^(q)  at  q = 0.  Five  points  on  either  side  of  q = 0 are  used. 

6,  Examples 

Case  1;  Two-Stream  Instability  with  Equal  Beams 
Consider  a two-stream  instability  resulting  frcm  the  initial  condi- 
tions defined  by  the  distribution  function 

f(x,v>  t=0)  = fQ(v)  I'j  + 2 e cos  2nx]  , 


with 


fo(v)  = 


th 


and  v^j^  = 0.5/n,  c = 2.5  10 These  initial  conditions  correspond  to  a sys- 
tem length  L = 10,5Xjj  where  Xjj  = is  the  Debye  Length.  The  initi.*lly 

excited  mode  has  a wavelength  equal  to  the  length  of  the  system,  i.  e.,  1.  or- 
responds  to  the  first  mode  n = 1.  The  linear  growth  rates  for  this  problem 

(17) 

have  been  computed  by  Grant  and  Feix'  . The  first  mode  is  the  only  ims table 
mode  and  has  a growth  rate  Y = 0.24. 

The  solid  curve  in  Fig.  5 corresponds  to  the  electrostatic  energy  with 
m = 21,  = 256  and  Aq  = 4.  This  energy  grows  at  approximately  the 

linear  growth  rate  from  t = 10  to  t - 20  and  saturates  at  2.2^  of  the  total 
energy.  The  frequency  of  trapped  electron  oscillations  at  saturation  is 
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m 0.35,  «hlch  corwipood*  to  a tnpping  perlodT  ^ a 19.2.  After  •atara- 
ti«  ««  electroatattc  energr  o«=inat«i  with  a period  of  «proxl«tely  20. 

The  «^tude  of  the  first  «xie  (n  =1)  la  ^proadmtely  on  order  of  -gnltude 
larger  t»»n  the  enOitade.  of  the  other  *-e.  (n  h.2).  The  higher-order  -ode., 
hoeerer,  ha«e  a .Igniflcerrt  effect  on  the  eolution  aa  eho«  hjr  the  broken  line 
in  Fig.  2 which  corre^pooda  to  a trujMatfcn  at  1^^  - 10.  The  aolntion  waa 
checked  by  i«e«ing  it  at  t - 20  «vl  the  a-aU  broken  line  near  t = 0 in 
Pig.  3 ahowa  the  deviation  of  the  reversed  aolutian  frc  the  forward  solution. 

The  relative  energy  error  la  2 10  •*. 

Vlasov  aolutlona  for  this  exaegae  have  been  carried  out  hy  Ar«trong 


Rielaon 


,01) 


uclng  the  Pourler-Bernite  »ithod.  These  aolutiona,  however,  were 

Halted  to  five  aid  six  spatial  -odea  and  deviate  fro.  the  pre.ent  re«>lta  for 
t >25.  P^ticle  aliUtiona  have  also  been  carried  out  by  Ar-trong  «vl 
lieW^^^  and  by  Denavlt  and  ICruer^^®^  The  results  of  these  al«ulattona  «« 
in  close  agree-ent  with  the  results  of  the  present  Vlasov  solution. 

Case  2;  Two-gtrea-  InstabUlty  with  Unequal  Bea-a 
consider  now  an  instability  resulting  frc  the  Interactiai  of  a s-aU 
tea.  with  a »hxweUl«i  pl«a.  The  initial  conditions  are 


f(x,v,trf) 


fo(v) 


^1  +2c^nc<*  (2Trnx  + ♦„) j » 


with 


f^(v) 


k;  ■ 


10'»,  v^  » 2.6  Vj,,  v^  - 0.25  v^,,  Uj,  - 0.95,  n^  « 0.05,  < « 2.5  10  * 

and  initial  phases#  „ chosen  at  randc  Thu.  the  -all  bee.  contain.  5 < of  the 

plaoa  «id  its  -an  velocity  U 3.66  ther-al  velocities.  These  initial  condition, 
correspond  to  a syst—  length  of  100  >p. 
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Itae  dispersion  relation  for  this  case  is 


iv)  ^ ^ 


in  irtiich  C = ®/k  and  z‘  is  the  derivative  of  the  plasma  dispersion  function^^^  ^ • 
Solving  thii  equation  for  the  growth  rate  Y = itfo  gives  the  curve  shown  in 
Fig.  We  note  that  modes  n = 1 through  9 ure  unstable. 

Linear  numerical  solutions,  based  on  the  convolution  tern  (ll),  were 
carried  out  and  the  corresponding  growth  rates  are  shown  by  the  circles  in 
Fig.  The  values  of  Y given  in  Fig.  correspond  to  the  growing  modes  of 
the  plasma.  For  each  value  of  n,  however,  the  plasma  also  has  damped  modes 
which  correspond  to  other  zeros  of  the  dispersion  relation  (Cf).  An  initial 
pertuibation  in  density  generally  excites  several  damped  modes  in  addition  to 
the  growing  node  corresponding  to  a given  value  of  n.  Linear  solutions  thus 
generally  display  an  initial  transcient  which  must  damp  away  before  the  growth 
rates  corresponding  to  Fig.  **  can  be  observed.  In  the  case  of  the  weekly  grow- 
ing modes  such  as  n = 1,  the  transcient  behavior  was  found  to  be  dominant  for 
long  times  (t  100).  Thus  it  is  unlikely  that  such  weakly  growing  modes 
can  be  observed  in  a nonlinear  problem. 

A "quasi-linear"  nxanerlcal  solution,  in  which  mode-coupling  terms  were 
neglected,  was  carried  out  using  the  convolution  terms  (11)  and  (12).  The 
electrostatic  energy  for  this  solution  is  shown  in  Fig.  The  most  uiistable 
mode,  n - is  dominant  in  this  solution.  The  electrostatic  energy  saturates 
at  approximately  2. lit  of  the  total  energy.  The  frequency  of  oscillations  of 
electrons  trapped  in  the  potential  trough  of  the  deminant  mode  is  = (2TmE^^)^ 
*0.lh8,  lor  n = 5.  We  observe  that  this  value  is  close  to  the  growth  rate  of 
mode  5.  After  saturation,  the  electrostatic  energy  drops  sharply  and  oscillates 
at  a lower  level. 
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The  electrostatic  energy  for  the  nonlinear  solution,  Including  mode  cou- 
pling, is  shown  in  Fig.  6.  This  solution  was  carried  out  with  m^y  = 42, 

= 25 /vp  and  Aq  = q^^/l28.  The  electrostatic  energy  saturates  at  approxi- 
mately 1.6^  o-^  the  total  energy  then  falls  and  shows  several  oscillations  at 
a lower  level.  We  observe  that  the  "quasl-linear"  solution  shown  in  Fig.  5 is 
qualitatively  correct.  The  effect  of  mode  coupling  is  to  decrease  the  growth 
rate  and  lower  the  saturation  value. 

The  density  in  phase  near  saturation  is  shown  in  Fig.  7-  Numbers  froui 
1 to  9 indicate  relative  densities.  Blanks  correspond  to  densities  which  are 
less  than  one-tenth  of  the  maximum  density.  Negative  signs  correspond  to  nega- 
tive values  of  the  density  larger  in  magnitude  than  one-tenth  of  the  maximum 
density. 

Particle  simulations  have  been  carried  out  for  this  example  by  Morse  and 
Nielson^^^  and  Denavit  and  Kruer^^®^.  The  results  of  Morse  and  Nielson  agree 
only  qualitatively  with  the  present  Vlasov  solution.  The  differences,  however, 
may  be  attributed  to  the  longer  periodicity  length  considered  by  these  authors 
and  the  random  nature  of  their  initial  conditions.  The  results  obtained  using 
Kruer's  finite-size  particle  code  with  a quiet  start'  ' agree  quantitatively 
with  the  present  solution  out  to  t =“  70,  after  which  the  two  solutions  remain 
in  qualitative  agreement. 

Case  3 ! Echo 

The  echo  problem  considered  here  corresponds  to  an  example  given  by  O'Neil 
(19) 

and  Gould'  . A uniform  plasma  with  a Maxwellian  velocity  distribution  is 
initially  excited  by  an  external  electric  field  pulse  with  wave  number 
Mode  kj^  then  decays  exponent j «‘.xly  at  the  Landau  damping  rate  and  the  perturba- 
tion part  of  the  distribution  function  takes  the  form  fi(v)  exp  (-i  k^x  + ik^vt). 
For  large  t the  integral  over  v of  this  distribution  function  phase  mixes  and 
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Figure  6 Electrostatic  energy  for  nonlinear  solution  of  two-stream 
instability  with  uneq.ua!  beams.  Case  2,  by  Fourier-Fourier 
transform  method. 
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Figure  7 


Density  in  phase  near  saturation  for  two-stream  instability  with 
unequal  beams.  Case  2,  by  Fourier-Fourier  transform  method. 
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does  not  result  in  any  density  perturbation.  A second  wave  of  wave  manber  kg  is  j 

then  excited  by  an  external  pulse  at  time  This  wave  also  damps  out  but  it  | 

modulates  the  distribution  function  of  the  first  wave  to  give  a second  order  J 

* 

distribution  function  of  the  form  f i(v)f2{v)exp{l(ke-ki)x-i(ka-ki)v[t-keT/(kp-kx)]}.  J 

I 

At  time  t = ksT/(k2-ki)  the  coefficient  of  v in  this  exponential  vanishes  and  the  | 

1 

integral  over  v no  longer  vanishes.  A new  wave,  called  echo,  then  appears  in  j 

I 

the  plasma  with  wave  number  ka  = ka-ki.  ; 

In  the  example  considered  here,  kiX^,  = 1/2  and  kaX^^  = /2.  Thus  kaX^^  = j 

1//2  and  the  echo  appears  in  the  Initially  excited  mode  at  time  _ 2t.  The  1 

thermal  velocity  is  chosen  as  v^j^  = i/2tTi/" 2 = 0.113  so  that  ki  and  kg  both  j 

correspond  to  mode  n = 1.  while  ka  corresponds  to  mode  n = 2.  Mode  n = 1 is  ' 

excited  initially  by  applying  an  external  electric  field  E^^^(x)  = E-„8in2iTx  ■ 

with  E,,„  = 0.444v..  frcm  t = 0 to  t = 0.2,  and  mode  n = 2 is  excited  by  apply- 
ing  the  external  field  E®*^(x)  = E^^j^sin^  nx  from  t = 10  to  t = 10.2.  Only  five 
spatial  modes  are  retained  in  the  present  computation.  Since  the  echo  depends 
on  the  ■'“ine  structure  of  the  distribution  I’unction  it  is  important  in  the  present 
case  to  retain  this  structure  and  is  chosen  so  that  modes  n = 1 to  n = 4 
are  not  turncated  out  to  t^^^  = 30,  thus  ~ With  Aq  = 

the  distribution  function  is  adequately  represented  out  to  v “l/Aq  = 3v..  . 

ui&X  wil 

The  density  perturbation  for  mode  n = 1 is  shown  on  a logarithmic  scale 
at  (a)  in  Fig.  8.  It  rises  rapidly  during  the  short  driving  period,  then  decays 
exponentially  at  the  Landau  damping  rate  (Y  “ - 0,4o).  The  echo  appears  be- 
tween t = 10  and  t = 30  with  a maximum  at  t = = 20.  The  echo  is  shown  on  a 

{ linear  scale  at  (b)  in  Fig.  8.  The  results  shown  on  this  figure  agree  with  the 

results  shown  in  Fig.  1(a)  of  O'Neil  and  Gould. 

III.  DIRECT  INTEGRATION  PTiASE  PLANE 
1.  Algorithm 

According  to  the  principle  of  conservation  of  density  in  phase,  the 
solution  of  the  Vlasov  equation  may  be  written  formally  as 

\ 

\ 
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H,(4-o.)>:  density  PERTURBATXXg  FOR  MODE  m>  I 

.005 

Figure  8.  Particle  density 
perturbation  for  echo  prob- 
lem) Case  3. 

(b)  0 
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Figure  9 


Characteristics  of  Vlasov  equation  in  phase  plane. 


Solutions  of  Vlasov  Equation 

f(x  + 6x,  V + 6v,  t + At)  = f(x,v,t)  (21) 

in  which  6x  and  Av  are  the  position  and  velocity  increments  during  the  time 
interval  At  of  a particle  located  at  (x,v)  at  time  t.  The  phase  plane  is 
covered  with  a rectangular  grid  with  mesh  sizes  Ax  and  Av  as  shown  in  Fig.  9. 

The  grid  extends  from  -v  to  +v  and  the  value  of  v is  chosen  large 

ulP..-  CUUC  EQ&X 

enoiigh  so  that  the  grid  covers  all  significant  portions  of  the  phase  plane. 

The  position  and  velocity  increments  are  computed  by  considering  sample 
particles  of  masses  f(x.,v.  ,t)  located  at  the  grid  points  (x. ,v  ),  and  compu- 

J K j K 

ting  their  position  and  velocity  increments  6x  and  6v..  during  the  time  inter- 

Jit  Jit 

val  At.  The  sample  particle  locations  in  the  phase  plane  at  t + At  no  longer 
correspond  to  grid  points  and  the  distribution  function  must  be  reconstructed 
at  that  time  by  distributing  the  mass  of  each  seunple  particle  among  the  neigh- 


boring grid  points, 

y 

/.V  /.t+At)  a M ffx.+  6x.  .v+l 


f(Xj/,Vj^/,t+At)  = (22) 

Applying  this  operation  to  the  solution  of  Vlasov’s  equation  (21)  yields 

f(Xj',v^',t+At)  = (25) 

The  weight  functions  w^  and  w^  determine  what  fraction  of  the  mass  of  a sample 
particle  is  assigned  at  each  neighboring  grid  point.  The  discrete  sum  in  Eq. 

(22)  defines  an  averaging  operation  similar  to  Eq.  (5).  In  the  preseit  method 
the  averaging  operation  must  be  carried  out  by  a discrete  sum  instead  of  an 
Integral  since  the  phase  plane  itself  has  been  discretized  by  the  introduction 
of  a grid.  Weight  functions  for  which  the  averaging  operation  conserves  any 
finite  nvsnber  of  moments  are  derived  in  Sec.  III-2.  It  is  not  possible,  however, 
to  derive  functions  w and  w for  which  all  moments  of  the  distribution  function 

X V 

are  conserved,  as  was  done  in  the  Fourier-Fourier  transfoim  method.  This 


results  in  seme  diffusion  of  the  distribution  function  in  the  phase  plane. 
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The  evaluation  of  the  position  and  velocity  increments  and  6vjj^  of 
the  sample  particles  is  presented  in  Sec.  III-3.  The  method  uses  an  area 
weighting  scheme  and  is  based  on  a lagranglan  formulation  of  particle  dynamics 
in  which  energy  is  conserved^^^^. 

In  a nunber  of  problems  of  physical  Interest,  the  initial  distribution 
function  consists  of  several  relatively  cold  beams  and  only  a fraction  of  the 
phase  plane  is  occupied  by  particles.  As  the  solution  proceeds  in  time,  the 
principle  of  conservation  of  density  in  phase  (which  Is  still  approximately 
satisfied  by  the  nxanerlcal  solution)  requires  that  this  fraction  must  remain 
constant.  Where  no  particles  are  present,  the  distribution  function  is  zero 
and  does  not  need  to  be  advanced.  This  is  achieved  In  tne  code  by  setting  a 
threshold  value  (for  example  10  ^ times  the  maximum  value  of  the  distribution 
function)  below  which  no  sample  particle  is  considered.  The  electric  potential 
is  computed  by  Fourier  transforms  so  that  the  electron  density  is  automatically 
renormalized  at  each  time  step.  Thus,  the  slight  loss  of  particles  resulting 
from  a finite  threshold  does  not  result  in  the  build  up  of  a net  charge  in  the 
plasma.  This  feature  of  the  direct  method  of  integration,  which  has  no  coun- 
terpart in  transform  methods,  may  yield  a considerable  saving  of  computing  time 
when  multidimensional  problems  are  considered. 

It  is  not  necessary  to  reconstruct  the  distribution  function  by  the  averag- 
ing operation  (25)  for  every  time  step  at  which  the  electric  field  is  computed. 
If  ^t  is  the  time  step  used  to  advance  the  sample  particles,  the  electric  field 
needs  to  be  computed  after  each  At  increment,  but  the  distribution  function  can 
be  reconstructf 1 only  every  Ndt,  where  N is  a properly  chosen  integer.  In 
addition  to  seizing  computing  tin'’,  this  procedure  reduces  the  diffusion  in  phase 
plane  caused  by  application  of  the  a^’eraging  operation. 

The  Vlasov  solution  described  above  in  which  the  distribution  function  is 
reconstructed  only  every  Nth  time  step  begins  to  rese-mble  particle  solutions. 
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Particle  solutions  in  which  particle  of  different  masses  ere  loaded  on  an 
(x,v)  grid  to  represent  the  initial  distribution  function  have  been  used  by 
i>yers^^\  In  such  solutions  the  plasma  consists  of  a niimber  of  discrete  small 
beans,  which  are  subject  to  instabilities  having  growth  rates  h A v where 
k = 2Ttn  is  the  wave  number  and  d v is  the  velocity  interval  between  beams 
(equal  to  the  mesh  size).  In  particle  solutions,  the  distribution  function  is 
never  reconstructed  (N  = “),  and  beaming  instabilities  occur  at  time  t^^  = 
2TT/kd  V ( see  Appendix),  'y  reconstructing  the  distribution  function  at  time 
Intervals  which  are  small  compared  to  (kd  v)  the  plasma  is  forced  to  be- 
have as  a continuum  and  no  beaming  instabilities  can  develop. 

2.  Weight  Fiinctions 

To  derive  weight  functions  w^(x)  and  w^(v)  for  which  the  averaging 
operation  defined  by  Eq.  (22)  conserves  a finite  number  of  moments  it  is  suf- 
ficient to  consider  the  one-dimensional  operation 

f(vj<)  = ^ f(Vj  + 

j 

The  weight  functions  thus  found  will  be  applicable  to  either  coordinate  or 

velocity.  Such  weight  func+^ons,  conserving  zeroth,  first  and  second  order 

(7) 

moments  have  been  derived  by  K-W  Li 

a.  Moment  Couccrvation  Co;  ditions 

The  moment  of  order  n before  averaging  is 

<v">  =y  (vj  + 6vj)"f(vj  + 5vj).  (25) 

J 

After  averaging  the  same  mcment  becomes 

=I/j'  (26) 

Substituting  (24)  into  (26)  and  reversing  the  order  oi  the  suns  over  j and  j 
yields 


\ 
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= j;  f(Vj  + ftTj)  w(Vj  rVj-»Tj). 

J d' 

The  moo'ents  (25)  and  (26)  are  therefore  equal  if  the  equality 

i' 

bolds  for  all  values  of  Vj  + 

h.  Derivation  of  Weight  Functions 

Let  k = j - j, since  the  variable  v Is  represented  on  a grid  with  mesh 
size  Av  we  havte  Vj  / = (j  +k)  Av , v^  /-v^  = kAv  and  v^  = d Av . The  mdaent 
cctidition  (27)  becomea 

Y (d-ac)“  w[(k-p)Av  ] = (d-5>)“  (28) 

k 

where  p = SVj/  Av.  We  may  assume  without  loss  of  generality  that  Is  positive 
and  smaller  than  the  mesh  size  Av  so  that  0 sp  <1.  The  function  w(v)  is  now 
assxmedto  be  even  and  to  extend  over  Q meshes  Av  on  either  side  of  the  origin. 

The  condition  (28)  is  satisfied  if 

Q 

^ k“w[(k-p)Av  ] =p“  (29) 

k=l-Q 

for  m = 0,  1,  ...»  n.  All  moments  up  to  order  n will  then  be  conserved. 

We  first  eissune  that  n is  odd  and  set  Q = (ntl)  /2.  Consider  the  Lagran- 

glan  interpolation  with  n + 1 points  of  the  function  p®.  Since  m fi  n,  the 

(21) 

intezpolatlon  is  exact  and  we  have' 

I (,)  (50) 

k =1-Q 

in  which  t’.je  functions  (p)  for  1-Q  * k * Q and  0 s p s 1 are  the  Lagrangien 

coefficients  with  n +1  points.  Comparing  (29)  and  (50)  yields  the  desired 
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weljpit  function, 

wflK-p)Av  ] (p), 

or 

w(v)  — ^-)»  for  (k-l)Av  s v s kAv  (31) 

with  k = (l-n)/2,  (1  +n)/2.  For  n even,  we  set  Q =1  +n/2.  The 

Iiagrangian  coefficients  in  this  case  do  net  yield  even  weight  function.  Even 
weight  functions  nay,  however,  be  obtained  by  syimetrizaticn  as  follows. 


w(v)  = 


-? 

*1-^) 


n 

'2 


-(|+1)AV  S V s - | AV 


(k-l)Av  <v<  kAv 


|av  S V < (|+1)av 


(52) 


with  k = 1-n/ 2,  . . . , n/2. 
c.  Examples 

For  n = 1 the  averaging  operation  (24)  conserves  particles  and 
momentum.  Since  n is  odd,  Eq.  (31)  is  applicable  and  we  have 

for  0 k v s Av . In  the  interval  - Av  s v s 0,  the  function  w^^^(v)  is  defined 
by  symmetzy  and  it  is  zrrofor  |v|>Av.  This  function  is  illustrated  at  (a)  in 
Fig.  10.  For  n = 2 the  averaging  operation  conserves  particles,  mcmentum  and 
energy.  Since  n is  even  we  apply  Eqs.  (32), 
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w<2^)  . 


for  0 s:  V s Av 


for  tv  Hv  a 2tv 

This  function  is  illustrated  at  (b)  in  Fig.  10,  it  extends  over  four  laeshes 
and  has  negative  side  lobes.  The  fifth  degree  weight  function  is 

illustrated  at  (c)  in  Fig.  10.  This  function  extends  over  six  meshes  and  has 
negative  and  positive  side  lobes  reminiscent  of  the  weight  function 
sin(TTv/dv)  /(nv/dv)  used  in  the  Fourier-Fourier  transform  method. 

Most  of  the  con^mtaticms  presented  in  Sec.  III-U  are  based  on  the  qua- 
dratic weight  function  v^^\v)  for  w^(x)  and  w^(v).  However,  some  ccmputa- 
tions  using  linear  and  fifth-degree  weight  functions  are  also  presented. 

5*  Position  and  Velocity  Increments 

Let  fjjj.  = f(Xj,Vj^,t^)  denote  the  value  of  the  distribution  function 
at  the  grid  point  "o  denote  the  displacement  of 

the  sai^le  particle  of  mass  fjj^  located  at  (Xj»\)  time  t^.  The  position  and 

velocity  increments  and  will  be  confuted  as  factions  of 

( 20^ 

time  using  a Lagrangian  formulation  derived  by  R.  Levis'  , This  formulation 
yields  an  algorithm  for  advancing  sample  particles  which  conserves  energy  in- 
dependently of  the  mesh  size  dx. 

a.  Lagrangian  Formulation 

The  electrostatic  potential  Y(x,t)  is  defined  in  terms  of  a base 
function  iJ(x)  and  a set  of  time  dependent  coefficients  °j(b)  by  the  linear 


combination 


J-1 

Y(x,t)  = Y 0!j(t)4'i:-Xj). 


(35) 
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t. 


i 


i 


i 


t 

\ 

s 


) 


Here  Xj  - J&x , for  J = 0,  J-1,  denote  the  grid  point  locations  end  J is 
the  mad>er  of  grid  points  in  the  x direction.  The  Legrangiaa  for  a systea  of 
charged  particles  is 


J-1  K 

J-1  K J-1 

I I *^Jk^k  I 

Z ^jk  Z “i*(*j 

k=l 

k=i  1=0 

1 

J-1 

2 J-1 

* Jl  ‘ 

- Z 

(3M 


idiere  K is  the  nuaber  of  grid  points  in  velocity  and  0 '(x)  = dd/dx.  The  first 
tern  In  Eq.  (3^)  is  the  kinetic  energy,  the  second  ten  is  the  negative  of  the 
interaction  energy  and  the  third  term  is  the  electrostatic  energy  of  the  system. 

The  equations  at  notion  are  obtained  by  taking  variations  with  respect 
to  the  particle  displaceaents 


J-1 

6ijk  " Z (55) 

i^ 


and  Poisson's  equation  is  obtained  by  taking  variations  with  respect  to  the 
potential  coefficients 


J-1  1 1 J-1  K 

^ Oj  J «'(x-x^)«'(x-x.)dx  = J«(x-x  )dx  - fjj^®(xj+hty^-x  ) (36) 

i=0  ° ° izO  k^ 


b.  Base  Function 

The  specific  algoritha  to  be  used  now  depends  on  the  form  of  the 
base  function  f(x),  which  detezmines  the  charge  sharing  scheste  to  be  used  in 
advancing  particles.  In  the  present  algariths,  particles  having  a triangular 
charge  distribution  with  half-width  &x  are  used.  The  corresponding  base 
function  is 
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•(*)  * 


*'jr' 


for 


. AX 

< X X --g— 


f or  - < * < + ^ 


I 


AX 


for 

Mt  « . toot.  tb.  pW  POto  loclloo  olo«.t  to  tl.  .tol.  ptolol.  (1») 

.00  it  p = (Xj  . .)/«.tto  W . too  tl»  to«  to.  ttotto  i. 

rttoltoto  ito  to  rtot  -tor  of  E,.  (35)  to  to  -to-  to  tto.  tto. 
and  we  taave 

[-fj 

Substituting  the  base  function  Into  Eq.  (36)  yield* 


(37) 


,1  • Ax  “ PrP 


where 


J K 


vH 


(38) 


(39) 


i=0  kJ. 

i.  to  otto.  toMood  to  trld  polot  ).  pot.  tot  to  l.ft  —to  of  E,.  (58) 

1.  . flolM-llff.— 0.  rw~— ftloo  of  to  to»d  derlvtl..  of  to  pototlol. 

Sloe,  porlodlc  toondw  otoltloo.  to  u—od  it  1.  o<«v.nl.ot  to  .ol- 
Poisson’s  equation  by  discrete  Fourier-trsnsforas.  Let 


J-1  2TTi 


nj 


and 


J-1  Srri 


nJ 


h =I 

denote  the  transforas  of  the  arrays  and  Multiplying  Eq.  (38)  by 
ex9(2TTinj/j),  sunring  over  j and  solving  for  yields 
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a = r 

“ Wair?  (1^  sin^) 

The  array  a . Is  then  obtained  by  taking  the  Inverse  transform  of  a . 

J 

The  time  integration  for  the  quantities  &x  ..  and  a is  carried  out  by  a 

jX  J 

conventional  leap-frog  scheme.  Since  the  distribution  function  requires  simul- 
taneous knowledge  of  the  particle  positions  and  velocities,  a half-time  step  is 
taken  Just  before  and  after  each  reconstruction  of  the  dlstrlbutloi  function. 

The  ccmputlng  time  to  advance  the  sample  particle  was  found  to  be  approxi- 
mately 0.3  ms  per  particle,  per  time  step,  on  the  ChC  3&00.  The  computing  time 
to  reconstruct  the  distribution  function  with  quatratlc  weight  ,'unctlons  was 
approximately  0.7  ns  per  particle, 
c.  Energy  Conservation 

As  a consequence  of  the  Lagranglan  formxilatlor , the  present  algo- 
rithm advancing  the  sample  particle  conserves  momentum  and  energy  indepen- 
dently of  the  mesh  size  ^ x . The  expression  for  the  total  energy  is  provided 
by  the  Hamiltonian 


J-1  K 


J-1 


J=0  k=l 


i,J=0 


The  first  term  in  the  right  member  of  Eq.  (4l)  represents  the  kin^ilc  energy 

of  the  system  and  the  second  term  represents  the  electrostatic  energy  U.  The. 

latter  term  nay  be  conveniently  evaluated  using  the  Courier  transformed  array 

a , J-1 

U(-.)  = 2T  Qa_^sin=!!5  (i^sln^ini  ).  (42) 

n=0  J 5 J 

4.  faamples 

The  problems  of  two-stream  instability  solved  in  Sec.  II-6  by  the 
Fourier-Four ler  transform  method  are  reconsidered  in  the  present  section  using 
the  direct  method  of  integration. 
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Case  1:  Two-Stream  Instability  with  Equal  Beams 

The  electrostatic  energy  for  three  solutions  of  this  problem  Is  shown 
In  Fig.  11.  All  three  cun'RS  correspond  to  the  same  maxlrntm  velocity,  v^^^  = 

4.2  V..  , the  same  mesh  sizes.  Ax  = 1^2  and  Ay  = 2v  /l20  and  the  same  time 

wU  IQEUC 

step  at  » 0.2.  The  threshold,  i.e.,  the  minimum  value  of  the  distribution 
function  for  which  a sample  particle  Is  considered  was  set  to  zero. 

The  solid  curve  corresponds  to  a reconstruction  of  the  distribution  func- 
tion every  ten  time  steps,  using  quadratic  wel^t  functions.  This  curve  shows 
good  agreement  with  the  21-mode  Fourler-Fourier  solution  given  in  Fig.  5«  The 
broken  line  corresponds  to  a reconstruction  of  the  distribution  function  at 
every  time  step,  also  using  quadratic  weight  functions.  We  observe  a decrease 
in  the  amplitude  of  trapping  oscillations.  This  is  attributed  to  a dlfiUsion 
of  the  distribution  function  in  phase  plane  due  to  repeated  applications  of  the 
averaging  operation  defined  by  Eq.  (22).  Note  that  although  energy  is  conserved 
in  the  averaging  operation,  higher  moments  are  not  conserved.  This  tends  to 
flatten  the  distribution  function  resulting  in  the  escape  of  trapped  particles. 
The  curve  drawn  with  dashes  and  dots  in  Fig.  11  corresponds  again  to  a 
reconstruction  of  the  distribution  function  at  every  time  step.  This  time, 
however,  linear  weight  functions  were  used.  Ihe  distribution  function  flattens 
rapidly  in  this  case,  filling  the  hole  located  at  the  center  of  the  trapping 
region. 

Because  of  the  rather  long  tails  in  the  distribution  function  in  the  present 
problem,  particles  are  lost  over  the  boundaries  at  v = ± ^nax’  solu- 

tions with  quadratic  weight  functions,  the  relative  particle  loss  is  4 lO"^. 

After  corrections  for  particles  lost  over  the  boundary,  the  relative  energy 
error  is  5«5  10  For  the  solution  with  linear  weight  functions,  the  relative 
particle  loss  is  2.7  lo”®  and  the  relative  energy  error  after  correction  for 
lost  particles  is  6.2  10  . 
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Figure  11  Electrostatic  energy  for  two-stream  instability  with  equal 
beams,  Case  1,  by  direct  integration  method. 


Figure  12  Electrostatic  energy  for  two-stream  instability  with  xmequal 
beams,  Caae  2,  by  direct  integration  method. 

I 
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An  additional  conputation  ms  carried  out  in  which  the  distribution  func- 
tion ms  never  reconstructed.  The  code  then  operated  as  a particle  code  with 
particles  of  different  masses  initially  arranged  in  a regular  array  in  the  phase 
plane.  Hiase  plots  for  this  run  showed  beaming  instabilities  starting  to  appear 
at  t = 10.  Hie  total  electrostatic  energy  showed  only  minor  deviation  from  the 
solid  curve  in  Fig.  11  out  to  t ^ 22,  after  «diich  it  broke  into  spurious 
oscillations . 

Case  2t  Two-Stream  Inatability  with  Unequal  Beams 

The  total  electrostatic  energy  for  three  solutions  of  this  problem  is 

shown  in  Fig.  12.  All  three  curves  correspond  to  the  same  maximn  velocity 

V = » velocity  Interval  A v = 2v  /l20  and  time  step  At  =0.2  with  the 

max  P max 

distribution  function  reconstructed  every  10  time  steps.  A threshold  equal  to 
10~°  times  tile  maximun  value  of  the  distribution  function  ms  set.  Below  this 
threshold  no  sample  particles  were  considered. 

Note  that  the  presei.t  case  Involves  five  trapping  regions  (mode  n = 5 is 
the  most  unstable  mode)  so  that  smaller  values  of  Ax  should  be  considered  than 
in  the  previous  case.  The  solid  line  in  Fig.  xl  corresponds  to  Ax  = 1/128 
with  quadratic  weight  functions.  This  curve  shows  good  agreement  with  the 
Fourier-Fourier  solution  shown  in  Fig.  6 out  to  t 60,  after  which  the  two 
solutions  remain  qualitatively  similar.  The  broken  line  corresponds  to  Ax  = 
l/64,  again  using  quadratic  weight  functions.  The  amplitude  of  trapping  oscil- 
lations is  reduced  in  this  case.  Ihe  curve  drawn  with  dashes  and  dots  in  Fig. 

12  corresponds  to  A x = l/6**  using  fifth-degree  wei^t  functions.  We  observe 
that  the  use  of  higher-order  weight  functions  tends  to  reduce  scmewhat  the  dif- 
fusion of  the  distribution  function  in  phase  space. 

The  density  in  phase  near  saturation  with  Ax  = 1/6^*  and  fifth-degree 
weight  functions  is  shown  in  Fig.  13.  This  phase  plot  may  be  compared  with  Fig. 

7 which  shows  the  density  in  phase  from  the  Fourier-Fourier  code  at  approximately 
the  same  time. 
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Solutions  of  Vlasov  Equation 


Tbe  relative  particle  loss  with  hx  = l/l26  and  quadratic  weight  ftnctlons 
la  4 10  ® and  the  relative  energjr  error  la  3*5  10“*,  Comparable  valuea  of  the 
particle  loaa  and  energy  error  ore  found  In  the  other  two  coaqiutatlons. 
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APFEKDIX 


The  tijw  interval  between  reconstructlonB  of  the  distribution  function  in 

the  aetbod  of  Sec.  Ill  aay  be  estiaiated  in  terns  of  Bavson's  theory  of  plasaa 

(22) 

oscillations  of  electron  beams'  Consider  a one-diaensional  systeB  of  elec- 
tron beans  with  velocities  o & v and  densities  * N(Vg)  Av,  with 
a = 0,  i 1,  i 2,  noving  over  a neutralizing  positively  charged  backgrouid. 
Let  n^(x  ,t)  and  Vg(y,t)  denote  perturbations  in  density  and  velocity  for  each 
bean,  nie  linearized  equations  of  notion  and  continuity  for  each  beam  and 
Poisson's  equation  yield 
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Assuming  solutions  of  the  form  A(x,t)  = A(»,k)e"^^*'*^"*°'^  for  the  perturba- 
tion quantities  yields 

n_(«  k ) = ii!!^  ^ 

"o'  ’ ^ n (»-kV„)2  (43) 


v_(«,k)  = ii!!£  1 

® a k(»-kV^) 

E(n,k)  » - 


with  the  dlspersit  n relation 


4^  J 


Dawson  has  shown  that  for  Ay  **0  , the  left  member  of  Eq.  (46)  aay  be  written 
aj  the  s\m  of  an  integral  and  a singular  teim.  7or  a hfaxwellian  beam  densi  . ' 


Solutions  of  Vlasov  Equation 


distribution  H(V^)  = (n^//5T v^)exp(^/2v^)  the  dispersion  relation 


becoBies 


e“C®e  =^«/kAv  = 1 + + CZ(C) 


ySr  Av  ^ 

where  Z(C)  is  the  plasma  dispersion  function  with  C = ibe  positive 

sign  is  to  be  used  in  Eq.  (47)  for  lan>0  and  the  negative  sign  for  lna)<0. 

For  each  k,  Eq.  (47)  has  two  ccnplex  conjugate  roots  corresponding  to  each 
beam.  Letting  + iS^^  ^ * o A v/^2v^  yields 


/ v-«y  \ 

‘ 1 » R.z(q)j 


+ koAv , 


3 « in  '"’^"'th  -c® 


- i m j^(n-  i^xj  »■  yi«i(q))"  + (qi«z(q))®Jj 

Eqs.  (43)  and  (44)  are  normal  nodes  for  a given  k and  satisfy  the  noimali- 


zation  relation 


- j 0 for  » ,(  !»' 

? 55-  - 2kV>^(«.k).\,(«  ,k)  = , (50) 

Off  I H(<v,k)  for  » ■ i» 

For  Av**0  and  a Maxwellian  bean  distribution  the  function  H(<0,k)  reduces  to 

H(.„X)  . » [l*V(V]j  (5„ 


To  verify  that  the  instability  occurring  in  the  code  described  in  Sec.  Ill, 
irtien  the  distribution  function  is  not  reconstructed,  is  Indeed  a beaming  in- 
stability, a computation  was  carried  out  for  a tfcxwelUan  beam  distribution 
with  v^/Av  ■ 5«  An  initial  density  perturbation  was  applied  to  the  central 


i 
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n^(x,t  * 0) 


€H_  _ ^ cos  kx 
0=0 

0 


for  0 = 0 

(52) 

for  o ^ 0 


with  c s 0.006^  and  kX^  = n/5.  Hb  initial  velocity  perturbation  ms  applied. 
The  central  beaa  velocity  at  x = ’j/Sk  from  the  code  of  Sec.  in  is  given  by 
the  solid  curve  in  Fig.  l4.  ihere  is  a gentle  grcsrth  out  to  t s k6,  followed 
by  a sign  reversal  at  t = M and  a very  steep  growth  for  t ^ U8.  The  electric 
field  for  this  conputatlon  first  drops  rapidly  to  very  lew  values,  then  sudden- 
ly reappears  to  reach  a oaxlrnim  23  times  its  initial  value  at  t = = 30. 

Expanding  the  velocity  perturbation  of  the  central  beam  into  nomal  modes 
and  using  the  normalization  relations  (50),  the  initial  conditions  (32)  yield 


'OirO 

Av 


%sm—  sin  kx  S 


■(irr?^ 


:e  ^ 


"th 


(53) 


The  terms  of  the  sum  in  Eq.  (53)  oscillate  with  the  frequencies  given  by 
Eq.  (^),  approximately  equal  to  the  Soppier  frequencies  kwAv  of  the  beams 
and  grow  exponentially  with  growth  rates  given  by  Eq.  (49).  The  damped 
terns  corresponding  to  the  negative  sign  in  Eq.  (49)  are  ignored.  The  expre- 
slon  in  brackets  in  the  denominator  of  Eq.  (53)  is  the  landau  denominator 
which  in  the  present  case  has  a minimum  near  « 1»8.  Thus,  the  doalnant 
terms  of  the  sum  in  Eq.  (53)  occur  for  v **  0,  which  corresponds  to  the 
mlnlimm  of  and  o “*  ± (1.8)  /2Vy^/Av  “ 13  which  corresponds  to  the  minimum 
of  the  Landau  denominator. 

For  t < 2n/kAv  ■ 50,  the  terms  correspcsidlng  to  o “*  ± 15  phase  mix  and 
the  behavior  of  the  velocity  perturbation  v^^  Is  given  by  the  terms  near 
0 = 0.  The  growth  rates  for  these  terms  is  0^^  = O.06.  The  circles  in 
Fig.  l4  give  values  computed  by  taking  o » 0,  ±1,  ±2.  These  values  are 
in  good  k^eement  with  the  computer  results  obtained  by  the  method  of  Sec. 

m. 
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Soliiticms  of  Vlaaov  Equation 


Xbe  growth  rata  for  the  tenu  correspcndlng  0.06. 

Vor  t ^ Sw^ch-v  m 50  thaaa  tarae  no  longer  phase  alx.  By  this  tiae  they 
have  grown  hy  a factor  of  appraadaately  20  and  therefore  give  rise  to  a 
strong  echo.  This  Is  evident  in  the  solid  line  in  Fig.  l4  for  t > and 
also  agrees  with  the  electric  field  results  idiich  show  a sudden  ;>!<!rowth 
with  a aiuclana  at  t = $0  which  is  2J  tines  the  initial  electric  field. 


Figure  l4  Velocity  perturb*. <1  on  of  central  bean  for  hesaing  instability  test. 
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Choke  of  Grids  in  Low-)8  Phiid  Gon^mtations 

N.  K.  Winsor  and  E.  C.  Bowm 
Princeton  University 
Princeton,  New  Jersey 


ABSTRiCT 

Rhen  the  oiagnetlc  stress  is  large  compared  to  the 
plasma  pressure,  the  magnetic  field  geometry  controls  the 
plasma  behavior.  For  finite  difference  calculations  of  this 
behavior,  the  grid  should  bo  chosen  to  fit  the  geometry. 
Three  coordinate  systems  are  presented,  and  their  relative 
merits  are  compared.  Some  general  techniques  for  a low-0 
simulation  — in  particular,  the  conservation-law  form  of 
the  equations  and  the  ”symbollc"  style  of  programming  — are 
discussed  and  recommended.  A proposed  simulation  of  the 
adiabatic  toroidal  compression  esperlRient  is  used  as  an 
illustration  of  the  advantages  of  writing  a fluid  code  in 
curvilinear  coordinates. 


I IHTRODOCTIOR 

Hnmerical  calculations  in  plasma  physics  are  routinely 
more  complicated  than  hydrodynamic  or  gas-dynamic 
calculations  with  similar  initial  and  boundary  conditions. 
First  this  is  because  we  are  dealing  with  a minimum  of  two 
species.  Fields  are  usually  Important  as  well;  an 
electrostatic  field  in  the  B«0  case,  or  the  combined 
electric  and  magnetic  fields  in  the  general  case. 
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*•  considar  ker«  tit*  r*9lM  of  plasM  pkysic*  in 
wkick  tk*  M$n*tic  field  i*  so  strong  tkst  tk*  *ff«ct  of  tk* 
plasM  on  it  can  b*  ignoesd.  Tken  tk*  pkysics  of  tk* 
ptokl**  looks  *f*n'  loss  lik*  tk*  fi*ld-ft**  on*;  tk* 
Magnetic  field  plays  a doninant  col*  in  tk*  detecMlnation  of 
tk*  flaid  Motion,  feloeity  and  escrent  conponents  at*  f*ry 
different  in  atagnitvd*  parallel  and  perpendicular  to  tk* 
Magnetic  field. 

Tk*  lou-^  case  can  be  studied  nuM*rically  by  particle 
sinulation*  and  tkis  tceatnent  is  essential  uken  details  of 
the  velocity  distribution  fun rtion  ar*  iapoctant,  as  in 
collisionless  cegiiMS,  or  uken  loss  cones  are  present, 
aovever*  uken  tk*  plasna  is  collisional  and  velocity-space 
instabilities  are  not  inpcctarit  in  transport  processes,  a 
flaid  nodal  can  usually  obtain  tke  results  of  physical 
interest  vitk  less  conputttion.  Por  tk*  lov-^  case,  tkis 
Means  going  from  an  essentially  Lagrangian  coordinate  systen 
associated  vitk  tk*  particles  to  an  Kulerian  coordinate 
system  associated  vitk  the  magnetic  field. 

There  is  a class  of  "local”  and  "slab”  problems  of 
interest  in  this  case,  but  for  comparison  with  eiperiment,  a 
fluid  model  must  deal  vitk  the  global  properties  of  a plasma 
and  must  take  note  of  the  magnetic-field  geometry  of 
interest:  cylindrical,  toroidal,  dipole,  etc.  He  vill 
discuss  some  of  the  important  considerations  in  tailoring  a 
coordinate  systen  to  the  geometry,  and  reducing  the  system 
of  differential  eguations  for  tke  fluid  variables  to 
difference  eguations  on  a mesh. 
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In  tli«  .'init*  and  hlgh-0  regiMs  it  is  frsqasntlf 
convsnisnt  (Boris,  1969|  to  ass  a Cartssian  coordinats 
systen,  with  Jj  ons  of  ths  variablss  to  bs  dstsrainsd;  than 
guantitiss  such  as  currant  and  mass  flur  ars  not  rsadily 
ralatsd  to  magnstic  surfaces.  Tbss  Cartssian  coordinates 
hawe  the  drawback  that  sow»  physically  interesting 
parameters  are  inconvenient  to  calculate.  On  the  other 
hand,  they  have  the  advantage  that  derivatives  of  the  basis 
vectors  vanish.  This  greatly  simplifies  the  difference  form 
of  the  equations  of  notion,  ts  an  eiample,  consider  the 
convective  derivative  dj/dt: 

dv  9v 

^ ' -sr  * ru- 

in Cartesian  (i,y)  coordinates,  it  can  be  approiimated  by 

the  centered  differences 

dv  I 

Cart  * 

+ v^[Vj^(x.y+fly/2)-v^(x.y.6y/2)J /6y+0(dy^)  . 

In  curvilinear  coordinates,  additional  terms  are  presents 


dv  1 

—X  dt  ~x 

r 

■[^ 

Curv 

1 arise  from 

the 

element  following  a coordinate  line.  Here  the  f's  are  unit 
vectors  in  the  indicated  directions.  The  effect  of 
coordinate  curvature  is  given  by  the  (Ixv  term;  the  last  two 
terms  are  present  only  when  the  coordinates  are  eiplicitly 
time-dependent.  Terms  such  as  these  will  appear  wherever 
the  equations  of  motion  apply  a differential  operator  to  a 
vector  quantity.  Thus  curvilinear  coordinates  have  the 
^^**^*®^  ^^*t  differential  operators  take  a aiore  complicated 


i 


form. 
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CirviliiMMC  eowdiaatas  kav«  tk*  advantage  of  froodoa 
of  ekoieot  one#  a encvlllnoar  coordinate  systeai  Is  adnitted« 
it  can  ke  ckosen  to  fit  tke  boundaries  and  to  nlninlse  the 
effect  of  special  cases«  suck  as  curvature  of  the  boundary 
or  the  origin  of  a cylindrical  coordinate  systen.  One  can 
also  put  nore  nosh  points  where  they  are  needed:  where  the 
physical  behavior  shows  sore  detail*  or  where  velocities  are 
larger. 

In  lon-fi  problens*  the  geonetry  of  a curvilinear 
coordinate  systen  Is  usually  dictated  by  the  Magnetic 
field.  Uhen  contalnnent  of  plasm  Is  desired*  It  Is  helpful 
to  have  a nagnetlc  field  geomtry  wlt«  mgnetlc  surfaces* 
surfaces  everywhere  tangent  to  the  mgnetlc  field.  Plasma 
conflnenent  tlms  can  be  etpressed  nost  readily  In  terns  of 
mss  flat  through  a mgnetlc  surface*  divided  by  tke  total 
mss  contained  by  It. 

In  general*  mgnetlc  surfaces  need  not  ealst*  but  they 
are  present  when  the  hydronagnetlc  fluid  equations* 

J X B » Vp  , 

J * V X B . 

V-  B « 0 . 

are  satisfied  (Rruskal*  Knlsrud*  1958).  Por  problems  with 
cylindrical  or  toroidal  synmtry*  tke  nagnetlc  surfaces  can 
be  coordinate  surfaces.  Tke  Interesting  geomtrles  for 
contalnnent  are  those  In  which  the  mgnetlc  surfaces  are 
nested;  for  closed  mgnetlc  surfaces*  these  nust  be 
toroids.  For  open  geometries*  fluid  calculations  of^en 
neglect  end  effects  and  apply  periodic  boundary  conditions 
so  that  tke  model  resenbles  one  with  closed  surfaces. 
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IX  COOBDXVATBS 

H«  ar«  nov  going  to  introduce  three  coordinate  systens 
for  geonetcies  possesing  Magnetic  surfaces,  starting  with 
the  Most  popular  (and  restricted)  and  ending  with  the  most 
general.  Each  is  a candidate  for  a nunerical  differencing 
grid. 

The  first  has  been  called  the  "toroidal  slab  nodel." 
Xt  appears  to  be  the  sinplest  Magnetic  field  Model  which 
pernits  realistic  computation  of  plasma  behavior  in  an 
aiisymmetric  torus.  Xt  is  shown  in  Figure  1.  (The  usual 
cylindrical  coordinate  system  is  a special  case,  with  R 
infinite.)  The  magnetic  surfaces  are  circular,  and  the 
rotational  transform  (the  pitch  angle  around  the  magnetic 
asis  for  a fi«>ld  line  going  around  the  major  axis  once)  is 
an  arbitrary  function  of  radius.  This  magnetic  field  has 
the  advantage  of  simplicity,  as  we  shall  see  in  detail 
later,  but  it  has  the  drawback  thatVXB  is  not  zero.  That 

is.  the  current  producing  the  transform  is 

. ®o  9 rRf 

J t7XB=e  — — ' ' ' ■ ■ ' ' , 

ext  o ••■z  r 9r  R-rcow9 

and  in  a lov^  model  this  current  must  be  carried  by 
imaginary  "wires"  immersed  in  the  plasma.  When 

electrostatic,  axisymmetric  systems  are  considered  this 
current  is  ignorable.  since  affect 

the  dynamics.  Th^.  metric  of  this  coordinate  system  is 
df^  r dr^  + + { 1 - i coe  9 &z  . 

and  the  surface  and  volume  elements  can  readily  be  obtained 
from  this. 
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Figure  1.  Ihe  geometry  cf  Pfitsch  coordinates,  and  the 

magnetic  field  expressed  in  these  coordinates. 

This  is  the  geometry  Pfirsch  and  Schliiter  (1962) 
introduced  to  study  diffusion  in  a torus.  Bineau  (1967) 
beliered  the  lack  of  self«consistency  cast  doubt  on  their 
result,  but  Johnson  and  ton  Goeler  (1969)  demonstrated  that 
the  essential  results  of  Pfirsch  and  Schluter  were  valid  for 
a general  vacuum  field.  This  geometry  therefore  seems 
adeguate  for  equilibrium  or  diffusion  calculations  with 
toroidal  symmetry. 

The  second  coordinate  system  describes  an  aiisyimnetric 
vacuum  field  and  is  closely  related  to  the  magnetic  flux. 
In  the  toroidal  case,  the  field  is  separated  into  toroidal 
and  poloidal  components  B « B^*B^.  The  toroidal  part  has 
the  usual  1/B  dependence  relative  to  the  major  axis,  and  the 
poloidal  field  can  be  described  by  a potential or  by  the 
magnetic  flux  the  short  way  x » and  the  angle  0 the  long 
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1 Toroidol  field  coil  (TP) 

2 Poloidol  field  coil  (PF) 

3 Externol  field  coils  (EF) 

4 Horizontal  probe 
Locol  sheor  length 


(a) 


figure  2.  Ihe  machire  diagram  of  a sph-=rat-or,  showinj  the 
cross-sectional  shape  of  magnetic  surfaces. 


Hore  RB  is  a constant,  and  R is  the  distance  from  the  major 
T 

axis  to  the  field  point  For  purposes  of 

computation,  6)  is  < coordinate  function  needed  for 


the  metric. 


The  computationally  useful  quantities  R and  determine  the 
scale  factors  in  it. 

These  coordinates  have  proved  useful  in  calculations  of 
the  magnetic  field  in  a spheratoc  (Figure  2 is  a typical 
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example).  They  can  describe  a true  vacuum  field,  as  veil  as 
fields  in  the  presence  of  currents,  but  axisymmetry  is  built 
in.  The  coordinate  gradients  are  orthogonal,  but  the  metric 
shows  that  they  are  not  unitary. 

The  thiLw  curvilinear  coordinate  system  was  introduced 
by  Hamada  (1959).  Its  utility  in  analytic  work  has  been 
demonstrated,  for  example,  by  Greene  and  Johnson  (1962).  and 
by  Trieman  (1970) . It  begins  by  parameterizing  a (closed) 
magnetic  surface  by  the  volume.  T.  contained  within  it. 
Then,  writing  the  fluxes  the  long  way  and  the  short  way  X 
as  functions  of  V.  one  chooses  the  scalars  { and  ( such  that 
B = vvx y + x'C]  . 

where  the  primes  indicate  derivatives  with  respect  to  V.  If 
we  also  require  7V*y|  xy^  e 1, the  lines  of  constant  { will 
close  on  themselves  the  long  way.  and  | will  be  periodic, 
with  period  1.  the  short  way.  Similarly,  lines  of  constant 
^ will  close  on  themselves  the  short  way.  and  ^ increases  by 
1.  once  around  the  long  way.  Observe  that  the  basis  vectors 
are  not  in  general  orthogonal.  The  metric  is 
d£^=  ^ g‘^d«id4j. 

i.  j 

where  >7.  scalars  are  needed  to 

relate  dl  to  coordinate  displacements,  since  g^''  is  a 
symmetric  tensor.  These  scalars  are  the  dot  products  of 
V^XVC,  XVV  and  VVXV^ , taken  in  pairs.  For  numerical 
computations  in  these  coordinates,  it  would  be  necessary  to 
tabulate  these  quantities  at  each  mesh  point. 
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VACUUM  I MAGNETIC 

VESSEL  SURFACES 


figure  3.  Perspective  view  cf  a sphoratoi,  showing  the 
variation  in  pitch  of  representative  magnetic  tirl.l 
lines. 
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Xn  ratntn  for  tke  coaplexity  of  the  atetcic,  one  obtains 
a coordinate  representation  in  which  integrals  and 
derivatives  are  easily  conpated.  Pnrthecaore,  the  magnetic 
field  lines,  and  the  lines  of  the  generating  carrent,  are 
straight.  This  greatly  simplifies  calculations  such  as 
magnetic  line  integrals.  Figure  3 shows  why  straightening 
the  magnetic  field  lines  can  be  a big  help;  it  shows  several 
field  lines  in  a spherator  geometry. 

These  are  the  three  coordinate  systems.  They  are 
convenient,  respectively,  for  simple  calculations,  for 
problems  with  axisymmetry,  and  for  computations  in  a general 
magnetic  field.  They  have  been  presented  in  their  toroidal 
form  for  convenience.  Each  can  obviously  be  specialized  to 
cylindrical  geometry  (K^o).  Spherator  and  Hamada 
coordinates  can  be  applied  to  multipoles,  with  the 
separatrii  as  a special  case.  Hamada  coordinates  can  be 
applied  to  open-ended  or  mirror  geometries,  with  V replaced 
by  a suitable  surface  label. 
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III  ftLGEBRA 

fie  sill  nos  shos  hos  fluid  calculations  are  performed 
in  these  coordinates,  and  hos  to  decide  shich  is  best  suited 
to  a particular  proolem.  Be  sill  illustrate  these  points 
through  calculation  of  geometric  factors  in  line,  surface 
and  solume  integrals,  the  acceleration  terms  in  the  momentum 
equations,  and  the  form  of  the  consersation  lass. 

First  let  us  see  shat  is  involved  in  the  computation  of 
integrals.  Physically,  the  quantities  shich  are  likely  to 
be  needed  in  the  formulation  of  the  equations  or  in  the 
diagnostics  are  magnetic  line  integrals,  magnetic  surface 
integrals,  and  integrals  of  a volume  bounded  by  magnetic 
surfaces.  Hagnetic  line  integrals  occur  in  the  evaluation 
of  equations  like  Ohm's  las, 

E + ^vXB=7jJ  . 

the  parallel  component  of  shich  yields 
B-  = -»?  B- J 

in  the  electrostatic  limit  They  are  also  obtained  by 
application  of  Stokes'  theorem  to  llaxsell's  equations. 
Hagnetic  surface  integrals  come  from  the  divergence  theorem, 
and  from  formulations  of  conservation  lass;  e.g.. 
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conservation  of  charge, 

^ = 0 . 

In  toroidal  geometry  sach  magnetic  surface  integrals  are 
important  in  calculating  the  time  evolution  of  the  system 
(Hinsor,  1970;  Bowers,  this  conference).  Volume  integrals 
appear  in  averages,  diagnostics,  etc. 

The  cylindrical  limit  of  Pfirsch  coordinates  is  a 
convenient  and  familiar  starting  point  for  comparison  of 
these  expressions.  The  line,  magnetic  surface  and  volume 
elements  are  written 


and 


dl=e  dr+e.rdp+e  d 
— -*r  —P  — 

dS  s e r d0  dz  . 

....  ..r 

dr  = dr  rdfi  dz  . 


The  effects  of  curvature  are  introduced  through  a single 
parameter  N»1-r  cosP/R,  the  ratio  of  axial  lengths  d£«Ndz  at 
the  field  point  (r,P,z)  to  the  length  at  the  magnetic  axis 
dfadz.  Thus, 

d£  = e dr+  e.  rdP  + e Ndz  , 

~r  ~z 

dS  s r dp  N dz  , 

dr  - dr  r dP  Ndz  . 

in  Pfirsch  coordinates.  In  spherator  coordinates,  the 
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nagnstic  lln«  and  volaiw  integrals  require  the  two 

additional  functions  described  before: 

dl  * e ^ (dx/RBp)  + (d*/Bp)  + e ^Rde  . 

dS  e e (R/B  )d$de  . 

-X  P 

d = (1/B^)dx  d*  de  . 

The  components  in  the  line  element  are  orthogonal*  In 
Hamada  coordinates,  the  line  element  can  be  written 
dl  = dVjl  X7?  + d|  X JV+  d?  JV  X y{  . 

The  particular  choice  of  metric  elements  simplifies  the 
surface  and  volume  elements: 
dS  a yv  d|  d?  , 

dT  = dV  d|  d?  . 

Mote  that  B^/B^»X'/V'*  is  constant  in  these  coordinates. 

The  simplest  means  of  numerically  performing  an 
integral  is  to  set  up  a grid  along  coordinate  lines, 
evaluate  the  line,  surface  or  volume  elements  for  the  cells 
of  the  grid,  and  perform  the  appropriate  sum,  using  the 
trapezoidal  rule  for  points  on  the  mesh  and  the  midpoint 
rule  for  points  displaced  from  it.  In  a coordinate  system 
suited  to  the  problem  at  hand,  this  is  likely  to  be  quite 
adequate.  Thus,  only  the  metric  coefficients  indicated 
above,  and  no  additional  weighting  factors,  are  required. 
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Inf  textbook  on  diffetentUl  egoetloiw  presents  tke 
gradient,  dieecgence  and  curl  operators  in  coordinates  other 
than  Cartesian,  a qaick  glance  at  tkese  expressions  shovs 
that  Mtric  elenents  appear  inside  the  derieatiees  in  die 
•nd  curl,  but  not  inside  grad.  This  is  because  dix  and  curl 
operate  on  vectors,  and  grad  operates  on  scalars.  The  dfad 
Vv  is  quite  conplicated  in  curvilinear  coordinates,  and  uill 

be  discussed  below  in  connection  with  the  acceleration 
terns. 

The  difference  approxination  to  differential  operators 
nust  be  selected  with  numerical  stability  in  nind.  but 
generally  speaking,  the  simpler  the  belter.  The  second 
progranning  example  below  illustrates  a "centered" 
differaaea  la  apharical  ceordtaatas;  tha  eoerdiaata  la  Mgfciy 

nonlinear,  but  the  stability  of  the  difference  formulation 
is  unaffected  by  this. 

If  both  Integrals  and  derivatives  appear  in  the 
expression  of  the  problem,  it  is  very  important  that  the 
operators  be  compatible,  i.e., 

and 

h dS«As  \ V.Adr 

should  be  identically  satisfied  in  difference  form. 


362 


Low-fi  Fluid  Computation* 


Intograls  suck  as  tkoso  aro  fteqaontly  detivsd  fron 
conservation  lavs«  and  it  is  good  practice  to  insure  that 
these  lavs  are  obeyed  by  the  difference  foraulation  of  the 
problem,  le  shall  say  more  about  these  considerations 
shortly. 

The  programming  of  differential  equations  in  one  of 
these  coordinate  systems  involves  replacement  of  the 
differential  operators  by  suitable  difference  operators. 
How  great  a task  that  will  be  depends  both  on  the  form  of 
the  operators  and  on  the  choice  of  the  difference 
approrimations.  The  operators  are  presented  in  the  next 
paragraph*  to  indicate  the  amount  of  work  that  is  required 
to  code  thev. 

The  form  of  the  diffe::eritial  operators  in  Pfirsch  and 
spherator  coordinate  systems  is  readily  calculated.  In 
Pfirsch  coordinates. 


V«  A = 


54+e 

-^  + e 

r 8r 

r8fl  ' 

8rNA 

8NA„ 

' + 

S + 

rN8r 

rN88 

e r8NA 

I 

s..  -i] 

N L r90 

8e  1 

■8A  8NA 


8NAg  8A^ 

8r  ■'e?' 


In  apherator  coordinate*, 

^ '♦®p8*  ^ *eH 

8RA  /B  8A  /B  8A 

r 8RA  8A.  , p8A  8RA  , 

2^^* -xL®p‘r8*  ‘ R8e  ®X 
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In  Heaede 

notation: 


coocdinatoa« 


aro  again  in  nood  of  tensor 


V 


jkl  J 

where  derivatives  of  eovariant  quantities  are  indicated. 

usual  antisyanetric  tensor.  The  operators 
involve  derivatives  of  the  g , but  the  difference  version 
still  requires  only  these  sit  parameters  tabulated  on  the 
sesh. 


The  dyad  Vv  usually  appears  only  in  the  combination 
***^  time-independent  coordinates  we  can  write  this 
as 

V*  Vv  « ^ e.  V v+  Ox  V . 
i 

Ike  problem  of  calculating  the  acceleration  is  then  reduced 
to  the  differencing  of  the  scalar  components  (discussed  in 
the  section  on  convection)  and  the  calculation  ofO.  in 
Pfirsch  coordinates^ 

V V 


and  in  spherator  coordinates. 


8RB 


8B 

V.  R 

* 8X 


ie 
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Tktt  •spcuMioa  in  laMid*  coocdimtM  involvns  tk«  carv«t«c« 
and  la  bast  tabalatad  in  approxinata  Coca.  Tka 
9«MCalisatian  of  0 Coc  tkis  caaa  is  tka  Ckcistoffal  synbol, 
aitk  18  indapandant  eaaponants. 


Tka  9Cid  Cocmlation  of  intagcals  and  dacivativas  vill 
cofsita  tka  fanctionala  in  tka  aquations  of  this  saction. 
This  datacsinas  ho«  aany  accays  of  pacaaatacs  aca  naadad  on 
tka  Msh.  Poc  a sinpla  staadystata  oc  aiqanvalua  pcoblan 
in  tao  oc  thcaa  vaciablas,  tka  Pficsch  gaonatcy  aitk  its  tao 
pacanatacs  C(c)  and  l(c*0)  is  appropciatst  unlass  tka 
pcoblan  is  sansitiva  to  tka  datails  of  tha  nagnatic  tiald 
stcaetaca.  Poc  a sinalation  of  tcanspoct  pcocassas  aith  10 
ot  15  vaciablas.  tka  additional  functions  ccguicad  to 
dascciba  tha  coocdinata  systan  aill  not  add  such  to  storaga 
caguicanants.  but  tka  additional  calculation  caquirad  in 
dacivativas  and  intagcals  nay  add  substantially  to 
conputation  tins.  Tka  availability  of  conputac  tine  may 
dacida  tha  ckoica  batvaan  spkacatoc  and  Hanada  coordinatas. 
OC  ooucsa,  tka  additional  conplaxity  and  conputation  should 
pcovida  a closac  appcoiination  to  tka  actual  physics  of  tka 
pcoblan. 
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If  COVSEPf&TXOII  tkVS 

On*  of  th*  most  important  reasons  for  using  Magnetic 
coordinates  is  the  necessity  to  evaluate  conservation  lavs, 
either  in  the  calculation  of  the  fluid  dynamics  or  in 

diagnostics.  For  example,  conservation  of  mass, 
do  _ 

can  be  integrated  over  any  volume, 

^ \ pdT  = - h pv.  dS  . 

but  we  only  obtain  useful  information  about  diffusion  when 
the  surface  0 is  a magnetic  surface,  velocities  along  the 
lines  are  typically  an  ord^r  of  magnitude  largec  than 
perpendicular  (guiding  center)  velocities,  so  a small 
parallel  cemponent  passing  through  the  surface  of 

integration  can  completely  mask  the  diffusive  contribution 
to  the  flux. 

There  is  a relatively  simple  prescription  for 

preserving  such  essential  aspects  of  the  physics: 

(1)  use  a coordinate  system  appropriate  to  the  geometry 
of  th*  problem,  and 

(2)  write  the  important  parts  of  the  equations  in 
conservation^law  form. 
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Basicalljf  (1)  means  that  if  the  velocity  is  large  in  one 
direction  and  small  in  another,  it  is  necessary  to  orient 
the  coordinates  so  that  these  components  are  computed 
independently  and  the  larger  one  does  not  "wash  out"  the 
smaller.  Next,  one  selects  a finite  difference  mesh  in 
these  coordinates.  Then  (2|  suggests  that  the  divergence 
theorem  should  be  applied,  where  possible,  to  the  elementary 
cells  of  the  mesh,  so  that  the  quantity  of  interest  is 
conserved  as  it  moves  among  the  cells. 

Conservation  of  mass  (or  charge,  or  energy)  may  appear 
as  a continuity  equation. 

If  + pv  - 0, 

or  a source  term  may  be  present  on  the  right,  accounting  for 
ionixation,  charge  exchange,  etc.  The  difference 
formulation  of  this  equation  usually  is  used  to  evaluate  the 
time  rate  of  change  of  p at  the  center  of  a grid  cell,  given 
the  flux  pv  at  its  faces. 

In  a large  fraction  of  the  codes  solving  this  equation, 
the  computation  sometimes  encounters  regions  in  which  the 
mass  tries  to  become  negative.  1 "floor"  is  frequently 
provided  by  the  programmer,  limiting  the  density  to  zero  or 
to  .'.erne  small  positive  value.  Such  a heuristic  rule  must  be 
applied  with  caution,  however,  if  conservation  is  to  be 
maintained.  The  "lost"  density  must  be  compensated  in  the 
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adjacent  cells.  For  farther  observations  on  misase  of  the 
conservation'-laa  techniques,  see  Roretti  (1969b). 

The  remarks  aboat  mass  conservation  apply  also  to 
momentum  conservation,  but  it  presents  additional 
difficulties  in  a curvilinear  coordinate  system,  because  of 
its  vector  nature.  Specifically,  uhen  the  equation  is 
uritten  out,  the  acceleration  terms  cannot  in  general  be 
absorbed  into  perfect  derivatives.  The  nonconservative 
contributions  can  often  be  included  implicitly  in  the 
difference  equations,  bet  terms  which  involve  spatial 
averages  of  quantities  cannot  be  conveniently  treated. 

The  noirentuffl  equations  perpendicular  to  the  magnetic 
field  will  involve  the  components  of  the  JiB  force.  In 
loti-p  systems  there  is  no  relation  between  the  current  and 
the  magnetic  field  since  the  latter  is  assumed  curl-free. 
Thus  the  JxB  force  cannot  appear  in  conservative  form  and 
must  be  treated  with  care.  Tn  some  applications  (Uinsor, 
1970:  Bowers,  this  conference)  the  perpendicular  momentum 
equation  is  used  to  solve  for  the  current.  Then  the 
perpendicular  momentum  must  be  obtained  from  Ohm's  law,  or 
some  other  equation. 
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T BOONOABIES 

The  siaalatlon  pcoblens  which  relate  to  laboratory 
eiperiaentSf  and  many  that  are  of  astrophysical  interest, 
re<]uire  the  treatment  of  boundaries.  If  walls  are  present 
in  the  specification  of  a hyperbolic  problem, 
charac  ter  list  ics  can  be  found  which  intersect  the  wall.  The 
model  must  therefore  determine  what  happens  when  plasma 
flows  toward,  along,  or  away  from  the  wall.  The  correct 
treatment  of  boundaries  can  be  extremely  important,  as  in 
the  gas-dynamic  case  of  flow  past  an  obstacle  (noretti, 
1970).  Computations  of  drag  and  torque,  for  example,  are 
critically  dependent  upon  the  treatment  of  boundary 
conditions. 

In  the  plasma  case,  the  actual  boundary  layer 
(electrostatic  sheath)  is  much  too  thin  (a  few  Debye 
lengths)  to  be  modeled  on  the  grid,  so  its  effects  must  be 
included  analytically  in  the  computation  of  the  grid  cells 
adjacent  to  the  boundary,  treating  the  sheath  as  one  face  of 
the  cell. 

In  an  open-ended  geometty  one  must  either  treat  the 
ends  explicitly  or  ignore  them  by  applying  periodicity.  In 
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Closed  geometcy*  the  boundaries  can  sometimes  be  avoided  by 
solving  a particular  initial-value  problem,  either  free 
expansion  or  expansion  into  a lov-density  pidsma  layer 
separating  the  bulk  of  the  plasma  from  the  wall.  Experience 
has  shown  that  the  interior  nay  then  be  very  insensitive  to 
the  boundary  conditions. 

Computations  including  the  Hall  terms  in  Ohm's  law 
indicate  that  this  buffer  layer  does  not  last  as  long  as  in 
the  xero  Larmor  radius  limit.  Nevertheless,  the  inclusion 
of  a low-density  region  near  the  wall  has  proved  helpful  in 
reducing  the  sensitivity  of  plasma  calculations  to  initial 
and  boundary  conditions. 

Our  experience  with  containment  calculations  has  been 
that  the  boundary  effects  can  be  both  important  and 
difficult  to  treat;  however,  the  main  body  of  the  plasma  may 
be  insensitive  to  them.  One  can  study  the  bulk  effects 
first,  and  bring  in  boundary  effects  later. 
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fl  COlfBCTIOl 

Convection  is  Ispoctsnt  along  ths  nagnetic  field  lines, 
since  parallel  velocities  fcegaently  are  comparable  to  tke 
sound  speed.  In  addition,  E/B  drifts  lead  to  convection 
across  lines.  (For  a perfect  conductor,  2 may  be  considered 
to  convect  vitk  the  fluid.)  If  tke  ion  Larmor  radius  is 
comparable  vitk  |Vln(n)r^,  the  diamagnetic  drift  terms  can 
also  produce  important  convection.  Be  have  found  that  for 
cases  of  payslcal  interest,  tke  B/B  and  diamagnetic  drift 
velocities  can  enhance  one  another,  leading  to  very  sisable 
convection  across  j. 

The  calculation  of  vector  components  need  not  be  along 

the  basis  vectors.  For  velocity  calculations  in  vhich  the 

component  parallel  to  S is  much  larger  than  the 

perpendicular  components,  it  is  convenient  to  compute 

perpendicular  and  parallel  components  directly.  For  eiample 

the  velocity  can  be  decomposed  into  orthogonal  components 

v=ve  + ve,X  e+v.  e,  , 

~ r—r  •— b »r  b~b 

and  the  v.Vv  operator  described  above  can  be  applied  to  these 
components.  The  problem  of  convection  then  becomes  the 
problem  of  differencing  the  components  of  j along  some 
convenient  set  of  coordinates,  in  a manner  which  is 
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nuawrically  stabl*. 

This  has  a special  iaiportance  in  Haaiada  coordinates. 

I£  the  CO variant  components  of  vectors  are  stored  on  the 

mesh«  compatation  of  a contravariant  quantity  such  as 

noraially  requires  computation  of  g and  a sun  to  obtain  the 

covariant  components.  Hovever,  if  the  equations  of  motion 

have  been  uritten  so  that  only  B*V^and  BzVif  appear,  they 

can  be  computed  as  ¥Bs(V^)^  and  B . and  the 

1 ijk  ^ “ gkf 

covariant  form  of  the  metric  tensor  is  not  needed. 

One  possible  treatment  of  convection,  characteristic 
integration,  is  provided  by  the  Courant,  Isaacson,  Rees 
(19S2)  technique,  hdaptinq  it  to  curvilinear  coordinates  is 
accomplished  by  vritinq  the  difference  equations  in  the 
given  coordinates  (i.e. , assuming  that  the  fluid  elements 
tend  to  follov  coordinate  lines) , and  then  adding  an 
appropriate  acceleration  term,  as  indicated  above.  Be  have 
found  that  this  method  is  satisfactory  for  a fine  mesh  and 
for  velocities  small  compared  vith  the  characteristic 
speeds.  For  computations  in  vhich  convection  plays  a 
dominant  role,  the  numerical  viscosity  introduced  by  it  can 
mask  the  lonq>term  behavior  of  the  fluid.  Hovever  for  a 
discussion  of  its  advantages  in  the  treatment  of  shocks,  see 
Horetti  (1969a). 

If  viscosity  is  present  in  the  equations,  the  v.V  v term 
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can  b*  replaced  by  a centered  difference  (plus  the  usual 
acceleration  tern)  provided  the  treatment  of  the  viscous 
term  — for  example  DuFort  and  Prankel  (1953)  — is  such  as 
to  give  stability  to  the  complete  system.  For  specialized 
problems  in  vhlch  a single  sveep  through  the  mesh  is 
performed,  the  anglcd-dericative  method  (Roberts.  1963)  can 
give  comparakle  accuracy  vithout  the  stability  problems  of 
centered  differences. 

The  LaX'Hendroff  (1960)  method,  as  generalized  in 
Richtmyer  and  Rorton  (1967) . can  be  applied  even  vhen 
viscosity  is  not  important.  It  possesses  second-order 
accuracy  and  good  stability  properties.  On  the  other  hand, 
it  requires  computation  of  intermediate  quantities,  which 
can  nearly  double  the  computation  time,  and  it  involves 
space  averages  which  nay  affect  local  phenomena. 

in  illustration  of  the  importance  of  a proper  treatment 
of  convection  is  provided  by  the  calculations  reported 
elsewhere  in  this  conference  (Bowers).  The  calculations 
report«;d  there,  demonstrating  shock  structure  in  a toroidal 
plasma,  were  performed  with  a modified  lax-Vendroff 
technique.  Previous  calculations  with  less  careful 
treatment  of  convection  suffered  'rom  numerical  damping  of 
rotational  modes.  In  any  calculation  in  which  steady  flow 
is  present,  proper  treatment  of  convection  is  essential. 
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TXX  SXBBOLXC  PBOGliRRXIG 

Re  have  spent  a lot  ot  tine  discassin9  coordinate 
spstens,  and  have  not  sorried  noch  about  the  actual 
difference  foraulation  of  the  equations.  The  tceataent  of 
difference  equ&tions«  and  the  analysis  of  their  stability  is 
certainly  vell-knovn,  at  least  in  Cartesian  coordinate 
systems.  Re  nov  wish  to  shoo  hov  conventional  difference 
schemes  can  be  adapted  to  a general  coordinate  system. 

The  proposed  technique  is  a style  of  sriting  programs, 
called  symbolic  programming  (Boris  and  Roberts,  this 
conference).  Re  sill  use  it  nov  to  illustrate  the  ease  with 
which  a difference  scheme  can  be  written  in 
coordinatwindependent  form,  and  then  used  in  different 
coordinate  systems.  The  resulting  programs  are  clear  and 
easy  to  read,  and  the  treatment  of  a complei  geometry  is 
reduced  to  looking  up  the  differential  operators  in  a 
mathematics  teitbook. 

The  method  is  exactly  that  of  analysis;  one  writes  the 
equations  in  terms  of  differential  operators,  and  then 
changes  the  definition  of  the  operators  to  go  from  one 
coordinate  system  to  another.  Consider  the  scaled  linear 
ware  equations 

17  ^ if 
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f(X)  :>  f(X)  « DT  * GBXD((>(Xn: 

?(X)  P(X)  - DT  • 0ITK(T(X)): 

and  write  tke  GRADient  and  DIVErgenc*  functions  to  reproduce 
the  preceding  difference  equations*  Here  P(X)  and  ?(X)  are 
subscripted  arrays,  and  these  two  statements  must  be 
executed  at  Integral  and  half-integral  times  respectiwely. 

Figure  4 presents  a program  which  implements  these 
concepts.  It  is  written  in  Stanford  Onlwersit"'s  Algol  w 
(rfirth,  19(>6)  . This  program  is  complete  with  graphical 
output;  only  the  sin  function  for  initialization  and  the  I/O 
routines  are  not  shown. 

The  bos  near  the  top  contains  the  mathematics:  the 

derivative  operators.  The  pressure  and  velocity  mesh  points 
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«c«  indicated  to  tk«  eight.  Th«  sabscripts  foe  V are  1/2  leaa 
than  the  valve  of  the  spatial  grid  position.  DDX  is  the 
difference  operator.  GRhO*  ehich  Mill  be  applied  to  P,  is 
siaply  DtX.  DITE  nest  be  shifted  back  one  step  to 
difference  the  correct  eleaients  in  f.  For  those  Mho  are  not 
faailiar  Mith  klgol-like  languages:  a replaceawnt  is  sade  of 
the  forsal  paraaieter  (T|  in  each  procedure  body  by  the 
corresponding  actual  paraneter  (e.g. , F(I)  ]»  so  that 
changing  X changes  the  value  of  T. 

The  boi  near  the  bottos  contains  the  physics:  the 
differential  equations.  The  code  sveeps  through  the  nesh 
once  for  V and  once  for  P at  each  tine  step.  The  pressure 
is  graphed  once  every  >F  steps.  This  description  of  the 
problen  is  coordinate-independent;  the  geonetry  of  the 
coordinate  sy&ten  is  in  the  difference  operators  above. 

Figure  5 is  the  output  of  this  program.  The  space 
coordinate  is  plotted  vertically  and  tine  advances  to  the 
right.  The  initial  conditions  are  p«1vsin(i)  and  v*0,  and 
the  boundary  conditions  are  p-const.  at  the  edges,  so  the 
plot  can  be  visualized  as  the  amplitude  of  a vibrating 
string.  The  tine  step  is  6t«6i.  equal  to  the  stability 
limit.  The  individual  printed  lines  represent  the  pressure 
every  second  time  step.  Treating  the  boundaries  as  i«0  and 
z«H,  the  eiact  solution  is 

p = 1 + 1/2  { sin[2t  (x4t)/N  J + ■in[2ff  (x-t)/N]}  . 
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4ad  tk«  rucurranc*  tlM  i«  t>2li.  Tk*  tin*  axis  ran^as  froa 
t«0  to  t«2li* 

Tkia  is  a siapla  ataapla  in  skick  tka  pkysics  is 
tcansparant,  and  tka  natkaiMtical  traatnant  is  tka  standard 
axanpla  of  taxtbooks.  Tka  pkfsical  aqaations  can  ba  raadilf 
ckackad  and  dabsggad  in  t?i<x  fora*  Tka  naxt  stap  in  tkis 
approack  is  to  aalact  a coordinata  systan  appropriata  to  tka 
problan  of  intacast*  Bare  aa  shall  salact  spkarical 
coocdinatas  as  an  axanpla*  Tka  problen  of  intarast  can  than 
ba  traatad  fcy  changing  tka  fora  of  tka  oparators* 

Pigsra  6 peasants  a progran  akich  soltas  tka  sana  aata 
agsationt  aith  tka  sana  initial  and  boandarp  conditions*  bat 
in  sphariccl  coordinatas.  lara  I raprasants  tka  radial 
coordinata*  and  rangas  fron  x«NO  to  x«V0an*  The  onlp 

changas  ara  in  the  appar  box;  tka  divarganca  operator  has 
boon  raplacad  b| 

J 8 2 

div  a "TT  T"  * 

2 8x 

X 

divve[(x+^  v(x4^  )-(k-^)v(x-^  )]/x^6x4  0(6x^). 

Tkasa  changes  ate  exclosivaly  in  tka  natbenatics  of  the 
differential  operators*  abara  tkay  belong*  Kote  that  the 
details  associated  aith  tka  half-step  diEplacanent  of  the 
aalocity  aash  ara  also  located  here.  The  renaindar  of  tke 
progran  is  idantical  aith  tka  preaious  axanpla* 

Tka  output  of  this  progran  is  skoan  in  Figure  7.  in 
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IIOII 

EIIL  MOCEOOiE  DCI  (DEU  It: 

DEiili  DSEL  E: 

I :•  1*1;  Z :•  T; 

I :•  1-1;  (X-Tt/DI 

EID  DDI; 


0010 

0011 

UIL  DfJCEOOl!  6DE0  (DEIL  T) ; 

0012 

DDI  (T|: 

0013 

001* 

xuL  nocEOOir  otfs  (iUL  Tt: 

0015 

DZ61I  mi.  D; 

0110 

1 :•  1-1;  0 :•  DDI  (I); 

0017 

1 :>  1*1;  D 

1910 

ZI9  UllS; 

0010 

1DTE6EI  l; 

lEii  tiiui  r.  T |iO::io*Di: 

nOCEDODE  6itri  <EEU  E*DET  T(*)); 

Kilt  TOm  I :>  0 0«m  ■ DO 
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roi  I :•  11  ODTtL  10*1  90 

DE8ID  f(l|  ;•  1"  • |1*SIB(2*PI*(I-»0|/»M  ; *!E»  :•  0 F09; 

roi  T :•  1 OITIl  TDEI  DO 
DlCll 


rOK  I " ODTIl  D-1  00 
DECII  I :•  IC*I; 

run  1 :•  1 aim  i-i  do 

feZCII  I :•  10*1; 


f (l»  ;•  «(l)  - DT  • 3i»D(r(in  : 
r|i)  :•  P(l)  - DT  * Dl«T(r(i)); 


Eli); 


EID; 


If  T mi  ID  • 0 TIM  ODiPI  (DI  ; 

£10; 

EID; 

iiiu  (*Eifc  Of  »itcoTioi."j : 

EID. 


liyurr  0,  3 pioqTan  iMcl  sol»*-r  lin*'ii  livr  Piuition 

in  Ciitciiiari  cocE<iinatf ‘oif>s  conMin  th» 
dif  tet«nt  ial  oprratoiF  ard  Tiir  il.ysical  i|uations. 
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>i9ur«>  6,  A progr-jrr  which  solves  the  linc>»r  wivp  ojintion 
in  sphecicdl  ccerdinates.  The  boxes  contain  the 
dif  f erert  ial  operators  anl  the  physical  e.^uations, 
Kote  the  torn*  cf  the  divergence  operator  DIV";  it  is 
the  crljf  change  fren  'igurc  <*. 
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Figure  7.  Orti^ut  o£  the  freceding  program.  The  top  anJ 
tcttom  ate  rigid  tcundaries,  representing  X*U‘’  and 
X*-C  respectively. 
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tkls  can*  tk*  exact  solatlon  is 

pe  l-t-{(x-t-t)ain[2x(x4't)/N]-t'(x-t)ain  [2t{x-t)/N]}  X . 

Tk*  oatpat  Is  again  plotted  for  on*  c*carr*nc*  tin*.  Tk* 
nor*  conplicatad  straetac*  of  tk*  solations  is  do*  to  tk* 
fact  tkat  tk*  sin(x)  initial  pcassar*  distribation  is  not  a 
solation  of  V'^P^'P  in  tkes*  coordinatas,  so  tk*  tin* 
dapandane*  is  not  sapacabla*  Tka  sysnatrT  of  the  gcapk  is 
da*  to  tk*  special  ckoica  of  boandary  conditions  and  tk* 
constant  ckacactacistics  of  tk*  differential  equations. 

Tk*  point  of  tkas*  desonstrations  is  that  symbolic 
programming  tccknigaas  allow  tk*  separation  of  simalation 
probless  in  kairy  gaomatrias  into 

(1)  an  inwariant  expression  of  tk*  differential  (and/or 
integral)  aquations  representing  tk*  physics,  and 

(2)  a matkamatical  expression  of  the  operators, 
including  all  the  details  of  tk*  coordinate  system. 

Tk*  first  part  can  essentially  be  copied  from  a physics 
textbook,  vhil*  the  second  can  bo  obtained  from  Chapter  S of 
Horse  and  Paskback  (1953)  or  some  other  appropriate  source 
of  mathematical  detail. 
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TZXZ  TZMI-D8PMDEVT  COOtDZVATSS 

S«  hav*  not  yot  nado  any  rafatanca  to  tha  ptoblan  of  a 
tlna-dapandant  nagnatlc  flald.  Aetaally  that  ptoblan  is  n 
as  difficult  as  It  nlgkt  saan.  In  sagnatle  coordlnatas,  tha 
plasma  Is  stack  to  tha  coocdlnata  llnas,  to  loaast  otdat, 
and  tha  most  Important  faataca  of  tha  calcalatlon  la  tha 
aapllclt  tins  dapandanca  of  tha  mstclcs. 

Looking  again  at  tha  accalacatloo,  sa  atanlna  tha 
additional  tarns  daa  to  tha  accalaratlon  of  the  coordinate 
system.  Oslrg  unitary  basis  factors, 

^ *1-*  2 * wXv+a 

i 

Those  additional  terms  can  be  made  small  by  keeping  the  time 
farlatlon  slow.  Computationally,  tha  metric  elements  are 
made  to  ch^nge  slowly  In  tine,  so  that  their  aipllclt  time 
darlfatlfos  are  negligibly  small  compared  to  other  tarns  In 
tha  eguatlona  of  motion. 

This  Is  how  the  proposed  adiabatic  toroidal  compressor 
aaparlmant  at  Princeton  can  be  simulated,  figure  B shows 
how  the  magnetic  field  Is  eipected  to  change  ower  a period 
of  milliseconds  (Johnson,  Craane,  Velmar,  1970).  The 
heating  and  Inductlwa  affects  can  than  be  studied.  The 
effect  of  the  plasma  on  the  field  can  be  examined  to  lowest 
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order  ky  alloring  tko  eoapetod  plesM  carcont  to  slooly 
Modify  tbo  fiold.  la  MOfMtic  eoordlMtoo,  fl«i 
cvtosorvotion  is  ksilt  into  tko  cslcslstion.  Sqsations 
written  in  coneerTStion  fom  in  tern  of  the 
(tine-dependeiit)  geonetcical  factors  sill  cenain  invariant, 
■here  accelerations  of  coordinate  vectorc  ace  involved,  the 
net  effect  of  the  notion  nast  be  eranined.  For  eranple  the 
conpeession  of  a plasna  ring  with  stored  an9alac  nonentan 
shoald  not  change  its  total  angalac  nonentan.  Thas.  eren  if 
the  wiv  tecs  is  negligible  conpared  with  other  terns  in  the 
difference  egaations.  the  net  effect  nast  be  incladed  (for 
eranple  by  the  addition  of  an  average  6v  to  each  elenont  of 
the  velocity)  to  conserve  angalac  nonentan. 


Sinilac  technigaes  can  be  applied  to  lowfceqaency 
stadias  of  a self-consistent  nagnetic  field  pcoblen.  The 
field  can  be  changed  slowly  to  reflect  changes  in  the  plasna 
caccent.  le  enphasise  slovly,  to  avoid  propagation  of  waves 
at  the  Klfven  speed.  Physically,  annodified  hlfven  nodes 
involve  too  short  a tine  scale  to  nake  sinalation  of 
laboratory  plasnas  practical.  On  the  other  hand,  the 
longer-tecn  effects  of  a self-consistent  nagnetic  field  seen 
readily  accessible  to  this  tecknigae. 
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vxix  ssanaix 

In  the  low-fi  pcoblens  of  plame  pkysica,  the  Magnetic 
field  geonetcy  aaaally  controls  the  plasm  dynenics.  The 
coiVooeats  of  cercent  and  velocity,  parallel  and 
perpendicalac  to  the  mgnetic  field,  my  be  very  different 
in  mgeitade.  Than  it  is  inpoctant  to  choose  a coordinate 
systen  ahich  takes  note  of  these  differences,  and  alloss  the 
egaations  of  notion  to  be  eapreaaed  natarally. 

The  available  coordinates  range  in  eonpleiity  from  a 
sinple  Cartesian  systen  to  general  curvilinear  ones.  The 
best  coordinate  systen  for  a given  problen  represents  a 
conpronise  between  physics  and  geonetry.  Difference 
algorithns  are  nore  easily  expressed,  and  integrals  and 
derivatives  take  sinpler  form,  in  Cartesian  coordinates. 
On  the  other  hand,  the  physical  egutions,  and  inportant 
diagnostics  saeh  as  the  flux  thoragh  a mgnetic  surface,  are 
nure  conveniently  written  in  mgnetic  coordinates. 

Three  coordinate  systens  have  been  introduced:  Dfirsch, 
spherator  and  Hanada.  These  system  denonstrate  the 
trade-off  between  generality  md  conplexity.  The  treatmnt 
of  integrals,  derivatives,  and  acceleration  has  been 
discussed  for  these  coordinates. 

The  inportance  of  the  correct  choice  of  coordinate 
systen  was  further  illustrated  by  evaluation  of  conservation 
laws  in  then.  The  "conservation-law  forn"  of  the  equations 
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Of  ■otlen  cocoMMndod.  Som  coMcks  of  a practical 
nataco  cogacding  booBdacios  follovod,  and  soTocal  nathods 
for  troating  convaction  vara  discassad. 

Tka  "synbolic  progrannlng*  stjla  vas  Introdacad  as  a 
sjstanatic  naans  of  radacing  a ganaral  lon-fi  problan  to  a 
nanarical  coda.  Xt  vas  appliad  to  tka  fanillar  linaar  vave 
agaation#  to  danonstrata  tka  aasa  of  ckanglng  coordlnata 
sjstans  in  tka  "synbolic"  forn.  Solations  in  linaar  and 
spkarical  gaonatry  vara  axkibitad. 

ks  an  axanpla  of  tka  atility  of  ganaral  coordinates, 
tka  casa  of  tina*dapandant  coordinatas  vas  considarad.  1 
proposed  sinalation  of  tka  Princaton  "tokoprassor”  vas 
dascribad  to  danonstrata  tkasa  advantages. 
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vitk  nenbars  of  tka  Princaton  bnivarsity  Plasma  Pkysics 
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fron  Jokn  Craana  on  nagnatic  coordinatas,  Jokn  Davson  on 
pkysical  principles  and  conservation  lavs,  and  Skoicki 
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Abstract 

A modification  of  the  standard  simulation  codes  Is  proposed. 
In  which  each  simulation  particle  Is  Interpreted  as  an  element 
of  phase  space,  with  the  value  of  the  distribution  function  at- 
tached. For  a collisionless  plasma,  this  value  Is  constant  for 
each  particle;  when  collisions  are  present,  this  value  Is  modi- 
fied according  to  the  colllslcn  operator.  In  this  paper,  one- 
dlmenslonal  problems  are  considered,  and  the  Kroolc  model  opera- 
tor Is  used  for  the  collisions.  Results  are  obtained  for  shock 
wave  formation  In  a rarefied  neutral  gas,  and  for  colllslonal 
damping  of  the  two-stream  Instability  In  a plasma. 

Introduction 

This  paper  describes  an  ext'inslon  of  the  well-known  partlcle- 
In-cell  or  cloud- In-cell  collisionless  codes  (see  e.g.  Refs.  1, 

£,  3)  In  one  dimension  to  colllslonal  plasmas.  The  procedure 

h 

differs  from  the  colllslonal  code  of  Ollphant  and  Nielsen  In 
that  we  do  not  use  a Monte-Carlo  simulation  of  the  collision 
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process,  but  operate  directly  on  the  distribution  function  as 
given  by  kinetic  theory  (Boltzmann  operator,  Fokker-Planck  oper- 
ator, Krook  model,  etc.)*  *^18  method  has  previously  been  used 
for  rarefied  neutral  gases  with  success^  , and  the  present  paper 
Is  an  extension  of  that  work  to  Include  sSlf-conslstent  electric 
fields  In  plasmas. 

The  essence  of  our  method  Is  the  following:  Each  simula- 

tion particle  la  to  be  Interpreted  not  as  a physical  particle, 
or  a fixed  number  of  physical  particles,  but  as  a portion  of  the 
x-v  phase  space,  and  each  will  be  assigned  a weight  representing 
the  distribution  function^.  Collisions  are  handled  by  changing 
the  values  of  this  weight  function,  in  accordance  with  the  colli- 
sion operator.  In  this  manner,  the  value  of  the  distribution 
function  attached  to  each  simulation  particle  (or  the  number  of 
physical  pai*tlcles  represented  by  It)  is  changed  continuously, 
and  the  high  statistical  fluctuation  introduced  by  Monte-Carlo 
methods  Is  avoided.  Thus,  we  expect  relatively  smooth  and 
accurate  solutions  with  a relatively  small  number  of  simulation 
particles.  This  Echerae  also  has  an  advantage  In  purely  colllslon- 
less  problems.  In  that  a given  velocity  distribution  can  be  repre- 
sented by  fewer,  or  better  distributed,  simulation  particles. 

In  the  next  section,  we  describe  the  procedure  In  detail 
for  one-dlmenslonal  plasma  problems,  in  which  the  collision 
operator  Is  the  Krook  model  operator.  This  Is  followed  by  some 
representative  results  from  rarefied  neutral  gas  problems.  In 
particular,  the  formation  of  shock  waves  In  the  piston  prob- 
lem and  In  the  Rlemann  problem  (initial  pressure  discontinuity 
or  shock  tube  problem).  In  the  last  section,  typical  results 
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are  presented  for  the  danplng  of  a ttfo-stream  Instability  In 
plasnar.  by  collisions. 

general  Procedure. 

For  definiteness,  we  restrict  ou:.'  attention  to  problems  In 
one  space  dimension.  In  which  the  plasma  Is  represented  by  a 
single  charged  species,  say  electrons,  and  a neutralizing  back- 
ground of  constant  density  n^.  The  collision:  are  given  by  a 
Krook  collision  operator^,  l.e.,  the  number  of  particles  scat- 
tered out  of  an  element  of  the  phase  space  Is  given  by  the  pro- 
duct of  a collision  frequency  and  the  difference  between  the 
distribution  function  and  the  local  Maxwellian  distribution. 

The  distribution  function  Is  a function  of  5 arguments,  f = 
f(x,t,  equation  governing  It  Is 

if  ♦ ’x  -i  * ^ -I.  • V (p  - f>  ID 

- 4 ne  (n  - n^,)  (2) 

There  are  no  other  terms  on  the  left  side  of  (1),  because 
In  one-dlmenslonal  problems,  there  are  neither  y-  and  z-derlva- 
tlves  nor  Ey  and  components.  The  local  Maxwellian  distri- 
bution F Is  defined  In  terms  of  the  three  moments  of  f; 
the  density  n,  the  macroscopic  velocity  u^  (uy  = u^  > 0 If 
they  were  so  Initially),  and  the  temperature  T.  The  collision 
frequency  v can  be  taken  as  constant,  or  as  given  function  of 
n and  T;  In  more  sophisticated  Krook  models.  It  can  also  be 
taken  as  a function  of  the  molecular  velocities,  but  we  shall 
not  do  that  here. 


r- 
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As  Is  well  known®,  the  absence  of  y-,  z-,  v^-,  and  v-~ 
derivatives  on  the  left  side  of  (l)  allows  us  to  Introduce  two 
reduced  distributions 

g = g(x.t,Vjj)  = IJ  f dVydVg 

rp* 

h = h(x,t,Vx)  = (Vy^+  * 

Each  of  these  two  functions  satisfies  a kinetic  equation  of 
exactly  the  same  form  as  (1),  with  the  corresponding  reduced 
Maxwellian  distributions  G and  H on  the  right  side.  The 
coupling  occurs  through  the  three  moments  thus: 


n(x,t)  = .L  g dVjj 

«D 

r 

n Ux(x,t)  - gVjj  dvx  (^) 

(3/2)  nkT  (x,t)  - (1/2)  mVj^^  g dv^  + J.(l/2)mh  dVj^ 

In  ref.  8,  equation  (1)  for  a neutral  gas  (no  Ejj,  no  eq.  (2)) 
was  solved  by  a finite  difference  procedure,  and  in  ref.  5»  it 
was  solved  by  the  present  procedure.  We  now  describe  the 
modified  partlcle-ln-cell  (or  cloud-ln-cell)  procedure  for  a 
plasma. 

The  left  side  of  (l),  together  v;ith  (2),  is  the  usual 
Vlasov- Poisson  system.  We  treat  it  by  the  standard  partlcle- 
ln-cell  (or  cloud-ln-cell)  method^'^'3^  complete  with  charge 
sharing,  except  that  each  simulation  particle  now  represents  a 
portion  of  the  x-v^  phase  space,  and  it  is  assigned  a function 
value  of  g and  a function  value  of  h initially.  If  the  plasma 
is  collisionless,  then  (l)  Insures  that  the  values  of  g and  h 
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would  be  preserved,  and  each  particle  would  keep  Its  initial 
values  of  g and  h for  all  time.  With  collisions,  these 
values  are  changed  at  each  time  step  by  amounts  proportional  to 
the  difference  between  the  value  and  the  corresponding  Maxwellian 
value.  The  local  Maxwellian  value  is  completely  ot  srmlned  by 
the  moments  of  g and  h in  accordance  with  (4) . 

Two  finer  points  should  be  raised.  The  first  is  that  the 
moments  n,  Uj^,  T are  calculated  by  Integration  at  grid  boun- 
daries, and  not  at  the  Instantaneous  particle  locations.  This 
is  exactly  analogous  to  calculating  the  charge  density  at  grid 
boundaries  In  standard  collisionless  codes,  using  area  weighing 
or  Inverse  linear  interpolation.  In  order  to  get  the  values  of 
the  Maxwellian  distributions  G and  H at  each  particle  loca- 
tion, we  must  first  interpolate  for  the  values  of  n,  Uj^,  and 
T at  that  particular  location.  This  is  analogous  to  the  treat- 
ment of  the  electric  field  in  standard  collisionless  codes. 

The  second  point  refers  to  the  interpretation  of  the 
distribution  function  g(v)  or  h(v)  from  the  calculated 
results.  In  standard  collisionless  codes,  each  simulation  par- 
ticle represents  an  equal  number  of  actual  particles,  and  the 
velocity  distribution  is  represented  by  the  varying  number  of 
simulation  particles  in  various  regions  of  the  velocity  space. 

In  contrast,  we  use  initially  equally  spaced  velocity  Intervals, 
so  that  each  simulation  particle  represents  an  equal  volume  of 
phase  space,  and  the  number  of  particles  it  represents  is  propor- 
tional to  the  distribution  function.  For  neutral  gas  problems, 
these  velocity  Intervals  never  change,  and  at  any  time,  the  dis- 
tribution at  any  position  x can  be  read  off  directly  from  the 
values  of  g.  In  the  charged  particle  case,  howevei',  the  elec- 
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trie  field  alters  these  velocity  Intervals  significantly  from  the 
equal  Initial  spaclngs,  so  that  the  distribution  function  g(v) 
^and  h(v))  cannot  be  read  off  directly;  not  only  does  It  depend 
on  the  value  attached  to  each  particle,  but  It  also  depends  on 
how  closely  the  simulation  particles  are  spaced.  Thus,  whenever 
the  actual  distribution  function  g(x,v)  Is  needed  explicitly, 
we  must  assign  the  weights  attached  to  each  particle  to  the 
appropriate  grid  points  In  phase  space,  using  again  area  weighing 
or  Inverse  linear  Interpolation.  This  Is  not  needed  In  the  cal- 
culations, but  only  In  presenting  the  results  at  specified  time 
steps  or  at  the  end  -'f  the  calculation. 
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Examples  from  Neutral  Qas  Calculations. 

In  this  section,  we  give  two  examples  of  calculations 
made  with  this  modified  partlcle-ln-cell  procedure,  showing 
the  formation  of  shock  waves  In  a rarefied  neutral  gas.  These 
examples  are  taken  from  ref.  5-  The  code  Is  Identical  to  that 
described  In  the  previous  section,  except  that  the  Poisson 
equation  and  the  electric  field  are  absent. 

In  the  first  example  (fig.  l(a)  and  (b)),  the  shock’  Is 
formed  by  a uniformly  moving  piston  Into  a gas.  The  excess  den- 
sity (l.e.,  the  difference  between  the  density  and  the  Initial 
density)  Is  plotted  against  distance  at  various  time.  Time  Is 
nondlmenslonallzed  to  the  Initial  collision  time  (vu^),  length 
to  the  Initial  mean  free  path.  In  fig.  l(a),  the  piston  speed 
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Is  small  (10^  of  sound  speed),  and  we  would  expect  good  agreement 

Q ^ 

with  linearized  theory,  here  shown  In  dotted  lines  ^ . In  fig.  | 

l(b),  the  same  Is  shown  for  a higher  speed  piston. 

Fig.  2 shows  a shock  wave  produced  In  a conventional  shock 
tube.  In  which  a diaphragm  Is  ruptured  at  t = 0 (the  classical 
Rlemann  problem} . Again,  density  Is  plotted  against  position  at 
various  Instants  of  time.  The  Initial  motion  of  the  gas  Is  free 
flow,  and  between  1C- 15  collision  times,  a well-formed  shock 
appears.  The  various  uniform  regions  are  separated  by  a constant 
width  shock  at  the  extreme  right,  a contact  surface  diffusing  as 
the  square  root  of  time,  and  an  expansion  wave  spreading  linearly 
In  time.  These  results  agree  with  classical  fluid  dynamics,  and 
also  with  the  computed  results  of  ref.  8. 

Colllslonal  Damping  of  the  Two-Stream  Instability 

To  test  our  method,  we  study  the  effect  of  collisions  on 
the  electron  two-stream  Instability,  by  now  a standard  test  for 
all  simulation  codes.  It  Is  recognized  (cf.  Morse  and  Nielsen^®) 
that  a one -dimensional  two-stream  calculation  does  not  adequately 
portray  real  physics,  as  a two-  or  three-dimensional  calculation 
gives  qualitatively  different  results.  Nevertheless,  w*»  feel 
It  Is  Instructive  to  test  our  method  on  this  problc  n In  one 
dimension,  as  It  Is  much  simpler,  and  there  are  numerous  colll- 
slonless  calculations  to  compare  our  results  with. 
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Modified  Method  for  Colliaional  Plasmas 


We  use  20,000  sltr.ulatlon  particles  for  the  electrons, 
corresponding  to  200  x-polnts  and  100  v-polnts.  A x Is  chosen 
= 0.5  Xjj,  and  A v = 0.l4l  The  drift  velocity  of  the  two 

streams  are  +2  and  - and  each  stream  has  an  Initial 

Qausslan  velocity  spread.  The  total  length  of  the  configuration 
Is  100  Debye  lengths,  and  the  problem  is  periodic  In  x,  as  usual. 
The  time  step  Is  0.04  tp^,  and  we  generally  run  600  steps  or 
24  plasma  periods.  Round-off  errors  provide  the  Initial  pertur- 
bations. 

Our  parameters  are  essentially  the  same  as  used  by  Morse 
and  Nlelsen^^,  and  we  also  have  n=3  as  the  most  unstable  mode. 

The  first  saturation  In  field  energy  corresponds  to  the  formation 
of  three  vortices  In  phase  space.  Pig.  3 shows  the  evolution 
of  the  total  field  energy  as  a function  of  time,  for  collision 
frequencies  v = 0,  .Olo'  p,  and  .03»’  p respectively.  The  total 
duration  of  the  runs  were.  600  steps  In  the  first  two  cas  'S,  and 
500  steps  for  the  last  case,  corresponding  to  24  and  20  plasma 
periods  respectively,  and  also  to  0.24  and  0.60  of  a colli  . Ion 
time  In  the  latter  two  cases. 

The  subsequent  peaks  In  field  energy  correspond  to  the 
coalescing  and  oscillation  of  the  vortices,  as  described  In 
detail  by  Berk  and  Roberts^^,  who  chose  a smaller  length  and 
started  off  with  two  vortices  as  against  our  three.  Our  phase 
plane  plots  of  the  distribution  function,  and  the  energy  corres- 
ponding to  various  spatial  Fourier  modes,  all  agree  with  their 
description;  we  shall  not  repeat  these  arguments  here. 
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Fig.  4.  Cumulative  velocity  distributions  for  colllslonlcss 
and  colllslonal  tiiio-stream  Instabilities  at  two 
different  Instants. 

401 


I 


Chtt,  GuU,  and  Mason 


The  effect  of  the  collisions  on  the  evolution  of  the  field 
energy  is  quite  obvious.  First,  it  decreases  the  growth  rate 
of  the  instability,  and  generally  slows  down  the  entire  process. 
Second,  it  reduces  the  amplitudes  of  the  various  peaks  of  the 
electrostatic  energy.  What  may  not  be  expected,  however,  is 
seen  in  fig.  4,  in  which  the  cumulative  velocity  distribution 
over  all  space  (g  (v)=  J g dx,  which  is  identical  to  P (v) 
in  ref.  10)  is  shown  at  two  different  instants  for  u * 0 and 
.03.  The  collisionless  case  is  seen  to  fill  the  center  hole 
of  the  cumulative  velocity  distribution  faster  than  in  the  slightly 
colllslonal  caseJ  The  explanation  for  that  is  that  the  filling 
process  is  mainly  phase  mixing,  which  depends  on  the  electric 
field,  and  for  small  collisions,  the  dominant  effect  of  the  colli - 
Islons  is  the  reduction  of  this  electric  field.  Of  course,  at 
high  collision  frequencies,  the  filling  will  be  increased  over 
the  cclllslonless  case. 

On  the  other  hand,  if  we  examine  the  local  velocity  distribu- 
tion rather  than  the  cumulative  distributions  as  expected.  Fig.  3 
shows  the  distribution  functions  plotted  in  x-v  space  for  u »=  0 
and  .03  «)p,  at  their  respective  first  saturation.  It  is  evident 
that  the  slight  collisions  have  greatly  smoothened  the  distributior 
at  each  x-posltlon,  which  is  precisely  the  cause  of  the  decrease  in 
the  amplitudes  of  the  electrostatic  energy  oscillations.  Fig.  6 
shows  the  same  distribution  at  the  respective  second  saturation 
peaks,  and  fig.  7 shows  them  at  long  times  (t=  24  for  the 
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Velocity  distribution  g(x,v)  at  first  saturation 
peak  for  oollisionless  plasna  (top)  and  v “ 0.0. 
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colllslonless  case,  20  for  the  colllslonal  case).  At  this 
stage,  the  colllslonal  case  Is  essentially  uniform  In  x already, 
althou^  It  Is  not  yet  Maxwelllanlzed. 
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INTRODUCTION 

A very  general  method  for  solving  numerically  two- 
dimensional,  two-fluid  magnetohydrodynamic  equations  is  being 
developed.  The  method  uses  second  order  accurate,  alternating 
direction  implicit  finite  difference  equations.  The  accuracy 
and  implicitness  of  the  codes  which  have  been  developed  using 
the  method  are  features  not  available  in  previously  reported 
codes. ^ The  equations  which  are  solved  by  the  codes  are 
written  in  vector  form  as 

+ v’Vp  + p7’v  “ 0 (1) 

+ v-7v+i7[p(9.  + 9„)1  + ^ X (7  X B)  = 0 (2) 

pi  e PPq 

- 1 <®i'®e> 

+ v70.  + i-{  - 1)9. V-v  - i 7MK.79.)  + 0 

1 1 P 1 1 XgQ 

(3) 


3t 


3®i 

§T- 
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v*7B 


v70  + (Y  - l)e  7*v  - - 7-(K  Ve  ) + — i— — ^ 

e epee 

- 0(7  X B)^  = 0 (4) 

PWO 

+ B(7*v)  - B*7v  + —7  X (o7  X B)  =0  (5) 


where  K.  and  K are  the  ion  and  electron  thermal  conductivities, 
1 e 

n the  resistivity,  the  equlpartition  time,  p is  the  density, 
V the  fluid,  or  average,  velocity,  0^  and  0^  the  ion  and  elec- 
tron temperatures,  and  B the  magnetic  field.  The  equations  are 
solved  in  cylindrical  coordinates  with  axial  symmetry,  so  that 
no  variation  in  the  azimuthal  direction  occurs. 

Denoting  U as  a nine-component  vector  whose  components  are 
dependent  variables  and  K as  a four-component  vector  whose 
components  are  the  transport  coefficients,  each  a function  of 
U,  so  that 

U = (p,  Vj.,  v^,  v^,  0^,  0g,  Bj.,  B^,  B^)  (6) 

and 


K = K(U)  - (K^,  K^,  lAgQ,  n)  (7) 

the  equations  (1)  through  (5)  can  be  written  in  cylindrical 
coordinates  with  axial  symmetry  as 


au  3U  3^U  3^U  5-  3K  3K  . 
3r'  Jz’  37'  37  ' 


0 


(8) 


where  T is  a nine- component  nonlinear,  coupled  vector  function 
of  the  arguments  indicated.  The  alternating  direction  implicit 
finite  difference  approximations  to  equation  (8)  have  on  ohe 
time  step  the  form 
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- ‘5i,j  <»' 

and  on  the  following  time  step 

In  equations  (9)  and  (10)  A,  S',  S,  §',  6,  and  S'are  9x9 
matrices,  V and  V'  are  nine-conq>onent  vectors,  and  the  super- 
script n and  subscripts  i and  j refer  to  the  space-time  point 
(t",  r^^,  Zj).  The  difference  equations  (9)  and  (10)  are 
* tridiagonal"  in  the  implicit  quantities  and  are  solved  by  a 

generalization  to  vector  equations  of  the  method  given  by 
2 

Richtmyer  and  Morton  for  scalar  equations. 

To)camak  and  Levitron  geometries  involve  all  three  com- 
ponents of  the  fluid  velocity  and  magnetic  field.  The  computet 
codes  written  to  calculate  all  nine  dependent  variables  given 
in  (6)  are  also  set  up  to  calculate  several  subsets  of  the  nine. 
The  subsets  are 

U ■ (p,  v^,  ®z^  (^1) 

applicable  to  one-dimensional  theta  pinches, 

U * (p,  v^,  9^ f 9g ' ^9'  ^z^  (^2) 

applicable  to  one-dimensional  stabilized  z pinches,  and 

U * (Pf  v^,  v^,  e^,  B^,  B^)  (13) 

appropriate  for  two-diiiiensional  theta-pinch  geometries  and  laser 
produced  plasma  expansion  studies.  For  one-dimensional  calcula- 
tions, of  course.  S'  and  S'  of  equation  (10)  are  zero  and  the 
calculations  are  performed  for  only  one  value  of  j. 
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For  a uniform  space  mesh  with  equal  increments  Ar  in 
the  radial  direction  and  equal  increments  Az  in  the  eucial 

2 

directi<^,  the  truncation  error  e (as  defined  by  Richtmyer  ) 
of  each  of  the  difference  equations  (9)  and  (10)  is 
rigorously 

e = o(At]  + o((Ar)^J  + o((Az)^l  (14 

and,  when  (9)  and  (10)  are  combined,  the  over-all  two-step 
truncation  error  is 

e - o((At)^l  + o((Ar)^l  + o((Az)^l  (15 

so  that  the  finite  difference  equatims  are  second  order  in  the 
same  spirit  as  the  Peaceman-Rachford^  equations  for  a simple 
diffusion  equation.  The  second  order  accuracy  (15)  means 
e^isentially  that  a degree  of  implicitness  is  given  to  the 
transport  coefficients  and  the  coefficients  of  all  spatial 
derivatives  in  equation  (8) . 


FINITE  DIFFERENCE  METHOD  — FIRST  TIME  STEP 


The  finite  difference  equatiois  (9)  and  (10)  are  derived 
by  dividing  the  components  of  the  vector  T into  two  separate 
parts,  one  involving  all  radial  derivatives  and  one  involving 
all  axial  derivatives.  Thus  the  6 component  of  T is  written 
as 


?®(U, 


3U  3^U 


3r 


— 

3r 


5-  3K 

n , — 

3r 


t (U, 


3U  3^U 


3z 


3z^ 


K,  ili) 

3z 


(16) 
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„Q  Q 

where  and  ^ are  nonlinear  vector  functions  of  the  argu- 
ments indicated;  in  general,  the  nuiri>er  of  coiq>onents  of 

ft  ft 

Ir  and  g*^  will  depend  on  6. 

On  the  first  time  step  (corresponaing  to  (9))  is 
—ft  —ft 

treated  implicitly  and  ^ explicitly.  Because  r is  a non- 
linear function,  it  is  linearized  in  the  implicit  quantities. 
After  the  linearization  T has  the  form 


♦1=1?  1‘<^>?*3  ■ '''I?  1 

where  a,  E,  and  c are  9x9  matrices  with  elements 

=0 


6 a 


o 3f®  3f®  3Kv 

_0  f e . £ 1 . 

'■  3U^  3Ky  30^ 


3f. 


3^Ky 


‘^60  = 4 ‘ 


3f 


3f 


B 


/ Q % 
3(  gj./ 


3Ky 


SKy  3U„3r 

'<Tr> 

Ky 

w ‘ 

(X 


] 


'6a 


3^U 

3( S) 

3r 


(17) 


(18) 


(19) 


(20) 


and  7 IS  a vector  with  nine  components 

3U_ 


'B 


- g®  f®  + a.  U + b„ 
’e  e Ba  a Ba 


2 

3 U. 


c 


Ba 


(21) 


3r  3r 

In  equations  (18)  through  ^21)  the  superscript  n and  subscripts 
i and  j are  expressly  implied  for  all  quantities,  and  the 


\ 


411 


1 


Lindemuth  and  Killeen 


repeated  subscripts  y and  e indicate  a summation  over  all 
components  of  the  subscripted  vectors,  but  no  summation  is 
Indicated  by  the  repeated  superscript  $.  The  final  differ- 
ence equation  (9)  results  from  using  the  standard  one-sided 
finite  difference  approximation  to  the  time  derivative  in 
(8)  and  the  standard  space-centered  finite  difference  approxi- 
mation to  all  spatial  derivatives  in  (17)  through  (21) . The 
matrices  S,  and  S of  (9)  are  then  given  by 

2 


'6  a 


a + 

6a  At  Arj.Ar 


Ar  ) 


'6a 


Ar_|_Ar_ 


'6a 


Ar 


®6a  “ Ar^  (Ar_+Ar^)  *^6a  * Ar^TAr^+ArJT  °6a 
. 2 

^6a  “ Ar_  (Ar_+Ar^)  *^6a  ” Ar_  (Ar_+Ar_^) 
and  the  vector  v is  given  by 


'6a 


«6a\ 


+ v„ 


(22) 

(23) 

(24) 

(25) 


''6  Tt“  ^ "6  • 

In  equations  (22)  through  (35)  the  superscript  n and  subscripts 
1 and  j are  expressly  implied.  The  "Kronecker  delta”  5 
appears  in  (22)  and  (25). 


'6a 


FINITE  DIFFERENCE  METHOD  — SECOND  TIME  STEP 

_Q  _ £ 

On  the  second  time  step  (corresponding  to  (10)),  ^ 

(16)  is  treated  implicitly  and  7^  is  treated  explicitly.  The 

procedure  for  deriving  the  final  difference  equation  (10) 
is  analogous  to  that  for  deriving  (9).  Thus,  the  matrices 
S',  S',  and  S'  of  (10)  are  given  by 
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&'  B 

a«  + + 

(Az.  - Az  ) , 

1 "*  b*  1 ^ c* 

(26) 

^Ba 

®Ba^  At 

Az^Az_  "Bo  Az_|_Az_  Bo 

Bi  * 
Ba 

Az_ 

u 1 j.  2 

(27) 

Az_j^(Az_+Az^ 

T Ba  Az^(Az_+Az^)  *^Ba 

C*  B 

Az^ 

w t 2 

(28) 

So 

Az_ (Az_+Az^ 

T ”Ba  Az_(Az_+Az^)  ‘^Ba 

and  the  vector  v'  is  given  by 

V'  B ^ + V* 

''e  At  . 


(29) 


Analogous  to  (18)  through  (21),  the  matrices  a',  E',  and  c* 
the  vector  v*  appearing  in  (26)  through  (29)  are  given  by 


'Bo 


3g®  3g®  3K 


f 3U^  ^ 3K^  ^ 


H 


B 


2 

3 K 


rB 
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B 


3g 


3g 


3U. 

C 

B 


3K 


3K  3U^3z 
® 3K 


] 


<-5i> 


^ s2u 
3(i-^) 


3z‘ 


- 5?  “a  ♦ “e»  -57  * '■ 


3U 


3^U. 


3z‘ 


and 


(30) 


(31) 


(32) 


(33) 


In  equations  (26)  through  (33)  the  superscript  n + 1 and  the 
subscripts  i and  j are  expressly  implied  for  all  quantities, 
and  the  repeated  subscripts  a,  y,  and  e indicate  a summation. 


TRUNCATION  ERROR 

The  first  order  truncation  error  indicated  in  (14)  is  a 
result  of  using  one-sided  time  differences  for  the  time  deri- 

_p 

vative  in  (8)  and  from  treating  ^ explicitly  on  the  first 


413 


Lindetnuth  and  Killeen 


time  step  and  implicitly  on  the  second  time  step,  i.e.,  ^ 
is  evaluated  at  t'^  and  rather  than  twice  successively 

at  t”^^.  However,  when  (9)  and  (10)  are  used  alternately 
the  o[At]  truncation  errors  cancel.  For  a nonuniform  mesh, 
the  spatial  truncation  error  for  terms  involving  second 
spatial  derivatives  is  actually  o(Ar]  + o[Az]  because  of 
the  use  of  the  standard  three  point  finite  difference  approxi- 
mation, but,  for  a uniform  mesh,  the  truncation  error  has  the 
form  given  in  (14)  and  (15) . 


AN  ELEMENTARY  EXAMPLE 

For  a simple  two-dimensional  diffusion  equation 

3U  „ , j.  3^U  , 3K  DU  3K  3U  „ 

_-K  (^+^) 

3t  3r  3Z 

the  vectors  7 and  g corresponding  to  equation  (16)  are 


(34) 


2 

3 U 


7 _ / a u „ 3K  3U  . . 

f — ( ■ "A  , K,  — — , 1) 

3r  3r  3r 


(36) 


and 


, „ 3^U  DK  3U  > 

' ■*''  ■ .,2*  * 3z  3z  ' 

3z 


(36) 


The  calculation  of  the  matrices  and  vectors  corresponding  to 
equations  (18)  through  (21)  and  equations  (30)  through  (33) 
and  the  calculation  of  the  final  difference  equations  corres- 
ponding to  (9)  and  (10)  iS  straightforward.  For  the  very 
simple  case  when  K is  independent  of  U,  r,  and  z,  and  for  a 
uniform  mesh,  the  complete  difference  equations  are 
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(Ar)^ 

i 

1 

1 

.3+1  ■ 

2U”  . + u"  . .) 
1 . j 1 * 3 1 

* 

i 

5 

1 

1 

1 

2 

f‘ 

9, 

j 

j+1  " 

f 

i 

i 

= -i-tJ.  + — - 2u'?^  . + . ) 

At  (ArT 


which  are  merely  the  Peaceman  and  Rachford  equations. 


CONCLUSION 

The  alternating  direction  implicit  method  presented  above 
is  novel  in  that  all  factors  in  all  terms,  not  just  the  spatial 
derivative. 3,  are  treated  implicitly  at  one  time  step  or  the 
other.  It  must  be  mentioned,  however,  that  there  is  a degree 
of  arbitrariness  in  the  determination  of  the  vectors  7®  and 

p 

^ of  (16),  and  experience  has  shown  that  how  the  vectors  are 
selected  can  affect  the  performance  of  the  codes.  The  method 
described  in  this  paper  requires  that  all  r and  z derivatives 
be  written  out  ccxnpletely  so  that  the  differential  equations 
do  indeed  have  the  functional  form  given  in  (8) . Experience 
has  shown  that  there  are  some  computational  advantages  if  the 
differential  equations  are  written  as  "conservatively"  as 
possible  and  differenced  in  the  conservative  form.  The  codes 
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developed  to  date  solve  the  equations  both  In  the  form  (8)  and 
a conservative  form.  The  conservative  equations  are  somewhat 
more  difficult  to  handle,  but  the  method  used,  to  be  reported 
at  a later  date,  is  a generalization  of  that  presented  above 
cuid  the  final  difference  equations  are  identical  in  form 
equations  (9)  and  (10) . The  method  for  deriving  the  finite 
difference  equations  (9)  and  (10)  has  also  been  used  to  solve 
the  equations  corresponding  to  (6)  and  (13)  with  the  radial 
and  axial  magnetic  field  components  and  replaced  by  a 
stream  function  which  is  the  azimuthal  component  of  the 
vector  potential  multiplied  by  the  radius  r.  The  differential 
'Equations  solved  have  the  same  form  as  equation  (8).  The 
method  is  quite  general  and  may  actually  be  applicable  to  more 
sets  of  differential  equations  than  the  MHO  equations  for  which 
it  has  actually  been  implemented. 

It  is  difficult  to  assess  at  this  time  the  extent  of  the 
advantages  of  the  alternating  direction  implicit  MHO  calcula- 
tions over  the  several  explicit  schemes  reported^  with  respect 
to  enhanced  numerical  stability.  Our  calculations  performed 
to  date  indicate  numerical  stability  for  time  steps  several 
times  larger  than  would  be  allowed  with  em  explicit  method, 
but  the  maximum  allowable  time  step  has  not  yet  been  fully 
determined.  It  is  expected  that  the  implicitness  and  second 
order  accuracy  of  the  method  presented  above  will  allow  calcu- 
lations covering  a longer  real  time  than  is  presently  feasible 

I 

6 
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with  explicit  methods.  With  the  advent  of  the  new  generation 
of  con^uters  it  is  certain  that  alternating  direction  inqplicit 
calculations  in  magnetohydrodynamics  <md  other  areas  of 
computational  physics  will  be  performed  more  and  more  fre- 
quently . 
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ABSTRACT 

The  nonlocal  conductivity  provides  a useful  representation 
of  the  a-c  properties  of  nonunifom  plaanas.  A conputer  pro^raa 
is  described  which  conputes  the  conductivity  for  high  frequency 
longitudinal  perturbations.  The  routine  is  efficient  and 
accurate.  Its  logical  structure  and  the  note  novel  algorithns 
are  described.  Overall  nuaerical  accuracy  is  described  in  terns 
of  the  convergence  of  the  positions  of  the  ii)-plane  poles  of  the 
conductivity.  The  great  care  required  to  obtain  this  convergence 
probably  is  illustrative  of  what  is  needed  in  nany  calculations. 
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X.  UnODOCTlOM 

Tba  bdiavtor  of  woak  disturbances  In  a plasna  can  be  characterized 

by  a nonlocal  conductivity  tensor.^  This  "conductivity  kernel”  is 

specified  by  the  steady  state  (assuned  Co  be  know)  of  the  plasaa. 

Because  the  unkno'jn  velocity  dependence  in  the  kinetic  equation  does 

not  appear  explicitly  In  the  conductivity  kemelt  and  because  the  sssie 

kernel  detenines  Che  response  to  a varisty  of  external  forces,  nunerical 

conputstlon  of  the  conductivity  kernel  is  soaetlses  nore  attractive  than 

a direct  numrical  attack  on  the  kinetic  equation.  Several  authors  have 

used  the  conductivity  kernel  to  study  one-disenslonal  electron-plasna 

2-5 

oscillations  la  inhoeugeneous  plasnas. 

The  purpose  of  this  p^er  is  to  describe  a nethod  of  conputlng  the 
conductivity  kernel  which  is  efficient  and  converges  %wll.  The  procedure 
is  applicable  to  arbitrary  aonotonic  density  variations,  and  could  be 
extended  to  two-diawnaional  probleau  or  to  include  aodel  collisions  in 
a natural  way. 

In  Section  II,  the  conductivity  kernel  is  given  for  one-dlsenslonal 
r'  '.trostatic  oecillations  In  a Haxwelliau  plasaa.  Algorlthas,  the 
doainsnt  logical  considerations,  and  details  of  the  niaerlcal  techniques 
are  given  in  Section  III.  Evaluating  convergence  is  facilitated  by  a 
nomal  node  interpretation  of  the  results.^  A set  of  detailed  results 
is  included  In  an  earlier  report.^  Flow  charts  ere  given  in  the  Apperdix. 

II.  THE  NONLOCAL  CONDUCTIVITY 

The  general  fora  of  the  nonlocal  conductivity  ten.tor  has  been 
derived^'^  froa  the  Vlasov  equation.  Only  the  conductivity  lor  high 
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frequency,  one-dlaenslonal  electrostatic  oscillations  will  be  considered 
explicitly,  although  auch  of  the  work  can  be  carried  over  to  other 
situations . 

A.  Description  of  the  Steady  State 
Vox  frequencies  near  the  electron  plasma  frequency,  lo^(x)  ■■ 
[4irH^(x)e^/n]^ ' where  i(^(x)  Is  the  unperturbed  electron  density,  the 
nannlvr:  ions  cannot  respond  significantly  to  electric  fields,  and  only 
Che  electrons  contribute  to  the  conductivity.  The  unperturbed  plasma 
Is  then  specified  by  an  electron  distribution  function,  VJx,v)  • 

N (x)f  (x,v),  and  an  electrostatic  potential,  4 (x). 

0 0 0 

The  unperturbed  colllslonless  electron  paths  In  phase  space  are 
determined  by  the  Initial  conditions. 
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Vhcnever  an  electron  strikes  a wall  it  sticks  long  enough  to  reconblne, 
and  we  should  set 


F^(x',v')-0  (2') 

for  all  later  tines.  So  few  electrons  reach  floating  walls,  however, 
that  the  error  in  assuming  reflection  at  the  wall  is  negligible. 

Inmost  experimental  situations,  the  potential,  will  be 

such  as  to  trap  the  negatively  charged  electrons,  with  the  minimum 
potential,  -4^,  the  "floating  potential,”  at  the  boundaries. 

An  orbit  may  connect  two  points,  x and  x',  either  directly,  or 
by  going  through  a turning  point  one  or  more  times.  Going  backward 
along  the  orbit  from  (x,v),  let  p be  the  number  of  times  that  the 
orbit  has  gone  through  turning  points  to  reach  x'.  Then,  for  a parti- 
cular potential  function,  the  segment  of  the  orbit  connecting  x and  x' 
is  specified  by  x,  v,  x',  and  p.  The  velocity  at  x'  is  written  as 
v'(x,v'x',p),  and  the  time  to  go  from  x'  to  x is  denoted  by  t(x,v;x',p). 

The  characteristics  of  the  steady  state  which  will  determine  the 
nonlocal  conductivity  are  the  orbit  times,  T(x,v;x',p),  and  the  number 
of  electrons  on  an  Infinitesimal  set  of  orbits,  F^(x,v)dxdv.  The  actual 
choice  of  the  model  plasma  is  a matter  of  computational  convenience  and 
the  availability  of  experimental  data  or  a detailed  theory.  The  rigid 
ion  density  can  always  be  chosen  to  satisfy  Poisson's  equation. 

B.  The  Nonlocal  Conductivity 

Formal  solution  of  the  linearized  Vlasov  equafion  by  the  method  of 
characteristics^  ^ leads  directly  to  the  nonlocal  Ohm's  law. 
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I. 

J^(x)  - J <f(x;x*)E^(x‘)dx*  , (3) 

o 

irt\ere  0 £ x £ i.  The  nonlocal  conductivity  is 


o(x-xM--—  y f yu(x.v;x',p)  ^^o^*  ^ 1mt(x.v;x* ,p)  ... 


idiere 

1,  on  allowed  orbit  segments, 

u(x,v;x',p)  - 

0,  on  forbidden  orbit  segments. 


The  orbit  segment  (x,v;x' ,p)  is  "forbidden"  if  an  electron  from  x* 
cannot  reach  (x,v)  after  p turning  points.  The  other  factors  are  de- 
fined above. 

The  perturbing  field,  E^,  is  the  sum  of  any  externally  applied 
driving  field,  and  the  field  set  up  by  charges  in  the  plasma,  E^, 
that  is 


E^(x)  - Ep(x)  + Ej(x)  , (5) 

idiere,  for  electrostatic  oscillations, 

iwE„(x)  - 4v  J-  (x)  , (6) 

P 1 


L 

Ep(x)  - J K(x;x')E^(x')dx’  , (7) 

o 

where 

K(x;x')  - g o(x;x')  . (8) 

We  shall  usually  refer  to  K,  rather  than  a,  as  the  conductivity  kernel. 
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Derivations  ' of  the  conductivity  kernel  make  it  clear  that 
Eq.  (7)  corresponds  to  Landau's  form  of  the  initial  value  problem,  and 
that  ve  must  follow  the  Landau  convention  with  respect  to  any  poles  in 
the  integrand  of  Eq.  (4).  The  only  poles  in  the  lower  half  of  the 
u-plane  arise  from  the  sum  of  successive  passages  (p)  for  orbits  which 
are  periodic  with  period  equal  to  an  Integer  multiple  of  the  oscillation 

3 

period.  These  poles  are  easily  destroyed  by  weak  collisions,  and  pro- 
bably can  be  safely  dropped  in  most  unmagnetized  plascas.  We  shall  use 
a model  in  which  there  are  no  periodic  orbits  (u  - 0 for  p > 1) , and 
only  the  principle  value  of  the  Integral  over  velocity  contributes  to 
the  conductivity.  This  model  corresponds  exactly  to  a one-sided 
nonuniform  plasma. 

II.  COMPUTING  THE  NONLOCAL  CONDUCTIVITY 
A.  Simplification  by  Choice  of  Model 
He  have  Just  made  one  important  simplification  by  choosing  a one- 
sided model,  keeping  only  p > 0 and  p « 1.  Choosing  to  be  Maxwellian 
makes  a very  Important  difference,  specifically  it  allows  us  to  eliminate 
v'  from  K by  substituting 

3F  (x',v')  , , 

--TPr-  * - ^ - - W "o<*'^>' 


|v*(x,v;x',p)|  ^ 


into  Eqs.  (4)  and  (8),  obtaining 
w^^(x)  1 


K(x;x')  - -2__  ^ I (-1)*^  y f^(v)u(x,v;x',p)e 


1wt(x,v;x',p) 


423 


Leavena,  Love,  and  Laraon 


vfaare 


■ te)  * 


Provided  that  all  orblta  have  a turning  polnti  l.e.  for  every 
electron  at  (x,v)  there  la  one  at  (x,-v).  It  la  readily  ahown  that 


K(x;x’)  - K(x*;x) 


(11) 


Since  the  niaber  of  electrona  reaching  a typical  floating  vail  la 
0(«/M^)>/2,  we  ouiy  aafely  Ignore  the  aayametry  reaultlng  from  wall 
recombination.  Thla  not  only  eaves  half  the  computing,  but  also 
simplifies  the  logic,  since  choosing  x x*  (-e^^(x)  ^ -e^^(x')) 
guarantees  that  any  electron  having  sufficient  energy  to  reach  x 
will  also  reach  x'.  Wall  effects  can  be  easily  Included  If  necessary. 

B.  Numerical  Representations 
Algorithms  must  be  chosen  for  three  Integrations: 

1.  The  orbit  time, 

(x’.p) 

t(x,v;x',p)  - j . (12) 

(x.v) 

Let  ♦p(x)  ■ 0 at  X • 0,  and  let  1/2  mv^-eA^(x)  ■ C,  then 

t(x,v;x',0)  ■ t(x,C)  - t(x',C),  x > x* 

and  (13) 

t(x,v;x'1)  - 2t(x  ,C)  - t(x,0  - x(x',C)  , 

tp 

where  -•♦g(x^p)  - «nd 


424 


Computing  Nonlocal  Conductivity 


. 0<  a < 


Only  t(x,C)  needs  to  be  coaputed  and  stored.  This  is  the  faailiar 
nuaerical  problea  of  coaputing  orbits  in  a static  potential.  He  use 
Gaussian  quadrature  over  each  space  step. 


where  the  a^,  y^  are  the  Gaussian  weights  and  points  in  the  interval. 
Osually  (far  froa  turning  points),  we  choose 


y ■ X,  g(y)  * l//C+e*^(x)  - v(x) 


Very  close  to  turning  points  any  polynomial  quadrature  of  Eq.  (16) 
breaks  down,  so  we  use  the  standard  transformation. 


y • •'x-Xj.p,  g(y)  - /x-Xj.p/v(x) 


Because  the  potentials  are  sometimes  fairly  rapidly  varying  it  is 
necessary  to  have  an  intermediate  approximation,  which  is  obtained  by 
defini’'  , a virtual  Cuming  point,  x*^,  to  be  used  in  the  transformation 
of  Eq.  (17),  where 

t+e*  (x  .) 

*tp  " Vl  * «[-♦-(* ^*n+l"*n^ 

o n'ri  o n 
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2.  The  velocity  integrals, 

X(x;x',p)  = (-1)^  J f^(v)u(x,v;x',p)e^"''vdv  , 

can  be  rewritten,  for  x > x',  as 


and 


or 


I(x;x',o)-j‘  , (19) 


I(x;xM)  - - / f^(v)e^^<**''**’*«vdv  . 


I(x;xM)-/  yv)e^“^<*‘-^J*’*l>vdv  . (20) 


(21) 


The  Integration  is  done  by  separate  Gaussian  quadratures  over  five 
ranges , 

5 

I(x;xM)  - £ , 

Hil  ^ 

where 

where  h ■ f^e^*^^v,  and  . are  the  weights  and  points  for 

th 

i|l  order  Gaussian  quadrature  in  the  range 

Vi_i  i V < Vj,  Wj  - v^  - v^.j,  . 0 . 


Integration  in  energy  space,  incidentally,  is  less  accurate,  the  rapid 
phase  variations  being  even  mor^  compressed  into  the  bottom  of  the  range. 
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Various  choices  of  the  ranges  and  orders  of  integration  have  been 
tried.  So  long  as  the  five  velocity  ranges  cover  the  kinetic  energy 
range  from  zero  to  about  IS  kT,  and  are  compressed  at  the  low  end,  the 
lowest  extending  from  zero  to  approximately  kT/2S,  the  overall  accuracy, 
using  iji  ••  10  in  each  range,  is  better  than  four  significant  figures 
even  for  fairly  large  x-x*.  In  sheaths^ where  the  d-c  field  is  strong, 
even  the  longest  orbit  times  are  fairly  short,  and  the  low  velocity 
ranges  can  extend  to  about  kT/3. 

An  alternative  procedure,  used  in  an  earlier  version  of  this  pro- 
gram,^ is  to  choose  a single  set  of  orbits,  uniformly  spaced  in  energy. 
Then  auy  one  orbit  can  be  used  for  many  pairs  of  points  (x,x*)  rather 
than  a single  row.  Although,  at  first  hand,  this  seems  more  efficient 
than  a technique  requiring  completely  different  sets  of  orbits  for  each 
row,  it  is,  in  fact,  an  inferior  procedure.  The  difficulty  is  simply 
that  numerical  accuracy  requires  a very  fine  mesh  for  the  lower  velo- 
cities (at  any  given  x),  while  the  same  orbits  will  be  on  a wastefully 
fine  mesh  for  points,  x,  far  from  their  turning  points.  One  winds  up 
calculating  a very  large  set  of  orbits,  and  picking  out  an  appropriate 
subset  for  each  row.  The  gain  due  to  overlap  of  the  subsets  does  not 
compensate  for  losing  the  advantages  of  Gaussian  integration. 

3.  The  space  integration, 

L 

Ep(x)  - J K(x;x’)Ej(x’)dx*  , 
o 

is  the  most  difficult.  Let  K ••  where,  in  Eq.  (10),  is  the 

p ■ 0 contribution,  and  is  the  contribution  of  reflected  particles. 


\ 
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On  the  diagonal  we  have  T(x,vix,o)  ■ 0,  and 

« (x!x-e)  - - V ^ • 

o 

and  obtain  the  sane  linlt  approaching  x fron  above.  Consequently, 

IidC^  Is  a snooth  function  with  a naxlnun  at  the  diagonal.  The  sane 
applies  to  both  the  real  and  Inaglnary  parts  of  K^,  and  conventional 
qtudrature  techniques  are  suitable  for  these  three  parts  of  K. 

However,  ReK^  requires  a special  algorlthn.  Fron  Eq.  (10)  we  see 
that  ReK^(x;x)  “ 0,  again  approaching  fron  either  side,  but  that 

^ ^ ReK„(x.x±e)  - «p2(x)  ^ f f^(v)u(x,v;x,o)  " ±-^2kl“  * 

(22) 

Is  nonzero  and  changes  sign  at  the  diagonal.  Thus,  ReK^  has  a cusp 
on  the  diagonal. 

There  are  several  possible  techniques  for  handling  the  cusp. 

Most  require  a finer  nesh  that  we  can  afford  (see  the  next  section). 

By  far  the  best  procedure  Is  to  generate  snooth  continuations  of  ReK^ 

across  the  diagonal  In  both  directions.  Clearly  the  snooth  continuations 

cannot  be  generated  by  extrapolation.  That  would  be  equivalent  to  using 

the  end  point  fomulas  with  their  large  errors. 

Define  the  extended  functions  ReK~(x;x'),  by 

o 

ReK  "(x;x'<x)  - ReK  (x;x')  , 

o — o 

« *(x') 

ReK^”(x;x'^x)  - - ReK^(x;x')  , (23) 
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s 

1 


ReK^’^(x;x'<x)  - - IUK^(x;x') 

P ' 

ReK  *(x;x’>x)  ” ReK  (x;x') 

To  the  extent  that  ^^(x)  is  smooth,  there  are  no  discontinuities  in 
ReK^^  and  their  derivatives.  Now  we  may  write 

Lx  L 

j ReK^(x;x')E^(x')dx'  - j ReK^“(x;x')(Ej^(x’)dx’  + J ReK^‘'‘(x;x')E(x')dx'  , 
o o X 

and  use  midrange  Integration  formulas  right  up  to  the  diagonal. 

Difficulties  at  the  boundaries  have  been  avoided  by  doing  problems 
where  cither  the  fields  or  the  kernel  are  small  there,  so  that  the  errors 
In  the  end  point  Integration  formulas  will  not  matter.  Except  at  the 
boundaries,  the  slx-polnt  midrange  Integration  formulas  were  used.  Higher 
order  quadratures  did  not  help  because  the  relatively  large  mesh  spacing 
puts  mesh  points,  other  than  the  nearest  six,  sufficiently  far  away  that 
the  behavior  of  the  kernel  Is  distinctly  non-polynomial. 

Convergence  of  the  results  Is  best  determined  by  examining  the 
convergence  of  the  elgenfrequencles  of  the  system.  These  have  been 
found^  by  a fairly  elaborate  numerical  analysis  of  the  results  of  this 
calculation.  For  a fairly  realistic  model  of  a nonunlfoim  plasma  with 
a sheath,  we  obtained  clear-cut  convergence  using  the  algorithms  des- 
cribed above  and  73  space  points.  Under  these  conditions  the  colllslon- 
less  damping  Is  determined  to  within  no  better  than  a few  percent,  even 
though  the  calculation  Is  generally  two  orders  of  magnitude  better. 


t 

C 

I 
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C.  Logical  Structure 

Efficient  execution  depends  primarily  on  the  logical  structure 
of  the  programs.  The  present  routines  are  designed  to  work  on  a 32-64R 
memory  sequential  processor  (CDC  3600).  Fast  masking  operations  are 
essential,  as  Is  at  least  a 48  bit  word.  Larger  memory,  mass  memory, 
and/or  a parallel  processor  could  be  used  to  great  advantage.  The 
logical  structure  Is  largely  determined  by  the  following  considerations: 

1.  E must  fit  entirely  In  core.  A 73x73  cosiplex  matrix  can  be  Inverted 
by  the  Causs-Jordan  method  In  about  one  minute  of  CPU  time.  The  In- 
version time  goes  like  but  blows  up  much  more  rapidly  when  Input- 
output  operations  are  required.  It  does  not  seem  likely,  for  this 
reason,  that  problems  with  two  unknown  space  dependences  will  ever  be 
done  this  way.  Separable  cylinder  and  sphere  problems  can  be  done. 

2.  The  kernel  program  consists  of  loops  nested  three  deep  (x,v,x*). 
Cylinder  and  sphere  problems  would  have  a second  velocity  dimension. 

It  Is,  therefore,  important  to  minimize: 

(a)  The  number  of  space  points  (see  (1)  above),  and  the  number 
of  velocity  points.  This  requires  careful  choice  of  the  al- 
grrlthms,  as  considered  In  III.B. 

(^'  The  execution  tisM  for  the  innermost  loop.  Standard  trigo- 
nometric and  Biodulus  functions  must  not  be  used.  The  number  of 
multiplications  must  be  as  small  as  possible,  there  should  be 
no  dividlons,  and  Integer  arithmetic  should  be  used. 

3.  A separate  program  to  compute  the  orbits,  t(x,Oi  will  be  executed 
only  once  for  any  given  model.  In  this  program  we  can  afford  extra 
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tlae  to  atore  the  orbits  In  the  fom  aost  useful  to  the  kernel  prograa. 
The  orbit  calcvlatlons  can  be  aore  accurate,  reaovlng  thea  as  a source 
of  final  errors. 

Suaaary  of  the  Orbits  Program  - ORBGAUSS 

The  routine  chooses  a set  of  energies  suitable  for  the  multiple 

range  Gaussian  quadrature  of  the  velocity  Integration.  These  same 

energies  are  tised  for  all  columns,  J,  In  the  1^^  row,  where  Is  uphill 

froa  Xj  (this  fills  half  the  matrix,  the  other  half  Is  obtained  by 

syaaetry).  Within  this  set,  the  orbit  tlaes,  t(£,x^£x^),  are  computed 

and  stored  on  tape,  along  with  Identifying  Information.  Each  such 

block  of  Information  Is  referred  to  as  a "cluster";  there  Is  one 

cluster  per  row,  stored  as  a single  logical  record  of  binary  Information 

containing  both  Integer  and  floating  point  Information. 

Summary  of  the  Kernel  Program  - GAUSSKSIX 

A key  preliminary  calculation  Is  a sine  table,  scaled  to  Integers 

(l-t-lO^),  with  arguments  6 , where 

n 

®n  " X 2r,  1 < n < 5120  . (24) 

Cosine  Is  the  first  four -fifths  of  the  table,  sine  the  last  four-fifths. 
Phases  will  be  scaled  such  that  2ir  • 4096  “ 2^^,  and  truncated  to  Inte- 
gers. Modulo  2it  can  be  taken  In  approximately  one  cycle  time  with  a 
masking  operation.  The  error  In  any  one  use  of  this  table  Is 

6 % 2it  X lO-** 

which  Is  relatively  large.  These  errors,  however,  seem  to  cancel  out 
very  well. 
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f Mlm  the  table  »e  save,  every  tine  the  one^laenslonal  kernel 
protrs.  mna.  eppro*l«tely  10«  call,  of  the  trl,ono.«tnc 

functions.  Instead,  the  operation,  uhlch  are  executed  10«  tlKs  .re 
cf  the  foms 


H - M.AHD.NOY 


and 


tt(I)  - ni(I)  + IEW0*ISITBLCM) 


(26) 


(27) 


•here  (26)  la  the  aodulus  2t  operation,  HOY  . 4096-1,  and  (27) 
Increnenta  a piece  of  the  kernel. 

IV.  CONCLUSIONS 

tk.  pr«„c  to..  OT  ^ 

a»  tl«  to  c,.,.  rt. 

tk.  ^ 

.F.r..lo..  „ ...  k.™,, 

1-.  .«.»!  b..„  cm  tta..  „.  ^ 

..cur...  tt.  H„b  .. 

plasna. 

In  order  of  Inportance,  thl.  perforwnce  depend,  on; 

(1)  Keeping  the  kernel  In  core  during  the  Inversion; 

(2)  Streanllning  the  Innemost  loop;  and 

(3)  Careful  choice  of  Integration  algorlthna. 

Our  aKrl«c<. 

~our„.  . .k.,,u.l  ,b„, 
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when  chocklat  convorgancct  It  la  laportant  to  work  at  fraquenclea  In 
tba  nalChboiliood  of  Cha  clsenfra^caciaa  of  a systan.  7ar  froa  the 
altcnfre^uenclaa  the  raapoaaa  dcpcnda  on  Jnat  a few  paraaetera,  and 
it  aecaa  to  be  eaaler  to  get  a few  paraaetera  to  converge  than  aany 
paraawtera. 
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APPENDIX 
Flowcharts 

Detailed  flow  charts  are  too  long  to  give  here.  The  charts  show 
only  large-scale  structure.  They,  taken  with  the  discussions  of  the 
algorlthsa  and  logical  structure  In  the  main  text,  are  an  adequate 
Introduction  to  the  programs.  The  programs  themselves  are  too  long 
to  list  here,  but  we  can  furnish  listings  on  request.  The  programs 
have  been  left  entirely  in  FORTRAN,  since  the  3600  compiler  assembled 
a very  efficient  Innermost  loop..  The  notes  below  refer  to  points  In 
the  flow  charts. 

Note  l!  Aside  from  being  monotonlc,  the  >otentlal  is  arbitrary.  Sxib- 
routlne  POT  defines  the  potent *al  and  Its  first  four  derivatives  at 
the  mesh  points.  POT  may  also  specify  the  sheath  edge.  If  present,  to 
help  ORBGAUSS  choose  the  velocity  Integration  ranges. 

Note  2;  To  avoid  excessive  starts  and  stops  of  the  magnetic  tape  units, 
both  Integer  and  floating  point  data  are  stored  In  the  same  array,  under 
dummy  names  when  there  Is  a type  conflict. 

Note  3s  Between  mesh  points,  Is  taken  to  be  defined  exactly  by  a 
truncated  Taylor  series  using  the  derivative  suppled  by  POT. 

Note  4;  We  do  not,  of  course,  ever  carry  out  the  space  Integration. 

The  algorithm  merely  converts  the  Integral  equation  to  a matrix  equation. 
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ABSTRACT 

An  Invlscld  but  vortical  gas  can  be  simulated  as  a 
quasi-continuous  distribution  of  vortices.  The  triple 
infinity  of  mass  elements  should  be  enumerated  in  such  a 
way  that  two  of  the  three  indices  identify  the  vortex 
filament  to  which  the  element  belongs.  If  these  indices 
are  chosen  as  discretized  Clebsch  variables,  the  velocity 
field  is  obtained  from  them  by  gradient  formation.  Four 
dependent  variables  (arrays),  namely  x,  y,  z and  a velocity 
potential  for  the  Irrotational  part  of  the  motion,  then 
suffice  to  describe  the  gas  in  three  dimensions.  A space- 
and  time-symmetric  leap  frog  scheme  allows  the  variables 
to  be  advanced  in  time,  with  readily  controllable  numerical 
stab lllty . 


INTRODUCTORY  REMARK 

In  this  article  is  described  an  ambitious  scheme  for 
the  numerical  simulation  of  turbulence  in  an  ordinary  non- 
lonlzed  gas.  While  the  central  idea  can  be  generalized  to 
charge-and  current-carrying  compressible  fluids,  the  scheme 
is  not  primarily  offered  as  a means  for  solving  plasma 
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problems.  The  link  with  numerical  plasma  simulation  Is  not 
of  a physical  nature;  It  lies  In  the  common  feature  of 
describing  a continuum  by  discrete  Interacting  elements. 

At  the  time  of  writing  the  scheme  Is  only  a blueprint. 
Programming  has  not  advanced  beyond  the  stage  of  sketching  a 
flow  sheet  (see  Section  IV). 

I.  OUTLINE  OF  PROJECT 

The  calculation  of  small-scale  "turbulent"  gas  or  fluid 
movements  has  two  distinct  applications: 

1.  Actual  prediction  of  local  atmospheric  conditions 
In  meteorology  and  air  pollution  control  (or  the 
corresponding  application  for  the  liquid  phase). 

2.  Extraction  (fron  « range  of  numerical  experiments) 
of  "effective"  v.  <>coslty  and  heat  conduction 
coefficients  to  be  used  for  the  simulation  of 
turbulence  In  large-scale  calculations,  together 
with  the  verification  of  statistical  turbulence 
theories . 

It  Is  proposed  to  perform  the  small  scale  calculations 
by  means  of  large  digital  computers.  Such  calculations 
have,  hitherto,  presented  a severe  challenge  In  numerical 
gas  and  fluid  simulation;  difficulties  arise  In  conventional 
schemes  from  having  to  go  to  large  Reynolds  numbers.  (The 
proposed  new  scheme  will  start  at  the  limit  R • ».) 

It  Is  Intended  to  use  techniques  which  originated,  and 
succeeded.  In  plasma  physics  and  related  areas  Involving 
many  body  problems.  The  link  Is  the  particle  concept,  namely 
to  Identify  vortices  as  the  "particles"  of  aerodynamics. 

Vortices  were  recognized  to  be  "locked"  Into  a fluid  or 
gas  by  Helmholtz  and  Kelvin*,  over  a century  ago.  Therj  have 

*Kelvln  even  proposed  a vortex  theory  of  fundamental  particles. 
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already  been  several  suggestlonsi  and  even  successful  attempts 
to  calculate  continuous  two-dimensional  vortlclty  by  tracing 
large  numbers  of  straight  parallel  vortex  filaments  through 
their  mutual  Interactlonst  exactly  as  one  traces  "rod 
particles"  In  two-dimensional  numerical  plasma  experiments. 

However,  It  Is  well  known  that  the  third  dimension  Is 
extremely  Important  In  vortex  and  turbulence  theory  (how  else 
would  a wing  fly?)  , and  while  global  weather  prediction  can 
be  performed,  with  fair  success,  as  a two-dimensional  exercise, 
local  prediction  will  always  require  the  terrain  and  obstacles 
to  be  taken  Into  account. 

The  new  element  by  which  the  third  dimension  Is  to  be 
Introduced  Into  large-scale  numerical  tracing  of  vortices 
Is  an  old  Idea  due  to  Clebsch.^ 

Three  variables  were  Introduced  by  Clebsch  from  which 
the  velocity  field  of  a vortlca!  medium  Is  derived  In  three 
dimensions.  (This  operation  requires  only  a couple  of 
gradient  formations  and  a multiplication.)  Two  of  the 
Clebsch  variables  are  the  labels  of  the  vortex  filaments, 
the  third  Is  the  velocity  potential  cf  the  Irrotatlonal  part 
of  the  motion. 

Since  the  vortex  filaments  are  locked  Into  the  medium, 
we  can  use  their  labels  to  Identify  mass  elements  of  the 
medium.  A third  label  (not  the  third  Clebsch  variables)  will 
be  used  to  Identify  a mass  element  as  to  position  along  Its 
vortex  line.  From  the  flrct  two  labels,  and  Clebsch's 
velocity  potential,  we  derive  the  velocity  of  the  mass 
element.  This,  together  with  a Bernoulli  equation  for  the 
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potcntlsl.  Is  equlvslcnt  to  solving  the  Msvler-Stokes  equations 
for  Infinite  Reynolds  nuatber. 

Ccmputstionslly t this  procedure  has  the  following 
attractions: 

(1)  The  fluid  eleaent  positions  are  recorded  as  a 
three-dlaenslonal  array,  with  the  addresses 
containing  two-thirds  of  the  j.nfornatlon  on 

the  velocities.  Only  four  data  (three  position 
co-ordinates  and  a potential  value)  need  to  be 
stored  under  each  address.  In  conventional  three- 
dimensional  particle  tracing  one  has  six  data  per 
particle,  but  the  addresses  vamaln  without  physical 
significance. 

(2)  The  information  can  be  so  arranged  that  “leap- 
frogging" becomes  possible  In  forming  gradients 
and  advancing  the  particles  In  time.  In  other 
words,  one  gets  the  benefit  of  central  difference 
precision  and  strict  reversibility.  (We  shall 
take  up  the  topic  of  dissipation  through  molecular 
viscosity  separately.) 

(3)  All  operations  are  algebraic,  with  only  one 
division  per  particle  per  step. 

(4)  The  scheme  Is  completely  Lagrsnglan;  there  Is  no 
“mesh"  as  In  Eulerian  schemes  and,  one  would  hope, 
no  worry  about  numerical  stability. 

In  essence,  then,  the  Clebsch  variables  offer  a hlgh- 
economy  computations!  scheme  for  tracing  three-dimensional 
microturbulence,  and  one  ought,  at  least,  to  try  this  out. 

First  studies  are  to  be  confined  to  simple  problems,  such  as 
turbulence  in  consequence  of  Instability  of  laminar  snear  flow, 
or  behind  a finite  wing  of  simple  shape. 


II.  BACKGROUND 

In  this  section,  the  area  of  numerical  turbulence  studies 
will  be  surveyed  very  broadly,  and  the  proposed  attack  will  be 
linked  to  past  efforts. 
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For  an  Introduction  to  vortical  flow  theory,  Laab's 
claaBlcal  Hydrodynamlca^  is  still  an  excellent  start. 

Early  theorists  were  preoccupied  with  ideal  flow  probleas 
and  tended  to  shy  away  froa  viscous  fluids  except  where 
elegant  closed  aatheaatical  solutions  to  the  Navier-Stokes 
equations  could  be  given. 

There  followed  a period  when  lack  of  detailed  aathe- 
aatical analysis  was  overcoae  by  aeans  of  statistics,  and 

great  strides  were  Bade  in  the  aacro^copic  description  of 

2 

turbulence  (see,  for  instance,  G.K.  Batchelor  ).  This 

description  will,  for  quite  soae  tlae,  reaain  the  best  way 

of  introducing  turbulence  effects  into  large  scale  nuaerical 
3-9 

weather  prediction  where  turbulence  is  siaulated*  by  a 
pseudo  viscosity,  thus  allowing  the  use  of  the  Navier-Stokes 
equations  on  false  pretenses.  For  it  has  been  recognised 
that  genuine  aolecular  viscosity  plays  a significant  part 
only  on  the  saallest  scale,  in  particular  in  the  boundary 
layer,  and  that  the  evolution  of  eddy  patterns  is  essentially 
governed  by  Euler's  equations.  Turbulent  phenomena  and  their 
statistics  are  often  surprisingly  insensitive  to  the  value  of 
the  aolecular  viscosity  (see,  for  instance,  Townsend^^) . 

Coaputers  have  been  used  with  spectacular  success  to 
solve  the  Navier-Stokes  equations,  borh  on  the  large  scale 
with  a pseudo  viscosity  and  on  a saall  scale  with  aolecular 
viscosity.  The  latter  application  has  advanced  our  under- 
standing of  boundary  layers.  A sequence  of  conference 
11  12 

proceedings  * supplies  a useful  bibliography  for  this 

*The  term  "simulation"  has,  in  this  context,  not  the  same 
connotation  as  in  "nnmeclcal  plasma  simulation"  where  it 
means  making  a computer  model  of  the  plasma. 
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faat  daveloplttg  aubject.  For  low  and  moderate  Raynolda 
numbera  the  numerical  achumea  are  quite  aucceaaful. 

13 

With  high  Reynolda  numbera,  there  baa  been  leaa  aucceaa 
A number  of  papera  in  the  proceedinga  deal  with  thia  aubject^^. 
It  la  racognlaed  that  the  hlgh-Raynolda  number  problem  la  the 
mlaalng  link  between  the  amall  and  large  acale  Navler-Stokea 
computatlona , but  the  draatlc  atep  of  going  right  back  to  the 

Euler  equatlona  for  computational  work  haa  not  bean  taken  by 

15,16 
many  ’ 

Much  of  the  numerical  work  la,  of  couraa,  raatrlcted  to 

two  dlmenalona,  and  the  idea  of  aolvlng  Euler'a  equatlona 

numerically  by  tracing  vorticea  waa  flrat  propoaed,  and 

implemented,  without  the  third  dlmanalon^^.  It  la  Intereatlng  , 

to  note  that  thla  method  of  attack  waa  developad  further  by 
18~20 

reaearchera  with  a plaama  background. 

The  extanalon  to  three  dlmenalona  aaema  to  ba  novel  and 
untriad.  It  la  made  attractive  by  the  uaa  of  Clebach 
variablaa  In  place  of  the  vortlclty  and  atream  function. 
Introduced  for  two-dimenalonal  computatlona  by  Fromm  and 
Harlow^^.  The  author  haa  not  found  any  referanca  to 

Clabach  variablaa  in  an  attempt  to  re-formulate  claaalcal 

23 

elactrodynamlca.  Directly  from  tha  interpretation  of 
Dlrac'a  variablaa  one  can  deduce  that  the  ideaa  praaantad 
here  can  be  extended  to  charge-  and  current-carrying  * 
relatlvlatlc  compreaalble  flulda. 


III.  DISSIPATION 

Tha  conaarvatlon  of  vortlcaa,  and  tha  validity  of  tha 


Clebach  rapraaantatlon  of  tha  velocity  field,  era  aubjact  to 


( 


I 

i 
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the  absence  of  viscosity.  It  asy  be  that  a staple  aodifica- 
tion  of  the  Clebnch  representation  could  be  aade  to  account 
for  the  viscous  tcra  in  the  Navier-Stokes  equation  (this  will 
be  looked  Into).  Alternatively,  one  could  design  a acheae 
for  writing  off  occasional  vortices — perhaps  with  randoa 
selection — provided  this  does  not  cause  excessive  nuserical 
noise. 

However,  one  of  the  objectives  of  the  proposed  studies  is 
to  account  for  the  anomalous  viscosity,  or  "eddy  viscosity” 
which  has  to  be  introduced  into  large-scale  aerodynaalcal 
calculations  to  fit  the  observations.  From  this  point  of  view, 

it  la  almost  desirable  to  start  with  the  unrealistic  "ideal" 
fluid  or  gas  model,  and  to  Ignore  molecular  viscosity 

altogether.  Indeed,  our  objective  is  to  explain  apparently 
irreversible  phenomena  in  terms  of  strictly  reversible 
fundamental  laws.  Here  we  have  another  point  of  contact 
with  plasma  physics  where  one  looks  for  causes  of  "anomalous" 
resistance  and  diffusion  under  conditions  where  the  strictly 
reversible  "collisionless”  Boltzmann  equation  should  apply. 

There  is,  of  course,  some  numerical  noise  present  in  all 
computations — mainly  due  to  replacing  contlnua  by  finite 
elements.  Rounding-off  errors  tend  to  lie  well  below  this 
noise  level  which  often  makes  it  reasonable  to  use  the  shortest 
possible  word  that  one's  computer  will  allow.  (It  Is  Intended 
to  keep  to  16  bit  words  on  the  local  IBM  360.)  However,  by 
careful  choice  of  one's  finite-difference  scheme  one  can  main- 
tain reversibility  down  to  machine  accuracy.  This  we  do  by 
using  central  differences  In  time  (Sec.  IV).  With  It  would  go 
a gamma  of  five-thirds  in  the  gas  law  for  relating  “-he  pressure 
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in  Bernoulli's  equation  to  the  "particle"  denaitjF.  The 
renaining  nunecical  noise  nay  possibly  have  the  diffusion 
character  of  the  typical  viscosity  tern,  or  perhaps  enhance  the 
realisn  of  the  ainulation  in  other  waya. 


IV.  THE  PBOCRAM 

The  work  proposed  here  is  alaost  entirely  "from  scratch", 
and  it  is  therefore  necessary  to  give  acre  than  a verbal 
description  of  how  it  la  to  be  done.  The  basic  equations, 

(1)  Navier-Stokes  equations  for  He-*  »,  l.e.,  Euler's 
equations,  (il)  continuity  equation,  (iii)  equation  of  state, 
need  not  be  recorded  here,  but  everything  beyond  these  is 
novel  or  unconventional. 

Clebach'a  variables  --  C,  H and  as  we  shall  call  thea  — 
are  relatively  unknown;  Clebsch  showed  that  in  the  absence  of 
viscosity,  one  can  write  the  velocity  field  in  the  fora 

Il  —grad  ♦ + C grad  r\  (1) 

and  Cf  n are  quantities  carried  by  the  aediua 


ii  - 

dt 


dn 

dt 


0 


0 


(2) 

(3) 


while  d evolves  according  to  the  generalized  Bernou  .11 
equation : 


11 

3t 


e 


1 

2 


2 


(4) 
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or  (after  adding  dr/dt  tlaeo  equation  (1)  and  using 
equation  (3)) 


dt 


/; 


‘dp  _ .d?, 


dt' 


The  vortlclty  Is  obtained  fro*  C and  n by: 


curl 


Vdt. 


grad  C X grad  n 


(5) 


(6) 


The  obvious  physical  irrelevance  of  potential  zeros, 

In  our  case  the  zero  levels  of  4 and  n,  makes  one  wonder 
whether  Introduction  of  Clebsch's  variables  does  not  violate 
the  rule  that  numerical  simulations  are  usually  most 
efficient  when  one  adheres  most  closoly  to  physical  reality. 
(There  is  an  even  more  severe  arbitrariness  In  the  choice  of 
C,  n and  4:  note  that  the  "gauge"  transformation 

1 

♦ - ♦ - tn 


leads  to  the  same  representation  of  dr/dt  as  in  equation  1.) 
However,  the  accompanying  picture  of  a family  of  vortex  fila- 
ments, each  representing  some  small  unit  of  circulation, 
shows  that  ( and  n provide  a count  for  these  filaments  and 
the  arbitrariness  in  their  choice  Is  nothing  other  than  the 
arbitrariness  of  where  to  begin  this  two-varlaole  count.  The 
concept  of  finite  size  (rather  than  infinitesimal)  elementary 
vortices,  and  the  discretization  of  the  variables  C,  n which 
the  computer  demands,  provide  the  link  with  reality.  (What 
Is  even  more  encouraging  is  that  In  superfluidity  one 
really  does  encounter  quantized  vortices!) 
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The  evolution  of  the  density  p In  accordance  with  the 
conservation  of  mass  elements  of  gas,  will  bn  provided  for 
In  the  computations  by  giving  each  element  a third  label, 

C,  In  addition  to  C end  n*  All  three  labels  are  discrete 
variables.  They  become  Integers  In  the  program  (after  suitable 
scaling)  and  they  become  the  triple  Indices  of  four  arrays, 

♦ <c.n,0,  x(e,n  c)  , y(C,n,C),  z(C;n,c).  Equations  (1)  end  (5) 
sav  how  each  member  of  these  array*  Is  to  be  updated  In  time. 

We  must  also  derive  the  density  p it  each  step  and  we  take 
5/3 

p « p . (The  fractional  power  will  be  pre-tabulated  In  core 
rather  than  evaluated  by  subroutine.) 

The  density  will  not  be  evalua  :ed  by  a count  per  uiesh-cube 
In  this  program.  Likewise  the  gradients  will  not  be  formed  by 
working  over  an  Eulerlan  mesh.  Instead,  we  look  rnly  at  the 
spacing  of  the  "particles"  or  mass-elements:  there  will  be  no 

need  to  Introduce  any  mesh  other  than  the  C,  n,  ( mesh  resulting 
from  making  C,  <1,  ''  Into  Integer  Indices.  Figure  2 shows  the 
mesh  of  mass-elements  as  It  appears  In  x,  y,  z-space.  The 
volume  of  the  element  labeled  i,  n,  c Is  that  of  a parallelo- 
plped.  We  calculate  this  volume  from  Its  six  face-centers. 

I.-iese  face-centers  can  be  Identified  as  "particles"  with 
labels  (e  ± n,  c)  , (t.  n ± C)  and(£,  n,  C±  Sc/^). 

The  volume  and  hence  the  density,  then  follow  from: 

density  ^ “ volume  V • a ’ b * c (7) 

where  a,  b,  c are  given  by  the  representative  definition 

* " + fie/2,  n.c  ■ -fie/2,  n,  c (s) 
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Note  the  spatial  symnetry  of  this  difference  formula  - It 
means  that  we  have  central  difference  precision.  Evidently, 
we  need  records  of  r at  face-centers  of  the  C , n , C mesh, 
rather  than  at  the  cell  centers.  From  V,  or  V ^ (here  is  the 
division  in  our  program),  and  a,  c one  also  obtains 
the  gradients  of  C,  n,  C: 

grad  5 ft.  b x c (9) 

etc.  , as  readily  deduced  from  the  fact  that  the  direction  of 
grad  C is  along  ^ x c. 

Moreover,  grad  ^ follows  from: 

grad  4 * Srad  'I  (1°) 

where,  representatively, 

lA  “ i- 

35  V^5  + «5/2,  t),C  ’5-6£/2,n,cy  (11) 

(the  division  by  35  will  be  eliminated  by  scaling.)  The 
record  of  $ should,  likewise,  be  available  at  the  face-centers. 


Figure  1.  Showing  family  of 
vortex  filan<ents  (ringed)  and 
surfaces  on  which  ( and  q are 
constant.  Circulation  around 
closed  curve  = 9units,  approx. 
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Indeed,  ^ is  rather  like  a fourth  co-ordinate.  The  density 
and  the  gradients  given  here  are  for  the  cell  centers  and 
can  therefore  be  used  to  update  four  co-ordinates  there: 


(12) 

(13) 


For  central  difference  precision  in  time,  and  for  numerical 
reversibility,  we  must  interpret  “old",  "present"  and  "new" 
as  three  successive  time  steps,  separated  by  intervals  £t/2. 

At  successive  time  steps  ,we  therefore  need  coordinate  records 
alternately  at  the  cell  centers  and  the  face  centers.  Now 
the  cell  centers  are  the  face  centers  of  a lattice  centered 
on  the  original  face  center  and  all  we  need  to  do  is  to 
switch  from  one  lot  to  the  other. 

When  indexing  the  two  alternate  lattices  one  can  use  the 
rule  that  for  even  time-steps  a cell  center  has  one  index 
even  and  the  remaining  two  indices  either  both  even  or  both  odd 
while  at  odd  time-steps  one  has  either  all  indices  odd  or  only 
one  index  odd  for  a cell  center.  In  other  words,  the  sum  of 
the  cell  center  indices  and  the  time  step  index  is  always 
even,  while  the  corresponding  sum  for  face  centers  is  always 
odd. 

We  are  now  in  a position  to  outline  the  main  loop 
of  the  program  which  advances  a vortex  distribution  in 
t ime : 

1.  Leap-frog  through  the  vortex  array,  in 
accordance  with  the  odd-even  index  rules  Just  described, 
and  : 
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2.  Cslculste 
c from  equstlon  (8) 

3.  Calculate 
equation  (7). 

4.  Calculate 
equation  (9) • 

5.  Calculate 

6.  Calculate 

7.  Calculate 

8.  Advance  the  position  fro«  equation  (12). 

9.  Look  up  the  value  of  /dp/p  « V In  a table. 

10.  Calculate  d4/dt  from  equation  (S). 

11.  Advance  4 from  equation  (13). 

12.  Increase  time  step  and  go  back  to  Instruction  1. 
V.  STABILITY 

The  development  of  turbulence  (meaning  the  grouping 
of  vortices  Into  Intricate  patterns  of  various  scales)  from 
sheared  flow  (a  simple,  ordered  Initial  state  of  continuous 
vortlclty)  la  the  result  of  repeated  Kelvln-Helmholtz 
instabilities.  In  computer  simulations  we  must  make  sure 
that  any  observed  Instability  is  not  of  numerical  origin. 

The  analytical  tests  for  physical  and  numerical  Instabilities 
are  quite  similar;  one  followa  the  evolution  of  small 
perturbations  about  a given  state.  An  analytical  study  of 
shear  flow  stability  In  a compressible  gas  has  already  been 
made,  using  the  co-ordinates  n,  C,  t of  the  present  scheme: 
the  results  seem  to  be  related,  non-trlvially , to  those 
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the  three  displacement  vectors  a,  | 

i 

i 

f 

the  volume  and  Its  Inverse  from  | 

the  gradients  of  C,  n,  ( from 

34/3C>  34/3h,  34/3(  from  equation  (11). 

grad  4 from  equation  (10). 

the  velocity  components  from  equation  (1). 
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obtained  by  the  Eulerian  echeae  (etabillty  depending  on  shear 
profile) . 

No  rigorous  test  for  the  nuaerical  stability  of  our  scheae 
has,  as  yet,  been  applied  t3  the  sane  state.  It  is  a natter  of 
relatively  ninor  aodif Icatlons  to  the  test  for  physical 
instability  - essentially  replacing  differentials  by  finite 
differences  - and  this  would  be  a prellnlnary  task  to  the 
execution  of  our  prograa.  One  can  already  predict  the 
faalllar  nunerlcal  instability  due  to  taking  At  > dx/c^  since 
ordinary  sound  waves  are  included  in  our  analysis.  We  shall, 
of  course,  avoid  this  Insrablllty  by  asking  At  snaller  than 
the  critical  Halt.  In  view  of  the  slnpllclty  of  the 
algebraic  operations  in  each  step,  we  hope,  nevertheless, 
to  realize  good  speeds  in  following  the  tine  evolution  of 
the  systea. 

There  aay  be  other  sources  of  nuaerical  instability,  but 
it  should  be  kept  in  aind  that  aany  of  the  conventional  fluid 
dynaalcs  scheaes  are  fraught  with  nuaerical  Instabilities 
because  of  violations  of  causality.  (The  classical  instability 
cited  in  the  preceding  paragraph  is  really  an  example  of  the 
slaulatlon  becoalng  non-causal  when  one  steps  ahead  too  fast.) 

We  are  avoiding,  here,  a typical  non-causal  step  used  in  aany 
conventional  slaulations,  that  of  deteralnlng  the  velocity 
field  froB  the  vortlclty*  rather  than  from  the  aoaentua  equation. 
This  inversion  of  csusallty  is  associated  with  the  incoapres- 
sibility  assuaptlon  which  leads  one  to  eliainate  the  pressure 

*This  involves  solving  the  elliptic  (non-causal)  Poisson 
equation,  a tine  consualng  operation  for  which  fluid  dynaaicists 
have,  in  the  past,  eaployed  what  to  plasaa  siaulators  seea 
cluasy  and  outdated  aethods. 
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fro*  the  three  *o*entu*  equations  and  to  calculate  the  pressure 
distribution  aposterlori,  if  at  all.  Causally,  it  is  the 
pressure  distribution  which  deternines  the  evolution  of  all 
three  *OBentuB  and  velocity  components,  while  constant  voluBe 
is  Balntalned  by  the  extrene  pressures  which  result  from  con- 
traction or  expansion  of  fluid  elsBents.  Inasmuch  as  our  scheme 
is  Lagrangian,  we  Bay  derive  confidence  fro*  the  fact  that 
no  nuBerical  instabilities  (other  than  that  arising  fro* 
the  llBltatlon  of  At  by  propagation  speeds)  have  been 
reported  by  plasBa  particle  siBulators. 

VI.  MESH  STRETCHING  AND  DISORDERING 

In  our  Lagrangian  representation  the  simple  state  of 
uniform  unit  shear  (y-veloclty  Increasing  with  x)  in  a gas  of 
constant  density  can  be  given  in  the  forn: 

2 

X ■ 5,  y » n + Ct,  * - C>  ♦ ■ t/2. 

While  at  t ■ 0 the  Lagrangian  <C,n,C}  mesh  and  the  Eulerian 
(x,  y,  z)  mesh  coincide,  as  tlBe  progresses  the  Lagrangian 
Besh  will  Banlfest  Itself  in  physical  space  as  an  array  of 
Bore  and  Bore  skewed  paralleloplpeds . In  principle,  there 
arises  no  inconsistency  in  the  basic  differential  equations 
(l}-(5)  froB  this  skewing  of  the  coordinate  systeB.  However, 
in  practice,  when  the  differentials  are  replaced  by  finite 
differences,  as  in  equations  (7)-(13),  "neighboring"  mesh 
points  get  pulled  further  and  further  apart,  so  that  differences 
give  poorer  and  poorer  approxlBatlons  to  differentials. 

It  will  therefore  be  necessary,  froB  tine  to  time,  to  give 
up  the  original  labelling  of  the  gas  eleaents  and  to  start  with 
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a new  labelllngi  as  If  beginning  a new  run,  using  the  finish  of 
the  old  run  as  Initial  input.  The  new  labeling  must  be  of  the 
"Clebsch"  type,  l.e.,  » const  and  “ const  must  describe 

the  same  vortex  lines  as  C • const  and  n “ const,  and  the 
density  of  these  lines  must  be  the  same  everywhere:  d(^  ’ dn^  ” 
dC  . dn.  The  new  labeling,  however,  should  reflect  physical 
proximity  better  than  the  old.  While  it  is  easy  enough  to  devise 
a relabeling  scheme  for  the  uniform  shear  state  given  above,  one 
will  have  to  look  very  closely  at  the  more  disordered  vortex 
patterns  which  result  from  the  development  of  Kelvln-Helmholtz 
instabilities  to  large  amplitudes  before  one  re-orders  the  vortices 
into  new  groups  exhibiting  less  stretching. 

The  order-disorder  transition  was  manifested  quite 
dramatically  in  some  early  one-dimensional  simulations  of  a cold, 
unstable  plasma.  We  expect  similarly  disordered,  patterns  to 
develop  here  - meaning  patterns  too  intricate  for  the  human  mind 
to  comprehend  and  utilize.  In  the  relabeling,  it  is  likely  that 
rejection  of  information  will  be  necessary.  There  will  be  too 
much  detail  for  even  the  computer  to  handle  economically.  It  Is 
interesting  to  reflect  that  in  writing  off  Information,  we,  and 
neither  the  physical  system  nor  the  computer,  raise  the  entropy 
of  the  system.  We  shall  be  taking  the  first  step  towards  the 
macroscopic,  phenomonological  description  of  turbulence. 

Exactly  how  to  re-order*  an  excessively  turbulent  gas 
configuration  cannot  be  determined  until  we  have  seen  the  first 
'turbulsnt*  configurations  emerge  from  our  simulation. 

*One  is  tempted  to  try  a three-dimensional  version  of  the 
Livermore  FLAG  code  (2nd  conf.  Num  Fluid  Dyn.  contribution  by 
W.F.  Crowley),  but  it  should  be  realized  that  the  proposed 
scheme  is  based  on  quadrilateral,  not  triangular  cells. 
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Obviously t a good  cosputer  - hunan  Interface  Is  required  here, 
and  In  addition  to  standard  "Input/Output"  devices,  Including 
naps  printed  out  at  frequent  steps,  we  require  some  funds  for 
filming  our  output.  In  plasma  simulations,  filming  Is  now 
quite  an  accepted  routine. 

The  problem  of  re-orderlng  may  be  complicated  by  the 
possible  development  of  large  domains  with  low  vortlclty  so 
that  very  few  tracer  particles  are  kept  In  auch  almost 
Irrotatlonal  domains.  One  nay  have  to  resort  to  the  ugly  scheme 
of  using  different  scales  In  the  different  places. 

VII.  BOOMDARY  COMDITIOMS 

In  an  Ideal  fluid  satisfying  the  Euler  equations  one  can 
only  Impose  one  condition  on  the  three  velocity  components  at 
a boundary,  namely  that  the  fluid  ahould  flow  along  the  boundary 
A tuo-dlnenslonal  subgroup  of  the  three-dimensional  array  of 
elements  will  have  to  stay  at  the  boundary,  meaning  Its  (x,y,z) 
values  have  to  conform  with  the  equation  of  the  boundary  surface 
Our  method  cannot  simulate  the  boundary  layer  Itself  - this 
would  require  a finite  Reynolds  number. 

However,  we  may  wish  to  release  occasional  vortices  from 
the  boundary  (which.  In  fact,  la  Itself  a vortex  sheet 
producing  the  transition  from  zero  to  non-zero  to  apatlal 
velocity).  In  so  doing,  we  must  make  sure  that  no  maaa  la 
Injected  along  with  the  vertices.  The  third  label  In  our  scheme 
(measuring  mass  density  along  a vortex  filament)  gives  us  the 
necessary  control.  Injection  of  vortices  is  physically 
justified  where  the  fluid  becomes  highly  stressed,  l.e.,  where 
our  Lagranglan  grid  becomes  highly  distorted.  In  the  first  runs 
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wc  would  find  ouch  places  by  Inspection  and  release  vortices 
accordingly.  Later,  a subroutine  sight  be  developed  to  achieve 
this  autosatlcally . 
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Three  nunerical  schemes  for  solving  for  the  time 
evolution  of  a plasma  are  discussed  emd  the  results  of 
numerical  experiments  compared. 

We  are  interested  in  the  time  evolution  of 
physical  systems  obeying  equations  (1)  - (4). 
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. 3(B,f) 
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Here  f » f(x,y,u,t)  is  the  density  of  guiding  centers 
of  particles  in  a plasma.  The  time  scale  is  slow  and 
electric  field  effects  are  neglected,  it  is  a unit  vector 
perpendicular  to  the  x,y  plane.  The  magnetic  field  is 
perpendicular  <o  the  x,y  plane  and  has  magnitude  B.  u is 
the  component  of  the  particle's  energy  perpendicular  to 
the  magnetic  field.  There  is  assumed  to  be  no  variation  in 
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the  perpendicular  direction. 

Reeark  1.  A consequence  of  (1)  - (3)  is  that  3/9t  | f dy  » 0. 
Using  (1)  and  (2)  we  get  | 3f/3t  dp  - | y 3 (B,f )/3 (x,y)  dy  - 0 
and  then  3/3t  | f dy  - 3 (B,  j ^ ^ dy)/3  (x,y)  >■  0.  The 
second  tern  of  the  last  equation  is  zero  because  of  (2) 
and  (3),  proving  the  renark. 

Renark  2.  A consequence  of  (1)  and  (4)  is  that  the 
particles  in  the  plasma,  moving  with  velocity  v,  always 
see  the  sane  constant  value  of  f at  each  successive 
position.  This  follows  directly  from  (1)  emd  (4). 

The  initial  state  from  which  solutions  will  be 
followed  has  only  2 y values  occurring  (i.e.  f(x,y,y,t) 


■ fj^(x,y,t)6  (w-Uj^)  + fjCx.y.tjdCy-Uj)) . We  take  * 1 
and  U2  * 2.  The  function  f^(x,y,0)  which  was  chosen  has 
circular  symmetry  ediout  the  point  (.35,  .5)  and  has 

2 2 

radial  distributi' . f(r)  ■ > , r < .3  ^ 

0 , r > .3 

The  function  f2(x,y,0)  has  circular  symmetry  about  the 


point  (.65,  .5)  and  has  radial  distribution 


f(r) 


.125(1  - (r/.3)^)^,  r < .3 

. The  time  evolution 

0 r > .3 


for  a system  having  only  one  of  f or  f2  present  would  be 
such  that  f would  remain  constant  and  all  particle  motions 
would  be  circular.  The  time  evolution  of  the  combination 
of  fj^  and  f2  will  be  a swirling  intermixing  motion.  A 
consequence  of  Remark  1 is  that  the  aggregate  plasma 
should  not  wander  from  its  initial  position. 

In  each  of  the  three  schemes  studied,  the  stepping 
forward  of  the  pertinent  quantities  (e.g.  particle  position 


461 


O.  C.  Steven* 


or  f value)  is  done  by  a Runge-Kutta  differential  equation 
solving  subroutine.  In  each  case  run,  the  dt  increment 
was  reduced  so  much  that  the  final  halving  of  dt  produced 
only  minor  variation  in  the  evolution. 

A basic  20  by  7c  grid  is  used  for  comparing  the 
solutions  of  the  three  schemes  at  various  times.  Grid 
point  i,j  has  coordinates  (i-l)/19,  (j-l)/19. 

The  distance  between  two  distributions  is  defined  to  be 
the  maximum  difference  of  the  f^  densities  taken  over  all 
basic  grid  points  i , j . 

Scheme  G. 

Simple  differencing  techniques  are  used  to  step 
forward  the  plasma,  using  equations  (1)  - (3).  The  grid 
schemes  have  size  (19n  + 1)  by  (19n  + 1)  so  as  to 
facilitate  comparison  on  the  20  by  20  comparison  grid. 

The  largest  grid  used  was  115  by  115,  which  filled  the  6600. 
(Several  arrays  this  size  are  needed  by  the  Runge-Kutta 
subroutine. ) 

Scheme  P. 

The  particle  scheme  used  particle  in  cell  (pic) 
methods,  i.e.,  bilinear  interpolation  of  densities  and 
gradients.  Equations  (2)  - (4)  were  used.  The  background 
grid  was  20  by  20  or  39  by  39.  Quiet  starts  were  used. 

Only  about  14000  particles  would  fit  in  the  6600.  This 
seemed  to  be  insufficient  with  the  39  by  39  grid  because 
of  observed  noise  effects,  but  was  sufficient  in  the 
20  by  20  grid. 
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Scheme  C. 

Characteristic  curves  of  the  differential  equation 

(1)  were  numerically  determined.  Particles  move  on 
characteristic  curvee.  To  obtain  greater  accuracy,  no 
background  grid  is  used.  Several  hundred  "representative" 
pturticles  are  selected  (uniform  spacing  for  convenience) 
at  the  start  euid  tagged  v'ith  an  f valie.  By  Remark  2 
this  f value  will  not  ch2U.ge  during  the  time  evolution 

of  the  system.  To  find  either  density  (f^  or  f2>  2Uid 
its  gradient  at  emy  point,  the  nine  nearest  representative 
particles  are  found  euid  a least  squares  second  degree  fit 
is  made  to  their  f values,  which  yields  f and  3f/3x  and  3f/3y 
at  the  given  point.  (The  choice  of  nine  as  opposed  to 
8,  or  10,  etc.,  is  somewhat  arbitrary.)  The  representative 
points  are  stepped  forward  in  this  manner  using  equations 

(2)  - (4).  This  method  works  well  initially,  but  as 
the  gradients  become  steeper  the  time  step  dt  must  be 
reduced  drastically,  and  as  the  two  species  swirl, 
more  representative  points  are  needed.  This  method  is 
limited  more  by  computing  time  limitations  than 

by  computer  size.  An  accurate  run  to  t = .05  required 
3 hours,  while  this  required  only  seven  minutes  with 
scheme  G. 

Comparienns  of  the  Schemes. 

Table  I gives  distances  between  several  schemes 
at  t * .05.  The  subscripts  on  G tell  the  size  of  the  grid 
schemes,  while  the  subscript  on  C tells  the  number  of 
particles.  The  subscript  on  P tells  the  background  grid 
size.  All  of  the  P schemes  used  1396U  particles. 
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It  appears  that  the  G and  C methods  can  give  accurate 
solutions  on  the  6600,  while  the  paurticle  method  would 
need  additional  storage  for  such  accuracy.  Table  II  gives 
distances  at  t » .2. 
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Nonphysical  Modifications  to  Oscillations,  Fluctuations 
and  Collisions  Due  to  Space-Time  Differencing 

A.  Bruce  Langdon 
Lawrence  Radiation  Laboratory 
University  of  California 
Livermore,  California 

ABSTRACT 

In  recent  years  computer  simulation  has  become  a powerful  tool 
for  the  study  of  plasmas.  Much  effort  and  computer  time  is  being  expended 
in  applications  to  new  and  more  difficult  problems.  In  support  of  this 
work  we  have  performed  an  extensive  theoretical  analysis  of  a common 
class  of  inany-particle  simulation  methods.  As  one  does  to  learn  basic 
properties  of  real  plasmas,  we  examine  oscillations,  fluctuations  and 
collisions  in  the  idealized  case  of  uniform  and  infinite  or  periodic 
plasma.  Even  in  this  simple  situation  there  are  several  instances  in 
which  the  models  fail  (mildly  to  grossly)  to  reproduce  plasma  behavior. 
This  paper  outlines  the  theory  and  discusses  such  non-physical  behavior 
caused  Ly  the  finite-difference  methods.  The  plasma  interacts  coherently 
with  the  periodicity  of  the  spatial  grid  on  which  the  electromagnetic 
fields  are  defined  and  with  the  periodicity  of  the  finite-difference 
time  Integration.  Various  parametric  instabilities  are  sometimes  induced, 
which  may  be  either  weak  or  strong  and  may  be  difficult  to  distinguish 
from  real  instabilities.  There  is  also  high-frequency  noise  associated 
with  the  rate  at  which  particles  cross  the  spatial  grid  colls.  the  vime 
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step  1s  large  enough  that  the  frequency  of  this  noise  exceeds  the  time 
sampling  frequency  then  this  noise  degrades  normal  fluctuations  and 
collisions  and  can  become  excessive.  The  theory  has  helped  others 
examine  experimentally  the  nature  of  such  nonphysical  effects.  Some 
suggestions  are  made  as  to  how  researchers  using  these  models  might 
respond  tc  these  results. 


I.  INTRODUCTION 

The  plasma  models  I am  going  to  discuss  originated  at  Stanford 

In  1963.  In  order  to  make  simulation  In  two  dimensions  economically 

practical,  Buneman  and  Hockney  developed  a model  which  uses  a spatial 

grid  on  which  the  charge  density  Is  found  from  the  particle  positions, 

Poisson's  equation  is  solved  In  finite  difference  form,  and  then  the  particle 

12  3 

forces  are  Interpolated  from  the  grid.  * ’ This  is  much  more  efficient 
2 

than  sumning  N Coulomb  Interactions  among  N particles. 

They  also  realized  that  computational  and  physical  problems 
associated  with  the  divergent  character  of  the  Coulomb  field  are 
eliminated;  the  interactions  at  small  separations  are  smootned  reducing 
the  large-angle  binary  colllsluns  which  are  of  little  interest  In  hot 
plasmas  and  which  had  been  exaggerated  in  simulation  because  of  the 

3 

small  .lumber  of  particles  used. 

Although  simulation  In  one  dimension  was  possible  by  other 

4 

means,  the  new  model  offered  simplicity  and  speed  there  too. 

Part  of  the  gain  was  in  the  method  of  integrating  the  system 
forward  in  time.  The  algorithms  were  fast  and  preserved  certain 
physical  properties.^ 
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The  advantages  of  the  Stanford  approach  were  not  Innediately 
recognized  elsewhere,  and  much  simulation  was  done  for  which  the  gridded 
model  would  have  been  more  efficient. 

Other  people  developed  versions  of  the  model  with  more  accurate 

£ A 

Interpolation  and  different  methods  of  solving  Poisson's  equation,  etc. 

In  1968  wide  Interest  was  aroused  In  the  plasma  coomunlty  by  large 
scale  simulations  done  at  Los  Alamos  of  several  problems  In  the  controlled 
thermonuclear  fusion  research  program.  Since  then  simulation  by  these 
methods  has  been  widely  accepted  as  a plasma  research  tool. 

The  models  obviously  do  not  accurately  reproduce  the  microscopic 
dynamics  of  a plasma.  One  must  consider  if  and  how  s'jch  errors  will 
modify  the  macroscopic  behavior.  There  are  usually  far  too  few  particles. 
This  causes  dlscrete-partkle  effects  such  as  fluctuations  and  collisions 
to  be  exaggerated.  There  may  also  be  too  few  particles  for  adequate 
representation  In  phase  space  of  plasma  phenomena  such  as  the  Landau 
damping  wave-particle  resonance.  There  can  be  serious  problems  with 
Initial  and  boundary  conditions.  Roundoff  errors  can  usually  be  made 
negligible  compared  to  other  errors.  The  principle  concern  of  this 
paper  is  errors  caused  by  the  finite-difference  representation  In  space 
and  time  of  the  field  equations  and  particle  dynamics. 

Such  sources  of  error  are  difficult  to  assess  in  practice.  Some 
study  of  their  nonphysical  effects  was  needed.  Much  of  this  has  been 
done  through  experiments  with  the  models. 

In  addition  to  empirical  results,  some  theoretical  analysis  is 
desirable.  This  is  true  for  the  usual  reasons  that  adding  a good  theory 
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Implies  a better  understanding  than  a stack  of  oscillograms  or  computer 

output  alone.  One  also  hopes  the  theory  will  pi^edlct  unexpected  Interesting 

results  that  can  be  verified  experimentally,  and  I will  describe  some 

results  which  1 think  are  In  this  category. 

There  has  been  some  approximate  discussion  of  the  models.  Smoothing 

3 fi 

and  noise  aspects  of  the  spatial  grid  were  recognized  early  * and  approxi- 
mate theoretical  descriptions  made  of  each.^®’^^’^^  The  time  Integration 
was  considered  heurlstlcally.^ 

However  regarding  the  space-time  grid  simply  as  a source  of  smoothing 

and  of  noise  falls  to  uncover  some  very  Important  effects  Involving  coherent 

Interaction  between  the  plasma  and  the  sampling  In  space  and  time.  Some 

theory  has  appeared  which  Includes  exactly  the  effects  of  the  finite- 

differencing  and  Is  applied  to  linear  wave  dispersion  and  stability  and 
17  Ifl 

to  energy  conservation.  • We  have  also  looked  at  fluctuations  and 

collisions.  The  theory  Is  quite  complete  now,  and  In  about  as  tidy  a form 

19 

as  Is  possible  for  such  a system.  Different  parts  of  the  s.mulatlon 
algorithms  are  easily  Identified  and  changes  made.  We  keep  the  results 
In  a fonn  permitting  easy  comparison  with  real  plasma  theory,  where  possible. 
Mathematical  details  will  not  be  emphasized  here. 

Although  our  techniques  can  be  used  for  more  general  cases,  we 
have  confined  our  examples  to  models  having  only  Coulomb  Interactions; 
in  one  instance  an  exte-nal  magnetic  field  is  Imposed.  This  is  because 
such  models  have  so  fur  been  prevalent,  ano  because  It  Is  the  longitudinal 
field  in  general  models  which  Is  expected  to  cause  the  greatest  difficulties 
In  simulation. 
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We  are  not  so  interested  in  the  accuracy  of  individual  particle 
orbits  as  In  the  accuracy  of  collective  plasma  phenomena.  Therefore, 
our  analytical  approach,  terminology  and  criteria  are  more  that  of  the 
plasma  physicist  than  of  the  numerical  analyist  studying,  say,  an 
initial  value  problem  for  a small  of  differential  equations  with 

no  application  in  mind.  In  several  places  the  collective  properties  of 
warm  plasmas  play  a crucial  role. 

II.  THE  SIMULATION  MODEL  ALGORITHMS 

We  now  give  the  calculations  made  to  advance  one  time  step  in 
a proto- typical  model  of  the  class  considered.  For  simplicity  this 
example  is  one-dimensional.  This  paper  will  not  consider  boundary  condi- 
tions; the  models  are  assumed  to  have  periodic  boundary  conditions. 

The  position  of  particle  i at  time  t,  = sAt  is  x,  . and  its 
velocity  at  time  tj_.|^2  s-1/2’  ^inst  step  is  to  calculate 

a charge  density,  defined  on  a fixed  spatial  grid  whose  j'th  mesh  point 
is  located  at  X.  * jAx,  by  means  of  the  charge  sharing 

J 


^j.s  \ 


q.S(X. 


*i,s) 


This  can  be  interpreted  as  the  charge  density  for  finite  size  particles, 
18 

sampled  on  the  grid.  Opinions  vary  on  the  choice  between  zero  order 
(nearest-grid-point  or  NGP,  Fig.  la)  and  first  order  (or  linear,  as  in 
CIC  or  PIC,  Fig.  ib)  interpolation;  other  methods  are  rarely  used. 
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Vnor;  and  (bj  first  order  (linear)  interpolation. 
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Frow  p an  altctric  field  is  found,  usually  on  the  saw  yrid,  by 
a grid  approximation  '»  Gauss'  law.  For  example,  one  solves 


ix‘ 

I, 

j.s  2Sx 


This  Is  the  1-D  version  of  the  original  2-D  scheme  and  Is  mathematically 
equivalent  to  simpler  1-D-on1y  wthodsf*^^ 

There  Is  nothing  In  our  analysis  that  requires  the  use  of  these 
field  equations.  Other  field  equations  are  often  used  to  emphasize 
the  Fourier  modes  differently  In  order  to  reduce  short-wavelength  noise. 
Include  only  selected  modes.  Improve  long-wavelength  accuracy,  etc. 

Only  when  nuwrical  examples  are  given  do  we  particulailze  to  these 
equations. 

The  particle  force  Is  Interpolated  from  the  electric  field 
^.S  ' ‘‘I  ] - *i,sJ 

using  the  same  weighting  function  as  earVer. 

Now  we  cow  to  the  Integration  of  the  particle  equations  of  motion. 
In  the  "exact"  sheet  and  rod  models  special  handling  was  commonly  given 
to  binary  collisions.  Corrections  were  Mde  when  sheets  crossed,  or  the 
model  could  even  be  made  exact  (to  within  roundoff  errot].  In  2-D  tlw 
steps  could  be  made  smaller  to  handle  near  encounters.  These  measures 
becow  too  expensive  If  very  large  numbers  uf  particles  are  used. 
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With  the  grid  It  ms  now  less  clear  ikm  to  go  about  handling 
crossings  and  near  encounters.  At  the  same  time.  It  was  realized  that 
such  special  handling  ims  no  longer  needed  because  the  short  range 
Interactions  were  made  very  Inaccurate  In  a useful  manner,  i.e. . they 
were  smoother.  Buneman,  et  a1..  Ignore  the  encounters  and  choose 
the  following  algorithm  by  other  crlterla:^*^ 


_Lp  . ^.s4l/2  ~ ^.s-1/2  V 
m^  ^i.s  aI  ’ 1.S+1/2 


1.s»1 


- *1 


This  scheme  Is  simple  and  fast,  and  Is  now  the  most  popular.  Two  other 
schemes  that  have  been  used  are  cerf’^lnly  no  simpler  and  in  fact  they  turn 
out  to  be  slightly  unstable.  I shall  stick  to  this  scheme. 

The  model  dynamics  are  now  specified.  The  model  conserves 
particles  and  mo*.«ntun  (despite  the  spatial  nonuni formity),  but  not 
energy.  It  Is  not  Hamiltonian.  It  Is  reversible  in  time  and  space. 

III.  AWAIYSIS  OF  THE  KODEL 

The  analysis  makes  use  of  Fourier  transforms  in  space  and  time, 
as  Is  usual  for  uniform  collisionless  plasmas.  This  also  makes  possible 
exact  description  of  the  finite  difference  method*.  It  seems  more 
Informative  to  work  with  the  deflections  from  zero-order  orbits  caused 
by  the  fields  rather  than  to  seek  a finite-diff  ce  analogue  to  the 
Vlasov  equation;  the  relevant  features  are  seer,  directly. 

We  first  find  the  dispersion  function  which  describes  the  linear 
response  of  the  plasma  to  perturbing  fields  and  whose  zeroes  give  the 
dispersion  and  stability  of  free  oscillations. 
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Finite  mkes  the  simplest  change  possible;  the  resonant 

ig 

denominator  becomes 


1_ 

o)-lfv 


^ COt(ark*v)  ^ * I 
d 


Zn/At. 


The  principal  difference  in  the  roots  d)(k)  is  a relative  upward  shift  of 

^(wpAt)^. 

The  periodicity  in  u reflects  the  fact  that  frequencies  differing 
by  harmonics  of  ii3^-2n/At  represent  the  same  change  in  phase  during  a time 
step  (exp[-i(u)-qu)g)At]  * exp[-iwAt])  and  are  therefore  equivalent  as  seen  by 
the  difference  equations.  This  is  a sort  of  stroboscopic  effect  that 
fools  not  only  the  observer  but  also  the  system  dynamics.  The  frequencies 
iu-qug}  are  called  "aliases"  becau*a  they  are  different  designations  for 
the  same  thing. 

For  simple  hamonic  oscillations,  as  in  the  small  kx^  limit,  it 

is  well  known  that  this  scheme  becomes  unstable  when  w At  > 2.  Collective 

P - 
19 

effects  change  this  to  o^^At  > 1.62  for  a Maxwellian  This  is  because 

Bohm-Gross  dispersion  increases  u above  tip,  not  because  particles  traverse 

a large  part  of  a wavelength  in  one  time  step.  So  one  can't  use  large 

tpeAt  just  because  one  is  only  interested  in  ion  frequencies,  say. 

The  spatial  grid  introduces  much  greater  complication.  Analogous 

aliasing  for  spatial  grid  fields  makes  k space  periodic;  the  periods  are 

called  Brillouin  ^ones.  For  the  particles,  however , the  aliases 

{k  =k-pk  ],  k *2ti/ax,  are  not  equivalent.  Consider  a field  E.  = E exp(ik  X.). 
H y y j ^ j 

The  interpolated  force  is  not  sinusoidal,  its  spectrum  has  components 
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at  the  wavenuabers  {k^}  with  relative  amplitudes  given  by  S(k^).  There 

results  a nonsinusoldal  density  perturbation  at  these  wavenund>ers  • which 

are  Indistinguishable  when  sampled  for  p . Thus  the  interpolation  errors 

are  fed  back,  coupling  the  particle  perturbations  at  the  wavenumbers  k^. 

17-19 

The  dispersion  function  therefore  contains  a sum  over  aliases: 


c(k>iu) 


where 

* 2'‘p/£jt  in  1-D, 

P 9 

for  Im  u > 0.  The  functions  and  K play  the  same  role  for  the  difference 

2 

equations  as  does  k in  E * • ikP  and  4rp  > • k 0 respectively;  in  our  1-0 

case  < » sin  ktx,  * t(2/Ax)  sin  j k.\x]^  . For  NGP 

S(k)  » sin(y  kix)/(^Ax)-,  for  linear  interpolation  s = [sin(y  kAx)/(j 

IV.  NONPHYSICAL  li'iSTABILlTIES 

Ue  now  discuss  the  ability  of  coherent  interaction  with  the  space- 
time grid  to  destabilize  plasma  oscillations.  The  first  examples  are  in 
an  unmagnetized  plasma  and  are  due  to  the  spatial  grid.  A variation  of 
the  node 1, proposed  by  Lewis, should  improve  the  stability.  Then  we  give 
an  example  of  instability  due  to  the  time  sampling  in  a magnetized  plasma. 

1.  Spa.  i1  Grid  Instability 

Since  the  time  integration  is  not  a part  of  the  Instability  mechanism 
let  us  assunc  continuous  time.  Also  for  simplicity  we  consider  a one- 
dimensional system. 
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The  feature  of  the  oscillations  which  is  central  is  that  plasma 

17  18 

perturbations  of  different  wavelengths  are  coupled  together.  ’ This 
can  be  thought  of  as  a parametric  interaction  in  which  the  spatial  grid 
plays  the  role  of  the  pump.  The  pump  wavenumbers  are  and  its  harmonics 
pkgi  the  frequency  is  zero.  As  a result  plasma  perturbations  characterized 
by  (uikp-k"pkg),  p integral,  are  coupled  and  in  the  dispersion  relation  we 
had  a sum  over  all  these  sub-modes.  The  coupling  strength  is  given  by 
S (kp);  and  is  weaker  for  linear  interpolation  than  the  less  accurate 
nearest-grid-point. 

There  are  now  many  wave  phase  velocities  w/k^  with  which  particles 
may  resonantly  interact.  Unless  the  coupling  is  very  strong  there  is  no 
qualitative  change  in  Ree  for  real  u;  in  particular  the  sign  of  its 
derivative  is  unchanged.  This  need  not  be  true  for  the  imaginary  part 

I.  e.  . . ^ , I f;  (jS) 

17  13 

so  that  the  plasma  stability  may  be  changed.  ’ Reference  17  gave  values 
for  uAx/v^  and  kAx  for  which  Im  c had  the  wrong  sign  for  a Maxwellian, 
showing  that  a clearly  nonphysical  instability  could  occur,  but  incorrectly 
stated  triat  this  was  not  possible  for  wavelengths  enough  larger  than  Ax. 
Reference  18  gives  w-k  plots  for  two  Maxwellian  cases,  one  stable  except 
for  very  weak  growth  at  small  kAx,  the  other  strongly  unstable  at  kAx:r/2. 
We  now  explain  these  results  and  come  to  additional  conclusions.'  The 
dispersion  relation  is  periodic  in  k;  we  will  keep  k < k^/Z  (i.e.,  in  the 
first  Brillouin  zone),  which  is  the  k one  would  think  of  physically.  Then 
the  physical  phase  velocity  w/k  is  larger  than  the  alias  velocities 
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u/kp>P  f 0.  Thus  u/k  may  be  much  larger  than  v^,  leading  to  negligible 
Landau  damping,  at  the  same  time  that  the  slow  waves  ^.re  Interacting 
strongly  with  the  thermal  particles,  as  shown  In  Fig.  2>1f  k^v^  > 

The  contributions  from  waves  with  equal  ]p|  nea-ly  cancel;  the  net  effect 
turns  out  to  be  destabilizing.  Although  It  Is  small  for  small  kAx 
(being  «(kAx)^  for  NGP  and  (kAx)^  for  CIC-PIC),  the  Landau  damping  of 
the  principal  wave  goes  to  zero  even  faster  as  k 0.  Thus  the  grid  can 
destabilize  oscillations  even  with  wavelengths  » Ax. 

For  Xq>Ax/2  the  alias  wave  velocities  fall  on  the  flat  part  of 
the  particle  velocity  distribution,  and  Landau  damping  occurs  unless 
kAx  < 2kXQ  Is  small.  Therefore,  the  Instability  Is  confined  to  long 
wavelengths  and  Is  very  weak. 

When  Xq  > .lAx  the  lowest  and  strongest  aliases  Interact  with 
the  steep  sides  of  f^  and  there  Is  little  Landau  damping  even  for  kAx  . 2 
where  the  coupling  Is  strong.  The  result  Is  a strong  Instability;  Im  u Is 
as  large  as  0.1  for  NGP  and  0.014  for  CIC-PIC. 

If  Xq/Ax  Is  decreased  further  only  the  weaker,  large  p aliases 
contribute  and  the  Instability  goes  away;  as  It  should  since,  of  course, 
a cold  stationary  plasma  Is  Inactive. 

If  the  plasma  Is  drifting  through  the  grid  at  about  the  thermal 
velocity  the  lowest  aliases  can  lie  on  one  side  of  f^^  »o  "heir  contribu- 
tions will  all  have  the  same  sign,  eliminating  the  near-cancellation  at 
small  kAx.  Thus  the  instability  should  be  significant  for  larger  values 
of  Xq/Ax  than  for  the  stationary  plasma. ^ Recently,  1 became  Interested 
In  electron  beams,  so  I looked  at  the  simplest  case,  that  of  an  electron 
beam  In  a fixed  Ion  background,  moving  relative  to  the  grid.  This  should 
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be  stable.  The  dispersion  relation  Is  now 

0. 

r p P 

For  any  fixed  k the  dispersion  relation  has  a structure  similar  to  that 
for  many  beams.  One  difference  Is  that  the  effective  plasma  frequency 
for  halfof  the  "beams"  Is  negative.  The  particles  all  react  strongly  when 
the  Doppler-shifted  frequency  w -kv^  Is  near  a harmonic  of  the  grid  crossing 
frequency  k^v^. 

One  can  show  that  there  are  two  roots  corresponding  to  each  alias 
term  In  the  sum  above.  The  roots  are  either  real  o>'  occur  in  conjugate 
pairs. 

In  Pig.  3 we  roughly  plot  e for  small  kAx.  One  secj  easily  the 
pairs  of  real  roots  associated  with  p-0,l  and  p£-2.For  each  of  the  other 
resonances  there  Is  a pair  of  complex  roots,  one  unstable.  For  larger 
Ipl  the  modes  are  highly  resonant  and  therefore  hard  to  excite  and  also 
easily  destroyed  by  any  dissipation  or  spread  In  resonance,  e.g.  If 

•“"Vo’ " ’Vt’  • 

The  growth  rates  from  the  p*-l  and  2 modes,  and  from  p*l  at  larger 
kAx,  are  very  substantial.  In  numerical  solutions  for  v^*0.12  Ax  Up  we 
found  a growth  rate  of  .017  Wp  at  kAx  » 1 for  p*l,  and  a maximum  growth  rate 
greater  than  .22  «p  at  kAx  » 2.2. 

The  only  way  to  eliminate  the  aliasing  in  a simulation  model 
using  a spatial  grid  Is  to  use  band-limited  Interpolation,  but  even  linear 
Interpolation  Is  often  Inconveniently  expensive.  Another  possibility 
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Is  to  change  the  sign  of  the  coupling  so  that  the  Instability  goes  away. 
A Mdel  which  does  this  In  soee  cases  has  already  been  proposed  by  Lewis, 
though  not  with  this  In  elnd.^*^^  He  shows  that  a sinple  modification 
makes  the  model  Hamiltonian;  one  calculates  the  particle  force  as 

This  can  be  computed  quickly  (the  gradient  of  S Is  done  analytically). 

18 

The  dispersion  relation  for  the  Maxwellian  Is  now 


e " 


P /?k  w 


-) 


P t 


Examination  of  Im  e shows  that  now  each  alias  contributes  to  damping. 
Thus  the  nonphysical  Instability  Is  now  nonphysical  decay;  this  will 
usually  be  preferable. 

If  the  Maxwellian  Is  drifting  an  Instability  Is  again  possible, 
but  the  aliases  partially  cancel  Instead  of  adding  as  they  did  earlier. 
Thus  an  Instability  Is  expected  to  be  weaker. 

For  the  cold  drifting  beam  we  now  have 


c ■ 1 


(wkpVo) 


7 


In  a plot  simlllar  to  Fig  3,  e • at  the  alias  resonances.  One 
expects  no  Instability  for  small  kAx  when  k^v^  > Wp.  Faster  drift  may 
be  needed  to  avoid  Instability  for  larger  kAx. 

To  the  extent  that  Lewis'  models  still  conserve  energy  when  At  is 
finite,  the  growth  of  an  oscillation  Is  limited  by  the  available 
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kinetic  energy.  This  Is  not  true  In  the  normal  model,  In  which  total 
energy  Increased  by  a large  factor  In  Okuda's  observations  of  a strong 
grid  Instability.^^ 

2.  An  instability  In  the  time  Integration. 

The  difference  equations  In  time  are  equivalent  to  differential 
equations  with  appropriate  time-dependent  dynamics.  The  "pump"  now  has 
Infinite  wavelength  and  frequency  Ug  * 2ir/At.  The  Interacting  waves  have 
the  sane  wave  vector  and  frequencies  which  differ  by  harmonics  of 

Ue  have  so  far  found  no  Interesting  Instability  In  the  cnmagnetlzed 
tilde  Integration,  so  we  turn  to  the  magnetized  case. 

For  propagation  across  the  magnetic  field  at  wavelengths  - Larmor 
radius  there  are  waves  at  harmonics  of  the  cyclotron  frequency.  Both 
Up At  and  u^At  nay  be  small  but  the  cyclotron  harmonic  frequency  may  be 
comparable  to  d/At.  This  can  lead  to  the  simplest  example  of  a non- 
physical cyclotron  harmonic  Instability,  Involving  Interaction  between 

nu,,-nu^  and  u when  u^  s u /2n.  We  examine  this  further, 
c c g eg 

An  external  magnetic  field  can  be  Incorporated  Into  the  particle 
equations  In  such  a way  that  the  zero-order  orbits  In  constant  fields 
are  the  exact  helices  plus  E x B drift  with  the  correct  gyrofrequency 
Ue  shall  use  Hockney's  algorithm  with  B parallel  to  the  z axls.^  The 
equations  are 
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The  longitudinal  response  Is  accurate  to  perpendicular  forces  which  vary 
slowly  or  near  the  resonance  frequencies  * u^.  As  a result  the  dispersion 


function 


c (k,w)  « 1 + j dv,  J - nw^)|^ 


/^C  3f  . ^ 9f  \ 

3v,  *2  3v,^  ’ 

• • z 


where  h x actual  Larmor  radius,  is  the  Harris  function  with  the 

IQ 

cotangent  replacement.  We  have  Ignored  the  spatial  grid  for  simplicity 

since  It  plays  no  role  In  the  following. 

If  Au  » + nug  Is  small  enough  for  some  Integers  1 , m 

and  n,then  the  I'th  and  m'th  harmonics  have  artificially  been  brought 

close  together,  opening  the  possibility  of  unstable  Interaction.  For 

2 2 

an  example  we  choose  u^At  ■ 6tt/25  (about  8 steps  per  period),  /“c  " 2 
with  k|  - 0 and  a monoenergetic  velocity  distribution.  (This  Is  done 
to  get  a more  viable  harmonic  wave,  not  to  create  a "negative  energy" 
wave.  Instability  can  exist  regardless  of  what  signs  the  wave  energies 
would  have  physically;  only  the  required  sign  of  Au  is  affected.  Even  a 
Maxwellian  can  be  unstable.)  This  case  should  be  stable, but  the  4th 
and  -4th  harmonics  represent  nearly  the  same  phase  change  (n)  per  time 
step  and  there  results  an  odd-even  Instability  with  rapid  growth,  e.g., 

Im  * .15  at  k v^/u^  « 3.6.  There  Is  also  a weaker  instability  from 
Interaction  of  the  3rd  and  -5th  harmonics. 
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The  Instability  mchanlsm  Is  little  affected  by  the  choice  of 
difference  equations,  but  u^^t  must  be  the  gyro-rotation  actually  produced 
by  the  difference  equations. 

Jack  Byers  has  tried  the  above  example  and  found  good  agreement 
with  the  theory.  The  wave  grew  to  amplitudes  comparable  to  those  for 
real  cyclotron  Instabilities.  A change  of  u^ht  to  6ir/24  (exactly  8 steps 
per  period)  eliminated  the  Instability,  also  as  predicted  by  the  theory. 

For  high  harmonics  the  "tuning*  Is  delicate  and  growth  rates 
are  smell.  Thus  the  Instability  Is  not  a problem  for  small  enough  At. 

Even  If  the  electron  cyclotron  harmonic  waves  are  not  the  object 
of  study.  If  they  exist  physically  then  they  should  be  taken  Into  account 
In  choosing  ^t.  As  we  have  seen.  It  may  not  be  enough  that  Up^At  and 
u^gAt  be  small. 

3.  Remarks 

One  may  wonder  why  these  Instabilities,  which  are  so  easy  to  find 
theoretically,  have  never  been  reported  by  people  doing  computer  experi- 
ments. Perhaps  there  is  something  wrong  with  the  theory.  It  Is 
worthwhile  to  do  some  experiments  to  see  If  the  Instabilities  really  are 
tricre,  and  If  so  what  their  eventual  evolution  Is.  The  few  cases  done 
by  Okuda  and  Byers  gave  good  quantitative  agreement,  so  far,  on  all 
three  Instabilities.  Okuda  Is  reporting  these  experiments  at  this 
conference,  but  I would  like  to  emphasize  here  also  some  Important 
features.  The  Instabilities  were  found  both  In  obvious  forms  and  disguised 
as  real  physics.  They  do  not  quench  themselves  at  negligible  amplitudes 
but  can  grow  to  a-mplitudes  as  large  or  larger  than  those  for  real  Instabi- 
lities under  similar  circumstances  (i.e. , of  beam  and  of  cyclotron  harmonic 
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■odes  In  the  exanples  given).  Lest,  but  not  leest.  they  ere  herder  to 
Ignore  then  the  rether  clunsy  theoreticel  results. 

Possible  nonphysicel  Instebllltles  my  be  uninportent  If  there 
Is  reel  InsteblllLy  with  e sufficiently  strong  growth.  This  Is  herd 
to  judge  quentitetively.  end  besides  the  nonphysicel  growth  rete  cen  be 
lerge  too. 

Although  the  jxeiaples  hive  been  deelt  with  In  one  dinenslon  the 
Instebllltles  will  certelnly  be  present  In  2 or  3 dinenslons  beceuse  If  k 
Is  directed  elong  en  exis  of  the  grid  the  dispersion  reletlon  reduces  to 
the  I'D  cese. 

Sole  people  heve  snoothed  grid  quantities,  either  directly  or 
by  suppressing  higher  nodes  If  fest  Fourier  trensfometlon  Is  used  In 
solving  Poisson's  equetlon.  The  eln  Is  to  reduce  the  effect  of  the  spatial 
grid  by  suppressing  wavelengths  .ax.  We  point  out  that  this  ellninates 
only  the  nost  violent  instabilities,  leaving  Intact  the  nilder  but  still 
dangerous  long-wavelength  cases.  This  Is  because  the  aliasing  arises 
In  the  Interpolation  between  particle  and  grid  quantities  and  therefore 
Is  unaffected. 

Since  the  Instability  Is  caused  by  coherent  Interaction  between 
plasma  and  grid,  one  might  try  displacing  the  grid  randomly  between  tine 
steps.  This  Is  fairly  easy  to  do  in  any  direction  In  which  the  plasma 
Is  periodic. 

Another  possibility  Is  to  use  different  grid  spacing  for  % and 
E than  for  p.  This  Is  not  hard  If  fast  Fourier  transforms  handling  prime 
factors  3 m*  5 as  well  at  2 are  used  to  solve  Poisson's  equation. 

The  Intent  Is  to  break  up  the  feedback  of  aliases. 


\ 
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One  could  try  verylng  the  grid  spacing  between  tine  steps. 

He  recomend  that  sooe  experimental  checks  for  Instabilities  be 
made  on  Lewis'  models. 

IV.  MNETIC  THEORY 

Last  year  we  reported  some  results  for  fluctuations  and  collisions 

In  which  the  spatial  grid  was  taken  Into  account  exactly  but  the  effects 

of  finite  time  step  ware  Ignored.  Those  results  were  extended  to  Include 

19 

finite  time  step,  for  an  unmagnetized  plasma. 

For  simplicity  our  expressions  a^e  for  only  one  (mobl'e)  species. 
This  can  oe  remedied  by  adding  sunmatlon  over  species  where  needed. 

1.  Fluctuations  and  Noise. 

We  now  consider  a stable  ensemble  of  sys^ens  such  that  Its  averages 
are  Independent  of  wher.'  and  when  they  are  taken,  i.c.,  * uniform  and 
stationary  (constant)  ensemble.  This  will  mean  that  the  ensemble  average 
of  the  field,  say,  at  some  x aitd  t w’ll  be  zero.  However,  due  to  the 
finite  particle  density,  a given  realization  fror.  the  ensemble  will 
certainly  not  be  uniform  or  field  free.  Thus,  averages  of  products 
can  be  nonzero.  We  find  for  the  charge  density  fluctuation  spectrun 


The  fluctuations  of  other  grid  quantities  are  related  in  a simple 
way.  For  Instance 
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All  averages  approach  their  real  plasm  amlogues  saoothly  Mhen 
are  taken  to  zero  In  any  mnner.  holding  other  paraaeters  constant 
2.  Velocity  Piffusion  ».;id  P.*aq. 

Me  first  calculate  the  effect  of  a fluctuating  field  on  the 
velocity  distribution  of  the  particles  anving  through  it. 

We  find  a diffusion  in  velocity  given  by  the  tensor 


,2  f dk  - 
aa^J  (2ir)^ i'il 


Here  and  in  the  following  the  k integrals  iaiply  an  Infinite  systeai. 

18 

For  a finite  periodic  system  they  are  replaced  by  sums  over  all  modes 
except  the  jc  > 0 mode,  *ln  addition,  the  fluctuations  produce  a net 
average  force  (drag)  which  pulls  the  particle  velocities  towards  the  phase 
velocities  of  the  strongest  waves.  This  turns  out  to  be 


ifluct  * 4 

The  remaining  source  of  drag  is  due  to  the  distortion  of  the 
sur<'ounding  plasma  by  the  test  particle.  We  obtain 


4ite^K 


S^(k)  Im 


1 

elk.k’V) 

^ 


3.  The  Kinetic  Equation  and  Collisions. 

If  we  combine  the^e  results  into  a Fokker-Planck  equation  for 
f(v)  Vpb  obtain  the  computer  simulation  plasma  kinetic  equation: 


\ 


\ 
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21 

This  fonsldable  result  reduces  to  the  Balescu'Lenard  equation 
(Itself  very  cunplcx)  In  the  Halt  of  smllAx  and  At.  Intermingled 
here  are  normal  collisions  modified  by  the  force  smoothlng^^*^^  plus 
all  the  other  grid  effects  such  as  stochastic  heating  from  the  grid 
noise, There  do  not  seem  to  be  apy  nice  approximations  to  make  In 
the  Interesting  cases,  but  there  are  several  physical  features  which  can 
be  seen  analytically. 

4.  Exact  Properties  of  the  Kinetic  Equation. 

21 

After  deriving  his  kinetic  equation,  Lenard  considers  several 
conservation  principles  and  Inequalities  which  are  true  microscopically, 
and  the  H theorem.  His  kinetic  equation  Is  found  satisfactory  In  all 
these  respects.  Me  begin  by  making  the  sane  checks  on  our  kinetic 
equation.  ^It  can  be  shown  that  phase  space  density  f remains  positive, 
and  average  particle  density  and  mamentun  are  conserved- as  they  should 
be  since  the  models  conserve  them  exactly. 

However,  we  know  that  energy  Is  not  conserved  exactly,  and 
Indeed  we  find  we  can  make  no  general  statement  about  energy  here.  (To 
the  order  considered  the  rate  of  change  of  total  energy  Is  Just  the  rate 
for  kinetic  energy.)  He  leave  the  question  open  for  the  moment. 
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For  the  H theorem  we  find 
H < 0 


with  equality  not  possible.  Thus,  there  Is  no  stationary  f,  not  even 
the  Maxwellian!  This  remains  true  In  one  dimension  or  when  either  ax  or 
At  Is  separately  set  to  zero.  We  can  say  the  space-time  grid  creates 
entropy  even  for  a plasma  which  should  have  the  greatest  possible  entropy 
for  the  given  density,  momentum  and  energy.  Since  h Is  then  an  extremum 
the  only  way  It  can  be  changing  Is  If  a constraint  Is  changing.  In  this 
case  It  must  be  that  the  energy  Is  Increasing.  Indeed  for  the  Maxwellian 
case  one  can  show  the  energy  Is  Increasing  by  the  rloht  amount  to  account 
for  the  change  In  entropy. 

The  H theorem  result  provides*  likely  expression  to  study  further 
as  something  which  Is  due  solely  to  the  non-physical  heating  of  the  model, 
and  which  Is  easily  measured  In  a computer  experiment.  In  fact,  the  total 
energy  Is  connonly  monitored  In  simulation  codes. 

We  have  tried  unsuccessfully  to  see  If  a distribution  which  Is 
Maxwellian  will  remain  so,  though  with  Increasing  spread. 

19 

We  have  also  derived  the  kinetic  equation  for  Lewis'  models.  The 
derivations  follow  those  for  the  normal  models  very  closely  with  the 
replacements  of  k by  k or  aliases  thereof.  It  Is 


5t  W n^j 


T 


k{Mp-v)|2 


— ) f(v)f(V) 
3V'  ' ' 
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where  2 

E(k.u)  = 1 + ^ I s^(!fp)f  !fp-  I7T  T 

Again  following  Lenard  we  can  shew  that  f renialns  positive  and 
particles  are  conserved.  Since  momentusi  and  energy  are  not  conserved 
microscopically  It  Is  to  be  expected  that  they  are  not  conserved  by  the 
kinetic  equation  (except  for  the  energy  when  At  » 0). 

A Maxwellian  distribution  which  Is  not  drifting  Is  constant  In 

the  At  0 limit.  Otherwise  the  H theoren  shows  that  f changes  In  a fashion 
which  Increases  entropy. 

If  f Is  Instantaneously  Maxwellian  we  can  say  more  about  the  rates 
of  change  of  nx>mentum,  energy  and  H.  We  find  that  the  changes  In  energy 
and  momentum  have  no  obvious  sign  separately,  but  the  combination 


shows  that  the  spread  In  the  drifting  frame  Is  Increasing  and  this  Is 
how  entropy  Is  Increased. 

When  At  * 0 we  can  see  that  7 decreases.  Thus,  one  can  say  that 

"collisions  with  the  grid"  slow  the  drift,  and  the  velocity  spread  Increases 
-7 

so  as  to  maintain  v constant. 

With  finite  but  small  time  step  we  still  expect  the  drift  to  slow, 
or  rather  to  move  toward  the  nearest  J*Ax/At  since  for  such  a velocity 
the  grid  looks  stationary  to  the  plasma. 

5.  Remarks 

Our  kinetic  equations  fall  to  retain  a physUal  property  In  just 
those  case  where  the  model  Itself  does  not.  Thus,  the  defects  are  not 
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in  the  kinetic  equation  but  in  the  models,  and  these  microscopic  errors 
do  nof'average  out"  to  zero  as  one  might  hope.  Furthermore,  these  non- 
physical properties  are  in  qualitative  agreement  with  what  the  normal 
models  are  observed  to  do  in  practice  (there  is  at  present  no  experience 
with  Lewis'  model).  All  this  lands  credibility  to  the  analysis. 

Of  course,  the  results  suffer  from  the  same  difficulties  as  for 
real  plasmas  with  regard  to  the  adiabatic  hypothesis  at  small  k,  and 
are  similarly  limited  to  stable  systems.  However,  the  large  k divergences 
of  real  plasma  theory  are  absent. 

The  results  apply  equally  well  to  one,  two  and  three  dimensions 
with  the  appropriate  adjustment  to  the  k integral.  Note  in  particular 
that  the  1-D  collision  Integral  does  not  vanish  identically  as  it  does 
for  a sheet  plasna.  Therefore,  when  grid  effects  become  Important 

2 

1-D  collision  times  will  be  proportional  to  ■ nXp  rather  than  to  Np  . 

Here  may  be  the  explanation  for  the  decrease  rather  than  increase  in 

12 

collision  time  observed  by  Montgomery  and  Nielson  when  ax  was  increased 

above  Xp  . Unfortunately,  they  give  so  little  information  that  one  would 

have  to  repeat  the  experiment  in  order  to  resolve  this  point. 

Hockney  has  made  the  inteiesting  experimental  observation  that, 

as  v^At/Ax  is  Increased  from  below  to  above  unity,  the  latio  of  heating 

time  to  velocity  scattering  time  decreases  rapidly  from  well  above  to 
14 

below  unity.  We  now  venture  an  explanation.  The  steps  in  the  reasoning 
are  easily  identified  with  steps  in  the  development  of  our  theory,  and 
can  be  verified  or  disproved  by  numerical  study  of  the  appropriate 
expressions. 
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Consider  first  the  case  with  very  small  time  step.  In  the 
fluctuation  spectrum  there  Is  first  of  all  the  usual  plasma  fluctuations 
given  by  the  p > 0 term.  This  extends  up  to  frequencies  of  kv^  or  u^, 
depending  on  kXg,  then  drops  off  quickly.  There  Is  also  a grid  noise 
component,  given  by  the  p ^ 0 terms,  with  a characteristic  frequency 
2irv^/Ax  and  falling  off  slowly  above  that.  This  grid  noise  dominates 
the  high  frequencies  and  Is  little  modified  by  collective  effects  as  It 
Is  above  the  plasma  frequency  (assuming  2itXq>Ax,  which  Is  also  desirable 
to  avoid  the  grid  Instability).  However,  the  grid  noise  contributes 
relatively  little  to  "collisions*,  which  are  due  to  phase  velocities 
< v^.  Thus,  velocity  space  evolution  Is  fairly  normal,  with  diffusion, 
etc  and  little  heating. 

When  v^dt  > AX  the  grid  noise  extends  up  past  the  sampling 
frequency  2ir/At,  and  therefore  Is  the  same  to  the  difference  equations 
as  a low  frequency  and  contributes  to  velocity  scattering.  There  Is  no 
obvious  reason  why  the  drag  should  Increase  much;  If  not  then  diffusion 
dominates  and  the  heating  and  scattering  times  will  be  comparable,  as 
Hockney  observed. 

However,  we  feel  there  Is  no  Justification  at  present  for  Hockney's 
complete  rejection  of  this  regime  v^At  > Ax  If  the  heating  time  Is  still 
large  enough,  which  will  depend  on  the  object  of  study  (e.g.  p1a;:.ia  echoes 
are  very  sensitive  to  velocity  diffusion).  Recall  also  that  other  plasma 
phenomena  may  not  be  adversely  modified  at  a11;e.g.  plasma  oscillations 
seem  little  affected.On  the  other  hand  If  one  Is  studying  kinetic  theory 
then  probably  v^At  > Ax  should  be  avoided. 
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VI.  CONCLUaiNG  REMARKS 

In  addition  to  Inproving  our  understanding  of  the  Internal 
workings  of  sinulatlon  plasmas,  we  believe  this  analysis  can  aid  resolu- 
tion of  several  open  questions,  such  as:  Now  does  one  choose  the  optl- 
num  grid-particle  Interpolation  to  use  when  the  spatial  grid  Is  coarse? 

Uhat  algorithm  changes  ameliorate  the  nonphysical  behavior?  In  wh:t. 
sense  Is  a low  amplitude  oscillation,  using  the  "ordev'ed  start”  with  a 
finite  number  of  particles,  the  same  as  such  an  oscillation  In  a Vlasov 
gas?  How  do  we  choose  Poisson  algorithms  to  make  the  long  wavelength 
fields  very  accurate  while  suppressing  unwanted  short-wavelength  phenomena? 

Of  course,  the  situations  discussed  In  detail  In  this  work  are 
too  Idealized  to  directly  support  or  discredit  most  actual  computer 
experiments.  For  Instance  they  are  of  small  relevance  to  strongly  non- 
linear phenomena.  One  can  hardly  do  the  simulation  theory  when  the 
corresponding  "real"  plasma  theory  Is  Intractable.  But  I do  hope  to 
have  convinced  you  that  computer  experiments  can  turn  out  very  badly, 
sometimes  In  a deceptive  manner,  and  I hope  to  have  sensitized  you 
to  some  of  the  circumstances  which  can  cause  this  to  happen. 

Furthermore,  I believe  these  circumstances  will  be  much  harder 
to  avoid  In  the  future,  e.g..  In  three  dimensions  where  the  spatial  grid 
will  be  coarse,  and  when  disparate  time  scales  make  the  time  step  large 
for  some  phenomena. 

These  models,  even  more  than  computing  hardware  and  software 
In  general,  are  highly  fallible.  No  one  will  anticipate  all  dangers  and 
compile  a catalogue  from  which  one  can  obtain  unambiguous  guidance  for 
experiments.  But  one  can  apply  at  least  as  thorough  checks  as  either 
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the  laboratory  experimentalist  or  the  theoretician.  The  cannon  check 
of  repeating  key  experiments  with  different  Ax  and  At,  i^tc.  helps  som. 
It  also  helps  to  have  an  Independent  check,  a closely  r'Slated  sltuali^ . 
with  behavior  understood  by  some  other  means,  e.g.,  the  linear  theory 
for  the  low  amplitude  behavior  of  the  situation  Is  often  very  useful. 

If  available.  Other  simulation  methods,  such  as  Integrating  the  Vlasov 
equation  Itself,  will  be  useful.^ 

Under  the  present  circumstances.  It  would  seem  that  anyone 
reporting  computer  experiment  results  should  Include  Information  on  the 
spatial  grid,  time  step.  Initial  conditions,  etc.,  an<;  their  effects  on 
the  results.  The  onus  Is  on  the  author  to  show  that  he  Is  presenting 
physics  and  not  numerical  artifacts. 
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Noise  Suppression  Techniques  in  Macroparticle 
Models  of  Collisionless  Plasmas' 


J.  A.  Byen 

LawrtHce  Radiilion  Laboratory 
University  cf  Califomia 
Uvermore,  California 

ABSTRACT 

Ilolse  reduction  technique*  are  examined  as 
applied  to  macro  particle  computer  models  of  col* 
llslonless  plasmas.  Ihe  quiet  start  technique, 
particle  vel^tlng,  and  the  usefulness  of  forcing 
the  system  to  a linear  one  are  discussed. 


I *Hork  performed  under  the  auspices  of  the  U.  S.  Atomic 

I Energy  Comlsslon. 
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I.  HBBOBOCTOT 

We  aapiiaslse,  in  thle  p^r,  aoiee  ellaAnatioo  or  redaction 
tedmlwoee  aa  implied  to  ■aenqpartiele  aodels  of  eolUaionleee 
plaeaaa.  We  take  ibe  view  that  we  are  really  Intereated  In  an 
abaOlately  colUalooIeaB  ayatea  and  tbat  we  dealxe  a eolation  of 
the  Vlaaov  e<iaatlon,  dlaexetlxed  thoucdk  It  nay  be.  Chooelng  the 
■aeropartlele  concept  aa  a baalc  starting  point,  we  first  of  all 
would  like  to  stop  thinking  of  our  Halted  nuaiber  of  particles  »s 
aa  CAtK.aely  poor  plasaa  (very  low  nunber  of  particles  per  Debye 
length)  with  all  the  attendant  enhanced  kinetic  properties  such  as 
fluctuations  and  collisions.  Bather  we  take  the  view  that  the 
particles  are  discretized  eleaents  of  a continuous  Vlasov  phase 
fluid.  Ihe  goal  Is  to  obtain,  with  a aanageable  nunber  of  parti* 
cles,  a aodel  which  approaches  as  closely  as  possible  a Vlasov 
plasaa,  l.e.,  a true  continuous  systen.  Results  presented  last 
year^  employed  for  the  first  tine  a technique  of  noise  suppression 
in  nacrapartlcle  s»dels  that  has  acquired  the  nas»  "quiet  start". 

Ihe  technique  allows  one  to  suppress  to  a near  zero  level  the 
natural  fluctuations  expected  from  a finite  set  of  particles  near 
an  e‘tUilibriun  state.  Dius  for  a finite  asiount  of  tine  the  quiet 
start  technique  has  repressed  all  observable  kinetic  effects.  Of 
course,  our  oysten  is  still  a discretized  one  and  will  eventually 
run  into  coarse  graining  problens  and  the  only  recourse  is  to  ob* 
tain  finer  resolution,  i.e.,  increase  the  nuaiber  of  particles. 

But  the  coarse  graining  problea  is  cosnon  to  all  discretized 
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aodela.  It  is  our  asln  point  tb&t  the  qpiet  start  procedure  has 
allowed  our  (adaittedly  grainy)  coUectioa  of  particles  to  hehave 
for  a finite  aaount  of  tlae  precisely  as  a true  continuous  systea. 
niat  is,  there  are  no  observables  that  alght  be  ascribed  to  fluctu* 
ati(»ial  or  colllslonal  pfaenoaena.  Once  the  system  has  started  to 
become  too  coarse  grained,  it  is  still  perhaps  a moot  point  whether 
one  should  describe  the  coarse  graining  effects  in  terms  of  enhanced 
collisions  or  enhanced  fluctuations*  !Ibe  system  has  arrived  at 
this  state  precisely  as  a true  continuous  system,  and,  while  the 
further  developsent  will  undoubtedly  be  affected  by  the  coarse 
graining,  one  can  still  claim  a better  representation  of  the  crn> 
tlnuous  solution  than  a code  that  allowed  the  collisional*  fluctua* 
tlonal  phenomena  to  be  present  from  the  beginning.  It  is  clear 
that  these  remarks  are  particularly  relevant  for  probleas  diere 
only  a snail  part  of  the  phase  fluid  beccmes  heavily  disto.  .m  . 

The  undistorted  parts  of  the  phase  fluid  will  continue  to  act  in 
an  ordered  manner  as  a continuous  system  and  will  contribute 
nothing  to  fluctuatlonal  or  colllslonal  phenomena,  in  this  paper 
we  examine  the  quiet  start  techniques  and  other  methods  of  noise 
suppression. 

II.  QUIET  START 

The  essence  of  the  quiet  start  technique  is  to  load  the 
initial  values  of  the  particles'  phase  space  positions  uniformly 
along  the  equilibrium  orbits  and,  in  addition,  to  saxwth  out  all 
wavelengths  equal  to  and  smaller  than  the  repetition  length. 
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deflmd  as  Ite  distanoe  o«er  wbieh  the  valoeitgr  dlstrlbatloa  re- 
peats. One  obtains  an  ordered  re0ilar  pattern  In  phase  space.  A>r 
example.  In  the  slnplest  one-dlnenslonal  hcBO^eneous  systen  where 
the  evilllhrlua  trajectories  are  slnple  stral^t  Hae  orbits,  the 
9il*t  start  loading  produces  a nudber  of  beaas.  That  Is,  one 
starts  with  a given  total  ouniber  of  particles,  IP,  which  are  to 
represent  sone  f(v)  over  the  systen  length  L.  One  first  chooses 
sone  snail  fractional  part  of  L over  which  It  is  detemlned  physically 
sensible  to  snooth  the  charge  density.  Call  this  length  H—  this  Is 
the  repetition  length  over  irtileh  we  will  repeat  our  representation 
of  f(v).  nien.  Instead  of  using  HP  different  velocity  values  to 
represent  f(v),  which  would  result  In  the  usual  fluctuation  level, 
we  use  only  NP/(I/H)  « HV.  In  each  distance  H we  represent  f(v) 
with  only  HV  different  values  of  velocity  and  In  each  succeeding 
length  H we  again  represent  f(v)  with  the  sane  HV  values  of  velocity. 
For  each  value  of  velocl^  used  uw  have  I/H  nueber  of  particles 
and.  since  we  smooth  the  charge  denslV  distances  < each 
such  set  of  particles  will  appear  as  a c<mtlnuous  beam.  How,  for 
cosputatlunal  efficiency,  the  smoothing  Is  applied  to  the  charge 
densl^,  l.e.,  to  the  collection  of  all  of  the  particles  with  dif- 
ferent velocity  values.  But,  since  each  velocity  value  Is  represented 
by  a uniform- In- space  set  of  particles,  the  smoothing  applied  to 
the  coUectlOT  of  all  the  particles  also  will  smooth  each  set  of 
particles  with  a particular  value  of  velocity  Into  the  appearance 
of  a contliuious  beam.  It  Is  clear  that  the  unperturbed  notion  of 
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a continuous  beaa  will  result  in  no  fluctuation.  In  practice  the 
codes  give  proof  of  the  success  of  this  idea  by  producing  fluctua* 
tlcm  levels  of  an  undisturbed  systen  corresponding  to  machine  round- 
off levels.  Also  the  real  frequencies  and  growth  rates  predicted 
by  linear  Vlasov  theory  are  reproduced  within  the  precision  of 
measurement.  For  spatially  homogeneous  problems,  the  technique 
works  equally  well  for  any  type  of  equilibrium  orbit,  and  the  ex- 
tension to  2 and  3 dimensions  is  also  quite  straightforward. 

The  quiet  start  occasionally  produces  problems  of  its 
own  that  threaten  to  ultimately  produce  a noise  le"el  comparable  to 
that  produced  hy  a random  start.  For  the  simplest  cne  dimensional 
problems  with  straight  line  orbits  one  has  a multlbeam  representation 
of  f(v),  and  as  is  well  known  such  a distribution  is  subject  to 
multlbeam  instabilities,  they  appear  not  to  be  troublesome  in  cases 
where  f(v)  Itseli"  is  subject  to  a sufficiently  strong  instability 
of  its  own,  but  in  more  subtle  cases  one  can  expect  multlbeam  phenom- 
ena to  become  apparent  in  times  on  the  order  of  l/(kAv),  where  Av 
is  a 'Epical  beam  separation.  De<avit  and  Knier  have  recently 
(unpublished  work}  clearly  identified  a multlbeam  instability  in  a 
quiet  start  and  were  able  to  cure  the  problem  ,/  randomising  only  a 
few  of  the  beams;  the  majority  of  the  beams  were  left  in  an  undis- 
turbed state,  and  the  noise  level  Indiced  by  the  randcsiising  of  a 
few  beams  was  much  reduced  over  that  of  a fully  random  start.  Siis 
technique,  as  successful  as  it  was  in  this  particular  case,  clearly 
requires  knowledge  of  which  beans  to  randomise,  something  that  is  not 
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likely  to  be  known  In  more  conpUcated  eaaes.  What  Is  clearly 
needed  is  a saoothlng  technique  that  is  applied  to  all  of  the  parti* 
cles  and  is  capable  of  snoothing  out  the  fine  grained  ■ultibean 
phenoeena  while  leaving  the  coarse  grained  phenonena  relatively  un- 
disturbed. In  fact,  Denavlt  (unpublished  work)  has  recently  been 
woricing  on  a technique  whereby  periodically  (not  every  tlw  step) 
a new  soootbed  f(v)  is  established  and  a new  set  of  particle  posi- 
tions and  velocities  chosen  to  represent  the  smoothed  f(v).  Initial 
results  were  very  promising  and  the  usefulness  of  the  techn  que  now 
seems  to  haag  on  l)  its  ccnputlng  economy  and  2)  long  term  effects 
of  the  smoothing  on  the  desired  coarse-grained  phenomena. 

III.  BmriciE  wEiGmao 

It  also  proves  extremely  beneficial  from  a noise  reduction 
point  of  view  to  use  particles  of  different  charge  (and  mass)  values 
so  that  the  resolution  can  be  focussed  on  that  part  of  f(v)  that  is 
the  most  active.  Ihls  is  not  a new  suggestion  and  probably  is  now 
widely  used,  but,  in  our  opinion,  the  use  of  particle  weighting  has 
overwhelming  advantages  in  certain  problems,  and  we  want  to  emphasise 
its  usefulness  as  a noise  reduction  technique.  An  obvious  algorithm 
for  any  gi'/en  f(v)  is  to  1 ad  the  particles  in  velocity  space  uni- 
formly and  then  apply  a wxe^tlng  factor  'u  f(v)  to  the  charge  and 
mass  of  each  particle,  thus  producing  equal  resolution  over  all 
velocity  space.  Ihe  modifications  required  to  concentrate  the 
resolution  in  special  velocity  regions  are  straightforward. 

We  now  discuss  several  examples  of  computer  simulations 
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for  one*dlJttnsloiml  hoao0eneout  probleas  using  the  quiet  start  coa- 
bined  vith  vnrloaa  we  testing  procedures.  For  a test  of  landau 
darling  the  particles  were  loaded  unlfonCy  in  vsloci  v and  a weight- 

O 

ing  factor  exp(-r  ) produces  the  desired  f(v).  We  61  tain  a clean, 
accurate  Landau  daqied  signal  for  several  cycles  until  reaching  a 
noise  level  that  is  a function  of  the  number  of  particles  used. 

See  Pig.  1. 

A second  exanple  Is  the  sisulation  of  an  instability  caused 
by  a very  low  density  (n^^/a^  « 1)  cold  bean  at  some  v»  super- 
isqiosed  on  a Maxwellian  plasaa.  Ihe  important  weighting  procedure 
in  this  ease  concerns  the  beam  particles;  an  equal  number  of  particles 
arc  used  to  represent  the  betut  and  the  main  plasma,  so  we  have  a 
good  resolution  of  the  oeam  which  is  the  active  region  of  velocity 
space,  despite  the  very  low  relative  density  of  the  beam.  Similar 
resolution  without  the  weighting  procedure  would  require 
more  particles,  ir.  some  esses  an  extremely  large  factor. 

A third  example  is  the  simulation  of  an  unstable  bump-on- 
tail  distribution,  f(v)  = exp(-v^)  + .0^  exp(-(v  - 3)^)»  Tr* 
system  is  ten  times  as  long  as  the  wavelength  of  the  fastest 
growing  mode,  and  we  have  three  or  four  nodes  with  phase  velocity 
in  the  positive  slope  region.  Here  again  we  load  the  particles 
uniforsdy  and  weight  the  particles  in  order  to  achieve  the  desired 
f(v).  Without  weightir  ' the  particles,  equivalent  resolution  of 
the  oeam  region  requires  approximately  20  times  as  many  particles 
(2  X 10^  compared  to  our  10  ).  The  absence  of  quiet  starting  causes 
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high  initial  amplitudes  in  all  the  modes  of  the  system,  including 
those  with  phase  velocities  outside  the  positive  slope  region. 

In  contrast,  the  .juiet  start  run  had  precise  control  over  the 
initial  amplitudes  and  phases  of  all  modes  and  for  this  case  the 
system  was  perturbed  at  very  low  energy  so  that  at  saturation  time 
the  only  large  amplitude  modes  present  are  those  with  large  linear 
growth  rates.  It  should  be  clear  that  particle  weighting  is  parti- 
cularly useful  in  any  problem  where  a low  density  region  of  velocity 
space  is  crucially  Important. 

IV.  EXaSMSICmS  TO  ISHOMOCEtEOUS  FRCBIBMS 

For  homogeneous  problems  with  other  than  straight  line 

orbits,  it  is  not  quite  fair  to  state  tMt  the  essence  of  the  quiet 

start  is  the  uniform  loading  of  the  equilibrium  orbits.  Rather  it 

is  the  uniform  loading,  for  each  particular  value  of  velocity,  in 

configuration  space  coupled  with  the  snsoothing  that  achieves  the 

desired  result.  For  Inhomogeneous  problems  one  naturally  cannot 

load  uniformly  in  the  Inhomogeneous  direction(s),  and  one  must  rely 

entirely  on  uniform  loading  of  the  equilibrium  orbits.  Tne  degree 

of  success  for  Inhomogeneous  problems  seems  to  depend  on  the  details 

of  the  particular  problem,  such  as  the  degree  of  complication  of 

2 

the  equilibrium  orbit.  See  the  work  of  Birdsall  and  Harding  and 
Berk^  for  the  two  recent  applications  of  the  quiet  start  to  inhomo- 
geneous problems. 

Wc  are  presently  examining  some  further  extensions  of  \ne 
quiet  start  concept  to  Inhomog  neous  problems.  First,  one  woula 
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again  load  the  particles  uniformly  on  tite  equillhrium  orbits  and 
then  attempt  to  smooth  the  data  vith  reference  to  these  orbits, 
in  the  spirit  of  the  concept  as  applied  in  hontogeneous  problems. 

The  data  would  first  be  charge  shared  between  r^ighbcring  equilibrium 
orbit  "grids".  Ihe  smoothing  would  then  be  done  on  each  of  these 
grids  with  the  aid  of  the  fast  Fourier  transform  and  the  smoothed 
transformed  data  would  then  be  transformed  back  to  configuration 
space.  Ihe  concept  appears  straightforward  but  may  well  require 
an  uneconomical  amount  of  computing  effort,  since  the  above 
smoothing  steps  must  be  carried  out  for  each  equilibrium  orbit 
"grid".  The  concept  has  not  been  tested. 

Harding  and  Berk  have  suggested  the  use  of  moving  back- 
ground particles  to  ensure  the  cance’  lation  of  equilibrium  fluctua- 
tions. The  concept  has  not  yet  been  fully  tested. 

V.  LCTEAR  THEORY  via  l<ACaOPARnCl£  SIMWATIOM 

A technique  similar  to  the  latter  suggestif'.i,  which  we 
have  tested  in  homogeneous  problems,  is  to  force  the  system  to  a 
fully  linear  one,  l.e..  Integrate  along  the  equilibrium  orbits  and 
accumulate  only  the  perturbation  charge  aensity^.  This  naturally 
ensures  absolutely  no  noise  fluctuations  due  to  equilibrium  oroits, 
regardless  of  finite  difference  errors,  but  of  course  one  is  limited 
to  the  linear  regime.  Bc-sides  the  noise  reduction,  however,  there 
is  an  additional  major  advantage  of  this  technique  first  pointed 
out  by  J.  Preidburg^.  One  can  bring  in  the  effects  of  any  liomogeneous 
direction  simply  by  assuming  an  exp(ikyj  dependence  vrtiere  y is  the 
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homogeneous  direction.  One  need  resolve  the  f(v)  only  at  one  re- 
presentative y plane,  with  all  particles  contributing  to  the  charge 
density  as  exp(lky).  One  has  the  requirements  of  following  one 
equilibrium  orbit  and  two  linearised  orbits  (to  get  amplitude  and 
phase  information)  for  each  value  of  velocity  used,  but  this  is  a 
minor  price  to  pay  for  the  reduction  of  the  dimensionality  of  the 
problem. 

Despite  prior  publication  of  the  concept^,  we  believe  some 
more  detail  of  the  technique  deserves  exposition.  We  first 
linearize  the  equations  of  motion  for  each  particle 


X = 


represents  the  equilibrium  orbit  and  can  be  as  simple  as  pure 

one  (llmensional  streaming  notion,  ® , or  as  complicated  as 

one  desires.  X,  represents  the  deviation  from  the  equilibrium 

orbit.  Tne  first  crucial  point  is  that  X,  does  not  change  as  X, 

o 1- 

grows,  in  fact  the  magnitudes  of  3^  and  Xj^  are  completely  independent 
as  they  should  be  in  a linear  system.  The  second  crucial  point  is 
that  Xj^  is  calculated  at  tlie  current  position  of  X^  . That  is 


= f E (X  ) 

IR  1 O 


The  charge  density  is  then  obtained  only  from  the  X^ 


n 


1 


_3 

dx 


(n  Ex.) 
o 1 


The  above  changes  to  a particle  code  actually  make  it 
computationally  more  Involved.  One  has  to  follow  the  equilibrium 
orbit  as  well  as  the  deviation.  Also  one  has  lost  the  possibility 
of  exploring  nonlinear  behavior;  the  system  is  fully  linearized  and, 
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for  exaaple,  an  Inatability  viU  not  eaturate  but  will  keep  on 
growing.  n>e  perturbed  quantities  anplitudee  have  ro  relation  to 
the  nagnltudee  of  equilibriua  quantities . Hie  ^in  has  been  an 
apriori  rejection  of  the  ordinary  type  of  noise  due  to  fluctuations 
of  the  equilibriuB  orbits. 

A second  najor  ^in  is  available  if  the  problem  is  spa- 
tially honogeneous.  As  stated  above  one  then  can  transform  all 
perturbed  quantities  as  exp(ikx);  the  problem  will  then  be  solved 
for  only  one  value  of  k.  One  treats  all  perturbed  quantities  as 
sinusoidally  distributed  in  x.  This  requires  two  quantities  for 
each  perturbation  particle,  an  amplitude  and  a phase.  In  practice 
ve  represent  this  complex  particle  as  two  real  particles,  and 
Xg,  located  90°  apart  in  X^.  The  real  and  imaginary  parts  of  the 
displacement  then  are 


RX  - Xj^  cos(kX^)  + Xg  cos(kXg  + | ) 


DC  - -Xj^  sia(kX^)  - Xg  sin{kX^  + | ) 


The  contributions  to  RX  and  DC  a.'e  sunned  up  from  all  of  the  parti- 
cles and  the  perturbed  electric  field  is  trivially  obtained  from 
the  resulting  dipole  density.  As  an  example  of  the  technique  we 
present  results  from  a simple  problem  of  some  current  interest. 

The  problem  is  a spatially  homogeneous  two  species  plasma  being 
driven  by  a spatially  homogeneous  external  electric  field,  cos(u^  t), 

where  'w  u , The  transfomatlon  technique  reduces  this 

op® 

spatially  one  diaension>\l  problem  to  a problem  of  resolving  only 
velocity  space.  Only  2(X>  particles  were  used  in  obtaining  the 
results  of  Tig.  2. 
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Figure  2b 
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Nonphysical  Instabilities  in  Plasma  Simulation 
due  to  Small  X[)/Ax 

Hideo  Oktida* 

Department  of  Electrical  Engineering  and  Computer  Sciences 
and  the  Electronics  Research  Laboratory 
University  of  California 
Berkeley,  California 


Abstract 

PlatM  computer  experiments  have  been  performed  with  a one-dlmenslonal 
particle  sudel  in  order  to  understsnd  a nonphysical  instability  due  to  the 
use  of  a spatial  grid.  A violent  instability  was  observed  with  the  theore- 
tically predicted  growth  rate  of  o x “ 0.1  with  the 

Raarest  Grid  Point  (NGP)  model,  where  la  the  Debye  length  and  u x is 
Che  grid  sise;  in  addition,  when  Che  field  energy  reached  several  percent 
of  the  kinetic  energy,  Che  total  energy  began  to  grow  rapidly,  violating 
conservation.  The  growth  rate  was  reduced  either  by  using  linear  interpo- 
lation of  charge  and  force  (CIC,PIC)  or  by  increasing  the  Debye  length 
with  the  NGP  model.  The  experimental  results  are  in  good  agreement  with 
Langdon's  thsory. 


*Pr«a«nt  address i Princsten  University,  Plasma  Physics  Laboratory, 
P.O.Box  451,  Princeton,  New  Jersey  08540. 
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Z.  Introduction 

Thli  paper  preaents  aeveral  experlnenta  which  verify  a nonphyalcal 
Instability  In  a slaulatlon  plasna  due  to  the  use  of  a spatial  grid  cs 
predicted  by  Lindnan'^  and  Langdon  . Langdon  predicts  that  w'rin  the  Debye 
length  la  snail  coapered  with  the  grid  sire,  the  coupling  anong  pertur- 
bations with  different  wavelengths,  called  aliases,  can  destabilize  plasna 
oscillations,  even  In  a themal  plasna  (unifwtn  In  apace  and  Haxwelllan 
In  velocity,  hence  physically  stable).  Ihe  predicted  growth  rate  of  the 
Instability  has  a maxlnun  of  ■ 0*1  at  k d x a ir/2  for  x “ 0.1 

with  the  NGP  nodal. ^ 

The  use  of  a spatial  grid  In  plasna  simulation  with  particles  Is  now 

widespread,  and  there  Is  a general  Inclination  to  economize,  using  coarse 

tine  and  space  grids  and  zero^^  order  (NGP)  or  first  order  (linear)  Inter- 
4 5 

polatlons  (CIC  ;PIC  ) for  charge  and  force  asslgnaents.  It  Is  Important 
to  understand  the  effects  of  such  tine  and  space  grids  and  Interpolations, 
especially  In  the  enhancement  of  nonphysical  noise  or  Instabilities  In 
order  to  distinguish  physical  Information  from  nonphysical  Information. 
Theoretical  Invcstl^^ilons  have  been  carried  out  extensively  toward  this 
direction  by  Langdon.^ 

II.  Experimental  results 

The  particle  model  used  Is  a one-dlmenslonal  electrostatic  system 
with  periodic  boundary  conditions  described  elsewhere  In  detail.^  The 
electrons  move  end  are  loaded  Initially  uniformly  In  space;  the  Ions  are 
assumed  to  be  Immobile  with  uniform  density.  The  parameters  are  lifted 

In  Table  I.  The  Initial  velocities  were  chosen  to  produce  the  Naxwelllan 

2 2 

distribution  function,  f(v)  “ exp(-v  /2v^  )//2ir  v^.  In  experiments  1,3,  and  4 


512 


Nonphysical  Inatabilitiss 


Tabla  I 

Paranstari  of  tbs  Eaparltnts 


axparlmant 

Debye 

length 

interpolation 

sehame 

length  of 
one  period 

L 

thermal 

velocity 

total  no.  of 
particlas 

N 

predicted 
linear  growth 
rata. 

(most  unstable 
awde) 

1 

Bl 

tKS 

8 

m 

316t 

0.1 

2 

B 

WS 

20 

m 

0.1 

3 

g 

CIC.PIC 

8 

2376 

0.013 

4 

D 

NGP 

8 

0.2 

3168 

0.03 

tins  stop  of  Integration  <»^&t  - 0.2 
length  of  run  (all  exp.)  u^^t  ■ 40 
Ax  - 1 


*ib»  velocities  were  chosen  froa  e uniform  distribution  of  f(y)mj  f(y)  dv, 

o 

with  the  same  velocities  used  in  each  spatial  cell  In  order  to  produce  a 

noiseless  (or  quiet)  start^;  in  experiment  2,  F(v)  wu  uniform  but  for  ell 

of  the  per  tides  used  with  x,v  uncorreletad  (randomly  related) , so  as  to 

have  all  nodes  Initially  excited.  The  Debye  length  is  dsfined  as  ■ 

V. /u  . Except  for  the  third  experiment  where  the  CIC.PIC  model  was  used, 
t pa 

the  HOP  model  was  used  throughtout  the  experiments. 

aeperiment  1 

3168  particles  (sheets)  were  arranged  into  32  groups  ssch  with  99 
particles.  All  groups  have  the  same  Maxwell  velocity  distribution.  A 
small  modulation  in  velocity  space  was  added  to  the  Maxwell  distribution 


\ 


\ 
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CO  osclto  Cho  ooeoBd  aodo  (X  - L/2)  oliich  la  Cho  aosC  unstable  aoda  In 
Cho  peasant  nodal;  with  tha  unlfozn  initial  loading  balng  aasantlally 
nolselass,  tha  Initial  nodulatlon  was  found  necessary. 

fig.  1 ahowa  the  evolution  of  the  lastability  in  phase  space  at 

different  tine  steps.  The  field,  kinetic  end  total  energlaa  with  the 

davalopnant  of  the  Instability  are  given  In  fig.  2.  A snail  nodulatlon 

anaegas  at  tha  early  tins  steps,  which  la  due  to  the  Initial  nodulatlon. 

The  growth  rata  (u./u  n 0.1)  and  the  oacillatlon  frequency  (w  /u 
X p#  r pCk 

I 0.78)  of  the  eecond  node  are  In  good  agreanent  with  the  linear  theory. 

Tha  nodulatlon  continues  to  grow  and  beceaMs  appireclable  at  Ci:  t a 20  which 
is  about  three  plaana  periods.  At  this  stage,  the  field  energy  reached 
several  percent  of  the  kinetic  uergy  and  the  total  energy  itself  begins 
to  Increase  appreciably  aa  shown  in  fig.  2.  After  this  stage,  the  energy 
continues  to  grow  without  appreciSbls  seturetion  or  Uniting.  Hear  the 
end  of  the  calculation  (u^^t  8 40),  the  kinetic  energy  reaches  several  tines 
Its  Initial  value,  resulting  in  tha  Increase  of  the  Debya  length  by  factor 
two  and  reduction  of  the  growth  rate.  However,  the  catastrophe  has  already 
taken  place.  Higher  spatial  haxnonlcs  are  generated  with  the  developnent 
0*  tha  Instability  as  seen  In  fig.  1. 

Inperlnent  2 

In  order  to  see  the  affects  of  the  change  of  the  Initial  conditions, 
aspeclally,  using  a randon  loading  in  phase  space  and  also  to  ses  the 
af facta  of  nany  fourlar  nodae,  we  tried  thn  second  experinent  as  shown  In 
ths  table.  Partlclee  are  distributed  unlfomly  In  x and  rsndonly  In  v 
according  to  tha  Haxwall  distribution.  As  will  be  expected,  all  possible 
fourlar  nodes  were  excited  Initially  and  the  developiMnt  of  each  node  was 
observed. 
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Nonphyaic&l  Instabilitiea 


Phose*spocc  distribution 


Fig.l  - Evolution  of  a grid  iaatability  in  phaae  apace  for  a Maxwellian  plaama. 
A quiet  atart  with  a amall  perturbation  to  the  aecond  mode  waa  employed  aa 
the  initial  condition,  X^/Ax  - 0,1,  Nq  3 40, and  L/ax  = 8,  Experiment  1,  NGP. 
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(b)  Total  kinetic  energy 


Xi 
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(c)  Total  energy 
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Fig.  2 - Growth  of  the  total  field  (a),  kinetic  (b)  and  the  total  (c)  energies  with 
time.  Field  energy  normalised  by  the  initial  kinetic  energy  increases  expo- 
nentially with  the  expected  growth  rate  ard  the  oscillation  frequency.  The  total 
onergy  also  increases,  showing  the  nonconservative  nature  of  the  instability. 
Experiment  1.  NGP. 
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FlgS>  3 and  4 show  the  phase  specs  plot  of  the  Instability  and  the 
developnent  of  the  field,  kinetic  and  total  energies  respectively.  Unlike 
Iqp.  1,  there  Is  no  Initial  modulation  for  any  node.  Until  u^^t  s 20, 

It  Is  not  clear  froa  ?lg.  3 whether  the  instability  la  developing  or  not 

except  for  a gradual  Increase  of  the  number  of  particles  with  large 
velocities.  The  field  energy  Increases  nearly  exponentially  with  the  over- 
all growth  rate  of  u./u  i 0.07.  After  u t a 20,  bunching  of  particle 
a pe  pe 

density  can  be  seen  clearly  with  the  corresponding  wavelength  roughly 
equal  to  the  5^  or  6^^  modes  of  the  model,  the  moat  unstable  modes. 

After  the  total  field  energy  reaches  several  percent  of  the  kinetic  energy, 
the  Instability  develops  Just  like  Exp.  1,  egaln  violating  the  conservation 
of  total  energy.  After  u^t  s 30,  bunching  of  the  pertlcles  goes  on 
rapidly,  leading  to  the  development  of  lerge  amplitude  waves. 

Tig.  5 shows  the  development  of  energies  of  the  Fourier  modes  (mode 
3,  4,  3,  and  6).  The  solid  straight  lines  are  the  growth  rate,  predicted 
for  each  mode  from  liner  analysis.  The  observed  growth  rates  ere  close  to 
the  predictions. 

It  may  be  expected  that  the  error  arising  from  the  finite  dlftsrence 
acbeme  of  the  Integretlon  of  the  equation  of  mctlon  will  have  soma  effect 
am  Che  development  of  the  instability,  especially  for  very  fast  particles. 
This  was  checked  by  .uunlng  the  same  experiment  with  the  time  step  of 
W^At  ••  0.1  Instead  of  0.2  which  wes  used  thoughout  the  experiments.  No 
epprecleble  dlffarences,  such  as  the  behevlor  of  the  field  energy  end  the 
beginning  of  the  Increase  of  ths  total  energy  et  u^t  a 20,  have  been 

observed  up  to  the  limit  of  calculation  (tii  c > 40). 

P* 

So  fer,  we  have  examined  the  moat  un.;cable  situation  with  small  Debye 
length  with  the  NOP  nod.il.  We  next  show  how  the  Instability  Is  reduced 
or  stabilised  by  smoothing  the  'oteractlon  between  particles  and  grid  using 
amoother  Interpolation  or  by  Increasing  the  Debye  length. 


mo 
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Nonphysical  Instabilities 


Phose-spoce  distribution 


o>p,t=5 
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lo 

Position,  X 
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0 10  20  0 10  20 

Fig.  3 - Phase-space  plot  with  random  initial  loading.  Many  modes  are  excited 
simultaneously  at  the  initial  stage  of  the  calculation  due  to  the  initial  condition. 
The  dominant  modes  are  those  whichare  linearly  most  unstable,  x = 0.1, 

Nq  = 20,  and  L/a  x = 20.  Experiment  2.  NGP. 
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Fig.  S - Growth  of  the  euergy  of  the  Fotirier  inodes  of  the  electric  field  i 
malized  by  the  initial  kinetic  energy.  All  inodes  were  excited  initially 
grew  with  roughly  the  expected  rate,  although  the  fluctuations  are  very  la 
Experiment  2.  NGP. 
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Expert— nt  3 

Here  we  consider  the  case  In  %ifalch  linear  Interpolation  Is  tised  for 

charge  and  force  assign—nt  (CIC,PIC).  The  para— ters  of  the  experl— nt 

are  the  sa—  as  In  Exp.  1 except  for  the  total  nu!d)er  of  particles  Is  now 

reduced  to  2376.  Linear  analysis  shows  that  the  maxlmuD  growth  rate  Is 
_2 

3 1.3  X 10  , which  Is  one  order  of  — gnltude  smaller  than  the  NCP 

model  due  to  the  smoothing  of  the  Interaction. 

Fig.  6 shows  the  develop— nt  of  the  field  energy  of  Fourier  isodes  In 

the  model.  It  la  predicted  that  the  first  mode  (kA  x “ ir/4)  Is  very 

weakly  unstable  ^ 3 10  ) and  the  second  laode  (kA  x • ir/2)  Is  at 

_2 

the  maximum  growth  rate  £ 1.3  x 10  ) and  the  third  node  will 

Landau-damp.  The  first  and  the  second  modes  grow  with  nearly  the  expected 
growth  rate  and  the  oscillation  frequency, 

the  first  and  the  second  — de  respectively).  The  total  energy  (not  shown) 
was  conserved  within  O.S  percent  up  to  the  end  of  calculation.  Hence  the 
growth  rate  of  the  Instability  Is  quite  small  for  the  present  calculation, 
the  maximum  total  field  energy  was  0.25  percent  of  the  kinetic  energy  and 
this  value  Is  not  large  enough  to  lead  the  plas—  to  blow  up.  Fourier  modes 
are  still  In  the  linear  stage  during  the  calculation.  Although  the  In- 
stability la  quite  weak  It  Is  expected  that  the  effects  of  the  Instability 
will  not  be  negligible  for  a much  longer  run. 

Experiment  A 

He  CO—  back  to  the  NGF  —del  again  and  try  to  see  the  effects  of 

larger  Debye  length.  He  consider  the  case  with  X^/A  x 0.2  where  the 

Debye  length  Is  just  twice  as  large  as  that  of  Exp.  1.  The  linear  theory 

_2 

predicts  that  the  — xlmum  growth  rate  Is  reduced  to  u./u  3 3 x 10  . 

1 pc 

Fig.  7 shows  the  develop— nt  of  the  total  field  energy  which  Increases 
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Energy  of  Fourier  modes 


Lineor  growth  role 
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Mode  3 ( kix  = 3tt/2) 
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Fig.  6 - The  energies  of  the  Fourier  modes  normalized  by  kinetic  energy  in 
the  exp.  3 where  linear  interpolation  of  charge  and  force  is  used.  The  plasma 
is  much  less  noisy  than  theNCP  model  and  the  growth  rate  and  the  oscillation 
frequency  of  the  Istand  the  2nd  mode  arequite  close  to  the  prediction.  x = 
0.1,  Njj  = 30,  and  L/a  x = 8.  Experiment  3.  CIC,PIC. 
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roughly  with  the  expected  rate,  although  the  HCP  model  la  much  nolaler 

9 

than  the  CIC  model  as  was  emphaalzed  by  Bockney  . The  ratio  of  the  field 
to  the  kinetic  energy  at  the  end  of  the  calculation  was  an  order  of 
5 X 10  which  la  not  large  enough  to  lead  the  plasma  to  a catastrophe. 

The  totcl  energy  was  conserved  within  one  percent  In  this  experiment. 
However,  It  must  be  cautioned  that  If  the  Initial  noise  level  of  the  un- 
stable modes  were  high  enough,  then  the  conservation  of  the  total  energy 
might  be  violated  early  In  time,  within  several  plasma  periods  due  to  the 
development  of  large  asqtlltudc  waves  as  was  seen  In  Exp.  1. 

He  have  also  checked  the  case  with  x ■ 0.3  and  confirmed  that 

the  growth  rate  was  further  reduced  to  u./oi  s 5 x 10  ^ as  was  predicted. 

1 P* 

III.  Discussion 

He  have  confirmed  that  a nonphysical  Instability  can  develop  due  to 
the  use  of  a spatial  grid  In  simulation  even  In  thermal  plasma.  The  In- 
stability can  grow  to  large  amplitudes,  causing  the  total  energy  to  In- 
crease. The  experiments  show  good  agreement  with  Langdon's  theory.  It  is 
Important  to  realize  that  NGF  requires  larger  A x so  that  NGP  can  deal 
only  with  ''.^all  dlanater  plasma,  while  CIC.PIC  can  go  further,  crucial  In 
two  and  three  dlmenslcnal  simulation. 
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Optimization  Techniques  for  Particle  Codes 

J.  H.  Orens,  J.  P.  Boris,  and  1.  Haber 
^ava/  Research  Laboratory 
Washington,  D.C. 

1.  INTRODUCTION 

Optimization  of  computer  simulation  codes  requires  a 
balance  between  flexibility,  development  time,  core  require- 
ments, and  computational  speed. ^ Codes  should  be  flexible  enough 
that  minor  conceptual  modifications  do  not  require  significant 
revisions.  Similarly,  specific  machine  language  programming 
should  be  used  only  when  absolutely  necessary  in  order  to  allow 
for  machine  independence  and  greater  readability.  Well  known 
optimization  techniques  can  often  be  applied  without  severely 
constraining  the  simulation.  For  example,  requiring  the  num- 
ber of  grid  points  to  be  a power  of  two  allows  application  of 
readily  available  Fast-Fourier-Transform  techniques.  Also,  if 
constant  factors  can  be  scaled  by  powers  of  two,  shifting  op- 
erations can  often  be  used  instead  of  multiplications  and  divi- 
sions. Such  techniques  yield  significant  savings  in  computa- 
tion time.  Optimization  also  includes  a consideration  of  data 
accuracy  and  external-device  timings.  It  is  rarely  njcessary 
to  calculate  a quantity  more  accirately  than  the  value  that  it 
is  going  to  update.  Similarly  if  it  is  necessary  to  store 
intermediate  quantities  on  an  external  device,  there  is  little 
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advantage  in  optimizing  internal  calculations  to  so  great  a 
degree  that  the  computation  time  is  bounded  by  the  external 
data  transfer  rate.  Following  these  general  considerations  an 
electrostatic  plasma  simulation  code,  P POWER,  was  developed  for 
solving  one-  and  two-dimensional  problems  on  a rectangular, 
doubly  periodic  region.  A discussion  of  this  code  follows  and 
some  typical  applications  are  presented. 

II.  THE  P POWER  SIMULATION  CODE 

Figure  1 is  a flow  chart  for  the  code.  Each  block 
represents  a modularized  segment  which  is  designed  to  be  re- 
placed easily.  This  allows  for  independence  of  each  major 
section  and  flexibility  in  modifications.  The  code  is  divided 
into  seven  major  segments:  the  initialization  section,  where 

all  paramete  s are  read  in,  the  particle  tables  initialized, 
and  important  constant  calculated;  the  Poisson  solver,  where 
Poisson's  Equation  -4irp  is  solved  by  Fast-Fourier-Transform 

Techniques;  the  electric  field  solver,  where  the  equation 
E ■ -V^  is  solved  by  a difference  scheme;  the  field  diagnostic 
routines,  where  modes  of  the  electric  field  are  available  and 
where  the  electric  field  energy  is  calculated  both  in  k-space 
and  x-space;  the  particle  diagnostic  routines,  where  the  momenta, 
energies,  and  temperatures  of  each  individual  type  of  particle 
are  calculated;  the  particle  pusher,  where  the  particle  veloci- 
ties and  positions  are  updated  according  to  a desired  scheme 
(e.g.,  classically  or  relativistically,  nearest-grid-point , dis- 
critized  interpolation  in  cell,  etc.);  and  the  charge  counter 
routine,  where  the  charge  density  matrix,  p(X),  is  calculated 
by  a scheme  corresponding  to  the  type  of  particle  pusher  used. 
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The  code  is  designed  so  that  the  nain  loop  for  diagnos- 
ing, updating,  and  counting  the  particles  requires  only  one  pass 
per  tine  step  through  the  particle  tables.  This  is  extremely 
important  when  the  particle  tables  are  stored  on  an  external 
device  and  each  pass  involves  the  (usually  expensive)  external 
device  timings.  When  the  particles  are  stored  in  core,  an 
option  in  the  P POWER  code,  no  particular  saving  accrues  from 
the  single-pass  aspect  of  the  algorithm.  However,  to  ensure 
flexibility,  the  most  restrictive  constraints,  in  this  case 
those  imposed  by  external-device  buffering,  must  be  satisfied. 

The  initialization  segment  is  designed  to  prepare  the 
data  (e.g.,  particle  velocities  and  positions)  in  a format  that 
will  facilitate  the  operation  of  the  simulation  code.  The  par- 
ticles are  divided  into  classes  in  which  all  the  particles  have 
the  same  charge,  mass,  drift  velocity,  thermal  velocity,  and 
spatial  distribution.  Each  particle  is  represented  by  one  or 
two  position  coordinates  and  one,  two,  or  three  velocity  com- 
ponents depending  on  the  physical  problem  being  simulated.  Both 
the  positions  and  velocities  are  represented  in  an  integer  for- 
mat^ and  only  integer-register  operations  are  used  to  update 
these  particle  quantities.  The  positions  are  stored  in  a vector 
form  (Figure  2a)  in  which  32  bits  (one  word)  are  used  for  both 
coordinates,  therefore  allowing  both  the  Y and  the  X position  to 
be  updated  with  a single  integer-add  operation.  Each  coordinate 
is  represented  by  16  bits  without  a sign  (positions  are  always 
positive)  and  the  binary  point  is  positioned  such  that  a lost 
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"carry"  froa  the  highest  order  bit  causes  the  systea  tc  be 
cyclic,  A "carry"  froa  the  highest  order  X bit  does  affect  the 
lowest  order  Y bit,  but  generally  is  negligible.  To  facilitate 
the  updating  of  the  positions,  the  velocities  are  stored  as  the 
velocity  tiaes  DT  (the  tiae  step).  This  quantity  is  represent«>d 
by  32  bits  (Figure  2b)  of  which  the  highest  order  bit  is  a sign. 
The  binary  point  is  such  that  the  velocity  of  a particle  that 
travels  acre  than  half  the  systea  length  in  a tiae  step  cannot 
be  represented  properly.  Due  to  the  details  of  the  integer- 
register  operation,  however,  it  happens  that  the  positions  of 
such  a particle  will  always  be  given  correctly.  If  a particle 
is  accelerated  by  acre  than  half  a system  length  per  tiae  step, 
the  excess  is  treated  as  a negative  velocity  in  a way  which  al- 
ways takes  the  particle  to  the  correct  position  even  though  by 
travelling  through  the  periodicity  in  the  wrong  direction.  Thus 
the  energy  of  the  particle  will  be  improper  but  the  effect  of 
this  particle  on  the  systea  evolution  will  be  correct. 

Depending  on  the  dimensionality  of  the  problem  and  the 
properties  of  the  simulations,  therefore,  a particle  can  be  re- 
presented by  a minimua  of  two  words  (one  position  coordinate  and 
onr  velocity  component)  and  a maximum  of  four  words  (two  posi- 
tion coordinates  and  three  velocity  components).  Particles  of 
the  sane  class  are  grouped  into  records  each  with  a header 
containing  all  pertinent  information  about  the  particles  in  that 
record  (number  of  particles  in  the  record,  charge,  mass,  class, 
and  system  size).  Thus  all  records  are  independent  and  need  be 
stored  in  no  particular  order.  The  independent  nature  of  the 
records  is  a great  advantage  when  the  particles  are  stored  on  an 
external  device. 


\ 
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The  initialization  segment  also  sets  up  all  pertinent 
constants.  These  include  constants  necessary  to  scale  quantities 
to  the  size  of  the  system  and  constants  to  reflect  the  fact  that 
the  electric  field  times  q/m  times  DT  squared  is  the  accelerating 
field  for  the  integer  velocities.  Here  constants  for  external 
electric  and  magnetic  fields  are  prepared. 

Each  time  step  begins  with  a solution  of  Poisson's 
Equation,  V*4i=-4irp,  to  determine  the  electrostatic  potential  from 
the  position  of  the  charged  particles.  Fast-Fourier-Transform 
Techniques^i^’^’^  are  utilized  to  solve  this  equation  and  are 
highly  optimized  for  a sine  and  cosine  transform,  since  the  charge 
density  and  potential  are  real  q'lantities.  Due  to  the  necessity 
of  repeated  applications  of  the  innermost  segments  of  the  trans- 
form routine,  they  have  been  written  in  machine  language.  Besides 
periodic  boundary  conditions,  [p(N-t-X)»p(X)  where  N is  the  length 
of  the  sy'tem],  there  are  also  similar  optimized  Fourier  techniques 
known^*^  for  leflecting  [p(2N-X-l)  = p(X)],  and  inverting 
(p(2N-X-l)  = -p(X)]  boundary  conditions. 

In  numerical  simulations,  as  discussed  by  several 
authors,^  t.,e  binary  collision  phenomena  are  greatly  en- 
hanced relative  to  collective  plasma  phenomena  because  the  simu- 
lation plasmas  have  many  fewer  particles  per  Debye  sphere  than 
the  corresponding  physical  plasmas.  When  slow  phenomena  are 
being  studied  which  would  be  collisionless  in  the  actual  pro- 
blem under  study,  very  great  care  must  be  taken  to  ensure  that 
the  simulation  is  also  collisionless.  Once  (Kk)  has  been  deter- 
mined by  Fourier  transforms,  therefore,  two  techniques  are  ap- 
plied to  reduce  the  particle  collision  frequency.  A Gaussian 
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is  applied  to  the  potential  coeffi- 


cients and  the  high-k,  short  wavelength,  potential  coefficients 
are  truncated^ ’ (set  to  zero).  This  latter  correction  has 


the  added  advantage  that  fewer  Fourier  transforms  need  to  be 
performed  and  therefore  it  also  helps  in  reducing  the  execution 
time  of  the  code. 


Multiplying  by  the  Gaussiai  form  factor  in  k-space 
creates  the  same  effective  potential  as  would  gaussian  particles 
with  a spread  in  x-space.  Spreading  the  particles  smooths  the 
force  law  thereby  reducing  the  fluctuations  (collisions)  due 
to  close  interactions.  Cutting  off  the  large  k-value  modes 
removes  the  short  wavelength  modes  where  the  enhanced  fluctu- 
ations are  most  serious,  and  thus  has  the  same  effect  as  the 
Gaussian  form  factor.  Figure  3 depicts  the  effect  of  these 

two  techniques  on  the  particle  shape.  Initially  the  particle 

-k*a* 

has  the  form  of  a delta  function.  After  applying  the  e 
factor  the  particle  would  have  a Gaussian  form  and  cutting  off 
the  large  value  k-modes  g^res  the  particle  shape  the  ringing 
characteristic  of  ^ . The  effective  particle  shape  is 
further  modified,  of  course,  by  the  use  of  a spatial  grid  and 
an  interpolating  algorithm  but  these  modifications,  while  in- 
cluded in  the  code,  are  treated  in  detail  elsewhere . 

In  order  to  determine  the  effect  of  these  techniques 
on  the  collision  rate,  "thermal  tests"  were  conducted  where 
electrons  and  ions  ^i^^e  j drifting  at  a 

relative  velocity  much  smaller  than  the  acoustic  velocity. 
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This  physical  situation  is  stable  and  the  collisions  were  aea- 
sured  by  considering  the  slow-down  rate  of  the  relative  velo- 
city and  the  ftocastic  heating  rate  of  the  system  energy.  These 

g 

tests  are  similar  to  those  performed  by  Hockney  for  a different 

simulation  model.  Figure  4 is  a plot  of  these  quantities  for  a 

typical  "thermal  test".  For  this  case  the  particle  spread  was 

one  grid  cell  and  one  quarter  of  the  k-modes  were  retained.  Here 

the  e-folding  time  for  the  slowing  down  of  the  drift  is  about 

1800  Up"*  and  the  e-folding  time  for  the  stocastic  heating  of 

the  energy  is  approximately  20,000  u **.  Figure  S is  a table 

pe 

comparing  the  results  of  the  series  of  "thermal  tests".  It 
is  generally  evident  that  increasing  the  particle  size  while 
holding  the  number  of  modes  fixed  or  decreasing  the  number  of 
modes  retained  while  keeping  the  particle  size  constant,  de- 
creases both  the  collision  rate  (the  rate  of  relative  velocity 
slow  down)  and  the  rate  of  stocastic  heating.  This  table  also 
notes  the  case  where  the  correction  factor  for  the  electric 
field  differencing  scheme  has  not  been  applied.  This  correction 
factor  allows  for  a more  accurate  calculation  of  the  electric 
field,  but,  due  to  its  roughening  effect  upon  the  force  law, 
tends  to  slightly  increase  the  stocastic  heating  of  the  system 
energy.  It  is  evident  that  very  long  simulation  calculations 
may  be  made  before  the  collisions  begin  to  dominate,  provided 
that  sufficient  care  is  exercised  in  choosing  the  particle  size, 
the  mode  cutoff,  and  nX*. 

There  are  several  possible  techniques  for  calculating 
the  electric  field  E(X)  from  the  potential.  In  k-space 
E(k)  > -ik^(k)  and  this  quantity  may  be  inverse  Fourier  Trans- 
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Figure  4.  Plot  of  a Typical  Thermal  Test  Showing  Collisional 
Slow  Down  of  the  Relative  Drift  Velocity  and  Stochastic 
Heating  of  the  System  Energy. 
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E = -70 


A SIX  POINT  DIFFERENCE  SCHEME 


.7  .«  .9 


E«(5)  • + ^0(-04)  + i2(0»~0T) 

E»i«  • R<0i-Af>  + + 4‘V^* 

Figure  6.  The  Six  Point  Difference  Scheme  Used  to  Calculate 
The  X and  Y fclectric  Field,  E(X),  From  the  Potential 

formed  to  obtain  E(X).  In  general  this  would  require  three  ap- 
plications of  the  Fast  Fourier  Transform  routine  — one  to  obtain 
♦ (k)  from  p(X)  and  two  to  obtain  E(X)  from  Also 

E(X)  may  be  calculated  by  a differencing  scheme  from 

This  method  requires  only  two  applications  of 
the  Fast  Fourier  Transform  Routine  --  one  to  calculate  ()!(k) 
from  p(X)  and  one  to  calculate  ^(X)  from  4>(k).  Numerous 
numerical  differentiation  techniques  are  available  foi  dif- 
ferencing ^(X)  to  obtain  E(X)  and  generally  are  faster  than 
the  extra  Fast  Fourier  Transform  necessitated  by  the  first 
method.  In  the  P POWER  simulation  code,  the  second  method 
was  utilized  and  a six  point  difference  scheme  was  chosen  to 
solve  for  the  electric  field.  This  scheme  is  shown  in  Figure 

6 and  is  designed  such  that  one  correction  factor  per 
11  12 

mode  ’ can  be  applied  to  the  potential  in  order  to  concur- 
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rently  iaprove  the  accuracy  of  both  the  X and  the  Y electric 
fields. 

If  one  evaluates  the  behavior  of  the  usual  two-point 
difference  formula  for  E and  E„  on  the  exponential  eigenmodes 

* I 

of  the  two-dimensional  rectangular  Poisson  Equation,  he  finds 
that  the  numerically  computed  field  differs  from  the  correct 
analytical  field,  found  by  differentiating  the  functional  form 
of  the  potential,  in  both  magnitude  and  direction.  The  errors 
become  quite  severe  at  short  wavelength.  The  six-point  for- 
mula used  for  differencing  corrects  the  direction  of  E,  as 
calculated  numerically  from  up  through  second  order.  The 

magnitude  can  be  corrected  by  application  of  a single  multi- 
plicative factor  to  each  of  the  Fourier  coefficients  of  the 
potential. 

The  application  of  the  six-point  formula  is  very 
much  shorter  than  performing  the  third  Fourier  transform  and, 
in  fact,  competes  with  the  two-point  formula  because  the 
factor  between  the  central  difference  and  the  two  side  dif- 
ferences is  four  and  can  be  evaluated  by  a shift  in  fast 
arithmetic  registers. 

As  noted  earlier  this  improvement  in  electric  field 
accuracy  creates  a small  increase  in  the  stocastic  heating 
because  the  inaccuracies  of  the  usual  difference  formula  for 
E tend  to  be  smoothing. 

Optimization  of  the  data  structure  tends  to  decrease 
the  efficiency  in  the  diagnostic  routines  since  all  quantities 
must  be  converted  to  an  unoptimized  form  to  make  them  meaning- 
ful. This  is  not  a great  limitation  as  the  simulation  is  diag- 
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nosed  at  intervals  of  many  time  steps.  Diagnostics  should  be 
extremely  flexible  and  highly  modularized  in  order  that  many 
qualities  of  interest  can  be  readily  available.  The  most 
important  consideration  has  been  that  all  desired  diagnostics 
can  be  done  with  only  one  pass  through  the  particle  tables. 

This  is  highly  desirable  when  the  tables  are  stored  on  an  ex- 
ternal device.  Typical  diagnostics  available  in  the  P POWER 
program  include  kinetic  energies,  currents,  and  drift  veloci- 
ties for  each  individual  class.  Also  k-modes  of  the  electric 
field  and  total  electric  field  energies  in  both  k-space  and 

x-space  are  available.  Velocity  space  (V  vs  V ) and  phase 

A y 

space  (any  coordinate  vs.  any  velocity  component)  are  displayed 
for  each  class  in  a contour  format  where  each  point  represents 
the  number  of  particles  at  that  point  in  the  space.  Also 
graphical  display  packages  can  be  easily  inserted  into  the 
diagnostic  routines.  Sometimes  certain  simulation  parameters 
must  be  varied  depending  on  the  outcome  of  the  diagnostics. 

For  instance,  to  simulate  "pump  out"  it  is  possible  to  decrease 
the  charge  of  a class  as  a function  of  the  electric  field 
energy  while  keeping  the  charge- to-mass  ratio  constant.  Simi- 
larly a time  variation  of  the  external  electric  field  is  often 
of  interest.  One  significant  example  is  called  "charging  the 
boundaries",  where  a k •=  0 mode,  which  cannot  be  self  consis- 
tently supported  in  a periodic  system,  is  externally  applied. 
Here  the  current  flux  throughout  the  system  is  converted  to  an 
amount  of  charge  building  upon  the  walls  of  a nonconducting  box 
surrounding  the  computational  region.  This  yields  a laminar 
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electric  field  which  opposes  the  current  flow  and  gives  rise 
to  plasma- frequency  oscillations.  This  may  be  called  a total- 
current-constant  (zero)  boundary  condition  because  the  plasma 
plus  displacement  current  adds  to  zero.  There  are  two  techni- 
ques for  calculating  this  electric  field.  One  is  to  use 
Poisson's  Equation  V*E  - 4itp,  where  p is  the  density  of  charge 
that  crosses  the  boundary  during  a sampling  time.  Solving  this 
equation  by  means  of  a Gaussian  "Pill  Box"  would  then  yield  the 
electric  field.  This  method  is  unsatisfactory  as  it  gives  rise 
to  a violent  numerical  instability.  A superior  technique  is  to 

find  the  electric  field  from  the  dynamic  Maxwell  equation 
3E 

4itj  + — ■ 0.  This  equation  is  then  integrated  over  the  sampling 
3t  ^ 

time  to  give  the  desired  electric  field. ' This  method  yields 

quite  satisfactory  results  and  Appendix  B describes  a typical 

"charging  the  boundaries"  experiment. 

Several  different  specialized  particle  pushers  have 
been  developed.  Each  utilizes  the  terms  of  the  Lorentz  Equation 
appropriate  for  the  specific  simulation  and  updates  the  veloci- 
ties and  positions  by  a reversible,  time-centered  algorithm. 

Here  the  velocities  are  defined  at  half  a time  step  from  the 
positions  and  electric  fields  (see  Figure  7).  There  are  avail- 
able two  basic  integration  schemes  --  nearest-grid-point 
(N.G.P.) and  discretized  interpolation  in  cell  (D.I.C.).^^ 
T.he  N.G.P.  technique  attributes  all  charge  of  a particle  to 
the  nearest  grid  point  and  considers  the  resultant  electric 
field  as  constant  throughout  the  cell.  The  D.I.C.  technique, 
as  shown  in  Figure  8,  divides  each  cell  into  a specified  num- 
ber of  subcells  (16  x 16  in  the  P POWER  code)  and  uses  a pre- 
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LEAP  FROG  SCHEME 

X 

V E V 


t-At  t t+At 

2 2 

Figure  7.  The  Lorentz  Equation  of  Motion  and  the  Leap  Frog 
Scheme  Used  to  Update  the  Velocities  and  Positions. 


Figure  8.  The  Discretized  Interpolation  in  Cell  Sub-Grid 

Scheme  (D.I.C.)  for  Calculating  the  Charge  Density  iji(X) 
and  Distributing  the  Electric  Field  E(X). 
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calculated  set  of  weights  to  apportion  the  charge  of  a particle 
to  the  nearest  four  grid  points.  The  resultant  electric  field 
is  then  apportioned  in  an  analogous  manner. *-  Due  to  the  heavy 
use  of  the  particle  pusher,  it  is  usually  advantageous  to  write 
it  in  machine  language.  Both  two-dimensional  classical  and  one- 
dimensional relativistic  particle  pushers  are  available.  The 
relativistic  pusher  updates  momenta  rather  than  velocities.  The 
classical  pushers  include  an  electrostatic  N.G.P.  and  D.I.C., 
and  a constant  B D.I.C.  Also  a specialized  N.G.P.  pusher  has 
been  developed  to  approximate  the  effects  of  a longitudinal  mag- 
netic field  by  suppressing  transverse  motions  of  the  particles. 

This  particular  particle  pusher  was  used  to  simulate  anomalous 
. 1 7 

resistivity  in  the  stellarator.  The  one-dimensional  relati- 
vistic code  has  been  used  to  simulate  relativistic  electron- 

24 

electron  and  electron-ion  two  beam  instabilities,  and  Appendix 
A contains  a discussion  of  these  problems. 

The  charge  counter  prepares  the  charge  density  matrix 
p(X)  for  the  following  step  by  one  of  the  methods  determined  by 
the  type  of  particle  pusher  used.  The  charge  counter  uses  the 
NGP  approximation  when  the  accelerating  fields  are  being  calcu- 
lated Nearest  Grid  Point  and  uses  the  DIG  apportionment  algo- 
rithm when  the  accelerating  fields  are  being  interpolated  by 
Die.  In  this  way  the  total  linear  momentum  of  the  system  is 
rigorously  conserved.  In  practice,  of  course,  the  charge  count- 
ing and  particle  pushing  are  done  simultaneously  while  the 
particle  positions  and  velocities  are  being  held  in  the  registers. 
This  saves  unnecessary  fetch  and  store  times. 
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III.  CONCLUSIONS 

The  P POWER  electrostatic,  plasma-simulation  code 
has  been  described  in  some  detail.  The  methods  used  are 
largely  well  known  but  we  feel  that  the  juxtaposition  of  all 
these  techniques  into  an  extremely  efficient,  flexible,  read- 
able code  is  unique.  Since  such  an  important  role  has  been 
assigned  to  optimization  it  is  fitting  to  close  this  paper 
with  a few  timing  considerations.  The  program  has  been  written 
and  optimized  for  the  IBM  360/91,  a computer  which  has  roughly 
350  K words  of  32  bits  each  in  fast  core  and  a transfer  rate 
of  12  psec/word  to  or  from  disk.  These  transfers  can  be  over- 
lapped with  each  other  and  with  CPU  operations.  The  91  has  16 
integer-index  registers  (32  bit)  and  4 floating-point  registers 
(64  bit  also  used  for  32  bit).  As  a rule  of  thumb,  all  register 
operations  take  .1  psec  to  complete,  including  divisions,  and 
all  stores  or  fetches  from  core  take  .7  psec.  Thus  most  pro- 
grams are  limited  by  store-fetch  time. 

The  Poisson  solver  solves  a 128  x 128  system  in  .51 
seconds  including  application  of  all  the  form  factors,  etc.  A 
256  X 256  system  takes  2.0  seconds  to  solve.  The  six-point 
electric  field  formula  generates  both  and  matrices  for  a 
128  X 128  system  in  0.06  sec  and  takes  about  0.24  seconds  for  a 
256  X 256  system.  The  two-dimensional  N.G.P.  pusher  requires 
5.2  psec  per  particle  while  the  D.l.C.  interpolating  pusher 
requires  -15.0  psec.  These  two  times  also  include  charge 
apportionment  for  the  electrostatic  case  without  magnetic  field. 

A typical  128  x 128  simulation  with  64K  particles 
takes  about  1.2  seconds  per  cycle,  about  1.0  second  for  phy- 
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sics  and  0.2  seconds  for  overhead  and  diagnostics.  At 
(Upgfit  ■ 0.2,  we  get  600  <**pe'*  P®r  hour  of  CPU  ti«e.  The  pro- 
gram runs  correspondingly  faster  on  one-dinensional  problens 
and  the  cost  of  a typical  run  using  external  storage  for  the 
particle  tables  is  usually  less  than  the  corresponding  run 
using  core  because  the  I/O  transfers  can  be  overlapped 
with  other  jobs  in  the  systea  and  because  the  job  charge  is 
reduced  for  the  core  released  by  storing  particles  on  disk. 

The  largest  runs  to  date  were  perfomed  on  a 256  x 
256  systen  with  200  K particles.  With  diagnostics  and  over- 
head the  CPU  tine  charged  is  slightly  under  4 seconds  per 
cycle.  Thus  3 “pe  * P®’^  minute  or  180  Wpg**  per  hour  can  be 
integrated. 
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Appendix  A - Simulation  of  Relativistic  Electron-Electron 
and  Electron- Ion  Two- Stream  Instabilities 


Development  of  a one -dimensional  electrostatic  relativis- 
tic code  has  enabled  us  to  investigate  cold  electron-electron 

and  electron-ion  two -stream  instabilities  for  beams  with 

24 

drift  velocities  near  the  speed  of  lignt.  In  this  one- 
dimensional  limit  the  electric  field  and  particles  decouple. 

The  fields  are  unaffected  by  retardation  while  the 
particle  velocities  are  constrained  by  c.  We  have  examined 
growth  rates  and  maximum  electric  field  levels  for  the  range 
of  cases  where  the  drift  velocities  vary  from  much  smaller 
than  the  speed  of  light  to  about  .95  c.  We  have  also  con- 
sidered the  case  where  both  beams  have  been  given  an  addi- 
tional equal  relativistic  velocity  in  the  perpendicular 
direction.  Similar  experiments  have  been  conducted  by 
another  author  , and  the  results,  in  the  limit  of  no  perpen- 
dicular velocity  which  he  considers,  agree  quite  closely. 

Figure  9 is  an  analysis  of  the  linear  dispersion  for 
both  the  electron-electron  (e-e)  and  the  electron-ion  (e-i) 
cases.  It  is  evident  that  the  dispersion  relation  is  identi- 
cal to  the  classical  version  for  cold  beams  with  a redefinition 
of  the  plasma  frequency.  This  dispersion  relation  has  the 
desired  property  that  it  is  Lorentz  invariant  along  the  direc- 
tion of  propagation  and  therefore  the  choice  of  a coordinate 
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system  is  not  critical.  Calculation  of  the  band  of  unstable 
nodes  and  the  most  unstable  mode  follows  analogously  to  the 
classical  solutions. 

Three  electron-electron  simulations  were  considered. 

For  each  case  c and  u^^  were  changed  with  the  constraint  that 
Q and  U||  be  the  same  for  all  experiments.  By  keeping  Q and 
U| I constant,  the  band  of  unstable  modes,  the  most  unstable 
mode,  and  its  growth  rate  should  be  the  same  for  all  three 
cases.  Figure  10  shows  the  graphs  of  energy  vs.  time  for  the 
most  unstable  mode  in  all  three  simulations.  The  first  plot 
is  for  a classical  case,  the  second  is  for  a relativistic 
case  with  only  a parallel  velocity,  and  the  third  is  for  a 
relalivistic  case  with  both  a parallel  and  perpendicular 
velocity.  All  three  simulations  have  the  same  most  unstable 
mode  and  similar  growth  rates  as  expected.  The  experimental 
suits  and  theoretical  predictions  agree  quite  closely.  The 
maximum  electric  field  for  e-e  interactions  is  predicted  to 
be : 


E 


m 


Q . 


This  equation  may  be  viewed  physically  as  a saturation 
occurring  when  a relativistic  trapping  time  for  the  most 
unstable  mode  is  on  the  order  of  the  growth  time  for  that 
mode.  This  field  level  can  stop  the  relative  motion  of 
the  beams  in  approximately  a growth  time  for  the  most 
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unstable  aode.  Our  simulations  qualitatively  follow  the 
prediction  of  this  equation  but  the  quantitative  results, 
as  yet,  are  only  approximate. 

Electron-ion  simulations  have  been  considered  but  the 
results  are  still  preliminary.  These  experiments  require 
more  careful  analysis  than  the  electron-electron  cases 
since  solving  the  dispersion  relation  in  a particular  limit 
may  destroy  the  Lorentz  invariant  nature  of  this  equation. 

These  relativistic  two-stream  instability  simulations 
were  undertaken  mainly  to  test  the  relativistic  particle 
pusher  for  the  P POWER  program  and  to  demonstrate  its  capa- 
bilities. More  interesting  problems  like  relativistic 

25 

weak  beam  interactions  are  currently  being  considered. 
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Appendix  B - Counterstreaming  Plasmas  with  Self  Consistent 
Polarization  Fields 


In  application  of  the  charging-the-boundaries  algorithm, 

we  discuss  the  electrostatic  interaction  of  unequal  density 

19 

counterstreaming  plasmas  . The  problem  is  treated  as 
spatially  homogeneous,  but  the  motivation  for  the  study  is 
a basically  inhomogeneous  problem,  the  so-called  electro- 
static shock  problem.  When  a dense  plasma  collides  with  a 
more  rarified  background  plasma,  several  instabilities  can 
occur -electron-electron,  electron-ion,  ion-ion,  etc.  depend- 
ing on  the  temperatures  and  drift  velocities  of  the  electrons 
and  ions  in  the  beam  and  in  the  background.  A condition  of 
prime  interest  is  when  the  electron  bath,  which  forms  very 
rapidly  from  the  two  separate  classes  of  electrons,  becomes 
sufficiently  hot  for  the  ion-ion  instability  between  the 
beam  and  background  ions  to  occur.  In  this  case  the  beam 
and  background  will  interact  strongly  and  an  electrostatic 
shock  may  form  even  in  the  absence  of  a magnetic  field. 

In  previous  calculations  ’ ’ electron  heating  to 

permit  the  ion- ion  instability  has  been  of  primary  interest. 
The  electron-electron  and  electron-ion  instabilities  do  not 
provide  sufficient  heating.  The  problem  of  major  interest  is 
essentially  inhomogeneous;  therefore,  momentum  conservation 
implies  that  a net  longitudinal  current  will  flow  when  the 
electron-ion  instability  occurs  (but  not  when  the  electron- 
electron  two-stream  occurs).  This  current  in  the  inhomo- 
geneous configuration  leads  to  a polarization  charge  and 
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hence  the  development  of  a laminar  longitudinal  electric 
field  opposing  the  current.  This  situation  may  be  thought 
of  as  a constant  current  situation;  the  total  current, 
plasma  plus  displacement,  is  zero.  The  laminar  electric 
field  which  develops  Induces  a net  current  in  the  opposite 
direction  and  thus  an  oscillation  is  set  up  at  the  plasma 
frequency. 

This  problem,  in  a homogeneous  analog,  is  exactly  the 

situation  that  our  "charging  the  boundaries"  algorithm  was 

designed  to  handle.  The  problem  is  similar  to  work  per* 

23 

formed  by  Kruer  et  al  in  that  a high  frequency  k-0  electric 
field  is  present  but  in  the  present  problem  this  laminar 
electric  field  develops  simultaneous  with,  and  is  driven  by, 
a strong  electron-ion  instability  in  the  plasma  itself. 
Figures  11,  12  and  13  show  sample  results  from  a two  dimen- 
sional 128x128  cell  run  where  the  relative  beam  to  back- 
ground density  is  taken  as  10:1.  This  was  accomplished  by 
running  twice  as  many  beam  particles  as  in  the  background, 
but  with  each  particle  having  five  times  the  mass  and  five 
times  the  charge  of  the  background  particles.  The  ion  to 
electron  mass  ratio  was  taken  as  64  for  both  the  beam  plasma 
and  the  background  plasma.  The  situation  shown  was  run  for 

700  u ^ with  32K  beam  particles  and  16K  background  particles 
pe 

(K-1024). 

Compare  Figures  11  and  12.  Figure  11  shows  the  develop- 
ment of  the  laminar  electric  field  and  Figure  12  shows  the 
time  evolution  of  the  thermal  velocities  of  the  four  classes 
of  particles  present  in  the  simulation,  '.'he  very  rapid  rise 
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Figure  11.  Self-Content  k-0  Component  of  the  Electrostatic 
Field.  The  Plasma-Frequency  Oscillation  at  Roughly 
the  Data  Point  Separation  Gives  the  Double  Envelope 
in  E„(t)  vs.  t.  The  Charging  Field  is  not  Negative 
while  the  Electron-Ion  Two  Stream  is  Occurring. 


Figure  12.  Thermal  Velocities  of  the  Four  Particle  Classes 
as  a Function  of  Time.  With  the  Electric  Field  From 
the  Constant -Total -Current  Boundary  Condition,  Strong 
Heating  of  the  Heavy  Ion  Beam  is  Observed. 
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of  the  electron  thermal  velocities  prior  to  ^20  is  indica- 
tive of  the  two -stream  (electron-electron)  instability. 

The  two  electron  beams  merge  but  the  heating  stops  as 

shown,  when  . This  temperature  is  very  small  com- 

e 

pared  to  the  value  needed  for  the  ion- ion  instability. 

Since  the  two  classes  of  electrons  conserve  momentum  and 
current  simultaneously  during  their  interaction  the  laminar 
field  shown  in  Figure  11  is  nearly  zero  for  t<20. 

From  t=20  to  tslSO  (o’l,  the  electron-ion  instabi- 
lity  grows  and  saturates.  Both  electron  classes  now  inter- 
act with  the  weaker  background  ions.  The  electron.*;  are 
further  heated  until  the  electron-ion  instability  is  stabi- 
lized but  the  heavy  ion  beam  is  not  affected  since  the 
center  of  velocity  of  the  electron  distribution  (Figure  13) 
is  not  strongly  displaced  from  the  high  density  beam  ions. 

In  fact,  except  in  the  vicinity  of  the  background  ions  at 
V^«-3,0,  the  more  dense  "heavy"  electrons  of  the  beam  are 
hardly  disturbed  in  passing  through  the  relatively  low 
density  background. 

During  the  electron-ion  instability,  momentum  and  cur- 
rent cannot  be  conserved  simultaneously,  as  true  for  electrons, 
because  the  mass  ratio  is  not  unity.  Since  momentum  must 
be  conserved,  a net  average  current  is  driven  in  the  posi- 
tive X direction  as  the  lighter  electrons  move  toward  the 
background  ion  beam  with  a negative  V^.  This  effect  is 
shown  in  Figure  11  between  times  t~20  and  t~200.  A positive 
current  leads  to  a negative  electric  field  because  the  total 
current,  plasma  plus  displacement,  must  remain  zero  through 
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the  "charging  the  boundaries"  algorithn.  In  Figure  11  the 
apparently  wild  fluctuations  arise  because  the  saapling  rate 
for  plotting  the  data  points  vas  chosen  to  be  roughly  it. 

A strong  plasna  frequency  oscillation  is  superimposed  on 
the  systenatic  laminar  fields  so  only  the  positive  and  nega- 
tive maxima  of  the  charging  fields  are  plotted  in  the  figure. 

The  laminar  field  loses  its  systematic  bias  at  about 
t-200  when  the  electron- ion  instability  turns  off,  as 
can  be  seen  by  the  knee  in  the  thermal  velocity  curve  of 
the  light  (background)  ions.  The  light  (background)  electrons 
continue  to  heat  however  and  a substantial  amount  of  heating 
is  observed  in  the  beam  ions.  This  heating  occurs  because 
a substantial  number  of  ions  are  being  accelerated  in  the 
positive  X direction. 

When  the  boundary  charging  is  not  performed  but  the 
run  is  otherwise  identical,  the  thermal  velocities  develop 
as  in  Figure  12  up  to  t~200  but  after  this  time  the 
"heavy"  beam  ions  don't  heat  and  the  background  electrons 
heat  at  a much  slower  rate.  To  explain  the  anomalous 
heating  when  the  constant -total -current  boundary  condition 
is  applied,  one  has  to  invoke  a mechanism  which  depends  on 
the  laminar  displacement  field  either  directi,y  or  indirectly. 
The  pulsations  of  the  charging -fie Id  envelope  with  a time- 

scale  of  several  ion  plasma  periods  further  suggests  that 

23 

some  sort  of  interaction,  perhaps  parametric  , is  causing 
the  strong  heating  at  late  times. 

This  problem  was  studied  in  different  sized  systems, 
with  different  mass  ratios,  different  beam  ratios  and  in 
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one  dimension  and  the  same  qualitative  behavior  was  observed. 
By  looking  at  phase  space  plots  of  the  various  particle 
classes  and  by  correlating  the  behavior,  one  sees  that  the 
ions  are  being  drawn  off  the  high  density  beam  in  a vortex* 
like  structure  with  the  same  wavelength  as  the  vortex  struc* 
ture  left  over  from  the  electron-ion  instability.  However,  the 
electron-ion  vortices  give  fluctuating  fields  at  entirely 
the  wrong  frequency  to  account  for  the  beam  ion  heating. 

In  fact,  one  would  expect  interaction  with  the  bean  ions 
on  the  negative  side  of  the  ion  beam  which  is  closer 
to  the  background  ions.  This  is  not  the  case — the  posi- 
tive ions  are  affected. 

We  conjecture  that  the  frequency  difference  between 
the  electron-ion  waves,  excited  to  large  amplitude  by  the 
fully  saturated  instability,  and  the  oscillating  laminar 
field  from  the  displacement  current  is  small,  of  order  the 
ion  plasma  period  as  would  be  required  for  strong  inter- 
action with  the  beam  ions.  Further,  the  wavelength  of  the 
mode-mode  interaction  would  be  the  same  as  the  ion-electron 
vortices  since  the  wave  number  of  the  laminar  electric  field 
is  zero.  Thus  mode  coupling  is  plausible,  but  by  no  means 
conclusively  proven.  A major  point  to  be  established  is 
whether  or  not  the  amplitude  of  the  laminar  field  envelope 
continues  to  grow.  If  this  field  becomes  larger,  by  about 
another  factor  of  two,  the  criteria  for  the  high  frequency 
parametric  instabilities  will  be  satisfied. 
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ABSTRACT 

Here  we  present  a modified  version  of  the  dipole 
expansion  technique  for  particle  simulation  of  plasmas.  In 
this  version  the  field  calculations  do  not  take  significantly 
longer  than  in  nearest-grid-point  calculations.  This  is 
particularly  important  in  two-  and  three-dimensional 
simulations.  We  also  discuss  an  optimization  of  the  coding, 
particularly  for  the  operations  thit  must  be  done  iv.-  each 
particle  (computing  its  contribution  to  the  charge  density 
and  updating  its  position  and  velocity).  For  example,  this 
optimization  has  given  a one-dimensional,  nearest-grid-point 
code  (lowest  order  in  the  multipole  expansion  scheme)  that 
takes  ~ l.ii /isec /particle  on  th»  IBM  360/91 . Finally,  we 
assess  the  value  of  the  dipole  correction  by  comparing  dipole 
and  nearest-grid-point  simulations. 
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INTRODUCTION 

Recently  a dipole  expanaion  technique  haa  been  developed  and 

uaed  for  particle  aimulation  of  plaamaa.^’  ^ Thia  acheme  employa  a 

muAtipole  expanaion  of  finite-aize  parCiclea  about  their  neareat-grid- 

point  (NGP)  locationa.  Thia  approach  ia  quite  phyaical  and  indeed  helpa 

one  to  relate  numerical  approximationa  to  the  phyaica.  In  addition,  the 

acheme  repreaenta  a ayatematv':  expanaion  and  may  be  carried  to  higher 

order.  In  practice,  the  technique  haa  proven  very  aatiafactory  and  haa 

3 

given  detailed  agreement  with  a Vlaaov  code.  Computationally,  the 
acheme  favora  more  operationa  on  each  grid  point  over  fewer  operationa 
on  each  particle.  Since  there  are  many  more  particlea  than  grid  pointa, 
thia  can  be  a uaeful  trade-off. 

Here  we  deacribe  a modified  veraion  of  the  dipole  expanaion 
acheme  in  which  the  field  calculationa  do  not  take  aignificantly  longer 
than  in  neareat-grid-point  calculationa.  We  further  diacuaa  an  opti- 
mization of  th  ' coding  - in  particular,  the  coding  for  thoae  operations 
that  must  be  dor"  for  each  particle  (computing  its  contribution  to  the  charge 
density  and  updating  its  position  and  velocity).  Finally,  we  assess  the 
value  of  the  dipole  correction  by  comparing  dipole  and  nearest-grid-p-rin'i. 
simulations. 


DIFFERENCED- DIPOLE  TECHNIQUE 

The  m odification  we  present  relates  to  the  grid  calculation  and 
reduces  the  namber  of  Fourier  transforms  to  a minimum.  The  basic 
new  feature  :a  that  we  approximate  derivatives  appearing  in  higher-order 
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eiqMtaaion  term*  by  diflerencea  over  the  cella.  The  error  incurred  re- 
preaenta  a correction  to  a correction,  and  hence  ia  higher  order  in  the 
eaq>anaion  parameter.  Let  ua  illuatrate  the  procedure  in  one  dimenaion, 
aince  ita  extenaionto  more  dimenaiona  ia  obvioua.  Conaide'  a collection 
of  finite-aiae  particlea.  The  charge  denaity  ia 

p (x)  = ^ F (x-x^)  , 
i 

where  F ia  the  form  factor  giving  the  ahape  of  the  particle,  and  x.  ia 
the  location  of  the  i^^  particle.  We  now  perform  a multipole  e:q>anaion 
of  the  particlea'  charge  denaity  about  their  NGP  locationa: 

e 

Here,  x ia  the  neareat  gri  • point  location  and  Ax.  ia  the  displacement 
g i 

of  the  if^  particle  from  that  location.  Truncating  the  expansion  at  the 
dipole  term  incurs  an  error  of  order  6^/a^  , where  6 is  the  cell 
siae  and  a the  effective  size  of  the  particle.  Performing  the  second 
summation  yields 

p (x)  = ^ P d(g)  F' (x-x^)+  ... 

g 

where 

Pjjcp(sJ  “ ^ 1 
‘€g 

d(g)  s ^ Ax.  . 

i€g 


1 
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^NGP  monopole  and  dipole  chargea 

aaaociated  with  the  grid  location  g. 

The  charge  denaity  can  now  he  Fourier-tranaformed,  but  this  meana 
that  the  correction  term  involve  a computation  of  additional  tranaforma 
(one  in  one-dimenaional  and  two  in  two-dimenaional  aimulationa).  Let 
ua  then  approximate  the  derivative  of  the  form  factor  by  uaing  a centered 
difference  over  the  adjacent  cella; 


26 


Then, 

p (X) . ^ F(x..^)  [p  (gi  - . 

g 

Now  the  charge  denaity  can  be  Fourier*tranaformed  aimply  by  making 
one  traneform  of  the  modified  array  ahown  in  bracketa.  In  thia  way  we 
aave  one,  twc,  or  three  tranaforma,  depending  on  the  dimenaionality  of 
the  problem. 

Figure  1 ahowa  the  two  functiona 
2 , 

where  f(x)«  exp-(x  /Z)  and  indicates  the  nature  of  the  approximation 
for  what  would  be  the  worat  caae  in  practice:  namely,  the  particle  width 
equal  to  a cell  aize.  in  phyaical  terma  we  are  replacing  the  dipole  d*  f'(x) 
by  a dipole  which  conaiata  of  two  extended  chargea  f(x),  of  equal  but 
oppoaite  charge  (d/26  ),  a diatance  of  26  apart.  The  dipole  momenta  of 
theae  two  charge  diatributiona  agree,  but  the  higher  momentr  diffe**. 
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Fig.  i . A comparison  of  the  derivative  of  a Gaussian  with  the 
difference  of  two  Gaussians.  Th^  Gaussian  half*width  is  equal  to  a 
cell  size. 

The  same  technique  is  used  when  we  expand  the  electric  field  to 
determine  the  force  on  the  particle.  The  net  force  on  the  particle  is  given 
by  the  monopole  moment  times  the  electric  field  plus  the  dot  product  of 
the  dipole  moment  and  the  gradient  of  the  electric  field.  By  approximating 
the  derivatives  of  the  field  using  central  differences,  we  again  avoid 
performing  Fourier  transforms  to  compute  those  derivatives.  This  saves 
two  additional  transforms  in  two-dimensional,  and  five  in  three-dimensional 
simulations.  Of  course,  we  must  perform  some  additional  operations  to 
difference  the  various  quantities,  but  the  number  of  Fourier  transforms 
now  required  is  the  same  as  in  nearest-grid-point  calculations. 

The  multipole  expansion  scheme,  when  truncated  at  the  dipole 
order,  is  similar  to  the  usual  charge-sharing  schemes.  ^ Indeed, 
these  latter  schemes  in  effect  apportion  the  charge  on  the  grid  in  such  a 

way  as  to  conserve  both  the  monopole  and  dipole  momenta  of  the  original 
charge.  The  way  to  do  this  is  not  uniquely  defined,  and  corresponds  to 

our  freedom  to  difference  the  derivative  terms  in  various  ways.  For 
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exan^le,  in  one-dimensional  simulations  charge  sharing  apportions  the 
charge  over  the  two  nearest  grid  points,  while  the  differenced  dipole 
scheme  presented  here  apportions  the  charge  over  the  three  nearest 
grid  points  (a  centered  difference  about  the  nearest  grid  point  location). 
The  particle  force  calculation  in  the  dipole  scheme  also  differs  from  that 
in  a charge-sharing  scheme.  For  example,  in  the  dipole  scheme  the  force 
on  each  particle  is  simply  the  electric  field  at  its  NGP  location  plus  the 
dot  product  of  its  dipole  moment  and  the  derivative  of  the  electric  field 
there.  By  comparison,  charge-sharing  schemes  obtain  the  force  by 
using  weighted  averages  for  each  particle  of  the  electric  fields  at  the 
neighboring  grid  points.  Lastly,  finite-size  particles  are  introduced  in 
a very  natural  and  systematic  way  via  the  dipole  scheme. 


IMPLEMENTATION  AND  OPTIMIZATION 

The  modified  version  of  the  dipole  scheme  has  been  impleu>c’'*'-d 
and  has  given  close  agreement  with  the  usual  dipole  technique.  As  a simple 
example,  we  consider  a two-dimensional  simulation  of  a thermal  equilibrium 
plasma.  The  system  consists  of  5000  particles  in  a doubly  periodic  system 
(8Xj^  by  8X^).  Figure  2 shows  a comparison  of  energy  conservation  for 

all  three  techniques  - NGP,  dipole,  and  modified  dipole.  Energy 
conservation  is  quite  good  for  both  dipole  techniques,  and  is  an  order  of 
magnitude  better  than  that  for  NGP . 

The  grid  calculation  is  observed  to  be  nearly  twice  as  fast  in  the 
modified  dipole  version  for  this  two-dimensional  simulation.  Furthermore, 


566 


New  Dipole  Expeosion  Scheme 


Fig.  2.  A comparifon  of  energy  conaervation  in  NGP,  dipole, 
and  modified  dipole  aolutiona  (thermal  equilibrium  plasma). 

the  grid  calculation  has  been  speeded  up  by  an  addional  factor  of  ~ 4 
through  the  use  of  an  optimised  Fourier  transform  package.  For  example, 
in  ~ 0.15  sec  on  the  IBM  360/91  we  can  now  Fourier-transform  the  charge 
density  on  a 64  by  64  grid,  convert  to  the  Fourier  components  of  E and 
E , and  invert  the  transform  to  find  the  Helds.  The  basic  transform 

y 

package  is  a general-purpose  one,  and  may  be  of  value  to  other  people 
in  computational  physics. 

We  have  concentrated  on  discussing  the  field  calculations,  since 
the  technique  for  doing  these  has  been  modified.  For  completeness,  let  us 
now  briefly  discuss  the  time  required  for  the  operations  that  must  be 
periornted  for  each  particle  (comp,  ting  its  contribution  to  th'  charge 
density  and  updating  itc  position  and  velocity).  At  Princeton  a two-dimen- 
sional NGP  code  (lowest  order  in  the  multipole  expansion)  has  been  de- 
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•j 

velopcd  which  requirea  ~ 4 jxaec  / particle  on  the  IBM  360/91.  In  thie 
code  the  two  particle  coordinatet  arc  packed  into  one  double  word,  and 

g 

• imilarly  for  the  two  coixq>onenta  of  the  velocity.  In  a timilar  code, 
one  of  the  authore  (B.  R. ) haa  developed  a one-dimenaional  NGP  code  that 
takea  ~ 1. 8 fiaec /particle.  In  thia  latter  code  each  particle'a  velocity  and 
poaition  are  packed  into  one  double  word.  Both  of  theae  codea  take 
advantage  of  the  architecture  of  the  IBM  360/91.  In  particular,  auch 
featurea  aa  the  double-word  fetch  and  the  parallel  execution  of  fixed  and 
floating  point  inatructiona  are  exploited.  A dipole  veraion  of  thia  opti- 
mised one-dimenaional  code  requirea  ~ 4 /taer/particle,  and  we  eatimate 
that  an  optimised  dipole  veraion  of  the  two-dimenaional  code  will  take 
8 (taec/particle. 


COMPARISON  OF  DIPOLE  AND  NGP  SIMULATIONS 

Finally,  let  ua  indicate  the  value  of  the  dipole  correction  (or  any 
charge- aharing  type  of  correction)  by  compariaon  with  aimulationa  uaing 
the  neareat-grid-point  approximation.  It  ia  particularly  convenient  to  do 
thia  in  the  dipole  expanaion  acheme,  aince  NGP  ia  aimply  sero  order  in 
thia  expanaion.  In  the  following  examplea  we  uae  the  modified  dipole 
technique, 

Firat  we  conaider  a strong  two-beam  instability  - two  Maxwellian 

r 6 

beams  separa^’ed  by  4 V2  thermal  velocities.  We  use  5000  particles  in 
a doubly  periodic  system  ( 32  by  32  This  is  a convenient  problem 

for  numerical  tests,  but  of  course  we  would  use  both  a larger  grid  and 
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more  particlea  to  inveatigate  the  phyaica  with  confidence.  Figure  3 ahowa 
the  total  electroatatic  wave  energy  for  both  the  dipole  and  NCP  almulationa. 

Thia  energy  exponentiatea  to  ~ 2.  6%  of  the  total  energy.  The  NGP  reaulta 
agree  reaaonably  well  with  the  dipole  reaulta.  In  the  courae  of  the  aimu> 

latlon,  the  energy  for  the  NGP  solution  variea  from  the  Initial  total 
energy  of  the  ayatem  by  ~0,Z%,  but  thia  ia  adequate  to  quantitatively 
follow  the  groaa  behavior  of  thia  rapidly  growing  inatability. 

However,  let  ua  now  inveatigate  a weaker  inatability.  We  conaider 
a amail  beam  moving  at  6.  4 thermal  velocitiea  in  a Maxwellian  plaama. 

The  ratio  of  the  beam  denaity  to  the  background  plaama  denaity  ia  0.  2S%. 
The  main  plaama  containa  19,  000  aimulation  particlea  and  the  beam  con* 
talna  1000  particlea,  each  with  0.  OS  of  the  charge  and  maaa  of  a plaama 
particle.  The  ayatem  la  one-dimenaional  with  a periodicity  length  of 
256  Xj,. 

Figure  4 ahowa  both  the  electroatatic  wave  energy  and  the  change 

in  the  total  energy  veraua  time  for  both  of  the  techniquea.  The  wave  energy 

at  w t=  120  haa  grown  to  of  the  initial  total  energy  of  the 

P« 

ayatem.  The  NGP  reault  agrees  qualitatively  with  the  dipole  result,  but 
it  does  not  agree  quantitatively.  Indeed,  by  ~ 1^0  the  total  wave 

energies  in  the  two  solutions  differ  by  '~2S%.  This  quantitative  disagree- 
ment is  not  surprising  when  we  note  that  the  energy  conservation  for  NGP 
is  rather  poor  in  this  case.  The  total  energy  varies  by  ~ 0.  8 % of  the 
initial  total  energy,  while  the  wave  energy  becomes  ~ 1.  2 %. 

Figure  5 shows  a comparison  of  phase  space  at 
both  of  the  techniques.  We  see  quite  noticeable  differences,  showing  that 

significant  errors  have  accumulated  in  the  particle  orbits  in  the  NGP 

569 
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solatioa.  (Tbs  phase  space  plots  ia  the  dipole  aad  the  modified  dipole 
solntioas  agree  closely. ) 

la  coacluaioa,  we  have  preseated  a modified  version  of  the  dipole 
ej^aasioa  techaiqae  ia  which  the  field  calculations  do  not  take  sigaificaatly 
loager  thaa  ia  NCP  calculatloas.  In  addition,  we  have  discussed  an  opti- 
misation of  the  coding  - particularly  for  the  operations  that  must  be  per- 
formed for  each  ^tarticle.  Lastly,  we  have  compared  the  dipole  and  NGP 
techniques  for  several  sinq>le  problems.  The  results  show  that  NCP  does 
reasonably  well  in  describing  gross  behavior  - for  example,  in  determining 
growth  rates  of  strong  instabilities.  However,  features  which  are  irore 
sensitive  to  higher  moments  of  the  distribution  function  can  he  poorly 
given,  since  significant  errors  can  accumulate  in  the  particle  orbits.  As 
in  all  simulations,  the  choice  of  technique  is  connected  with  the  subtlety 
of  the  phenomena  under  investigation. 
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1.  nfraoDucnoN 

In  the  controlled-fuslon  experlaent  Astron  a beam  of  relativistic 
electrons  is  injected  into  an  evacuated  cylindrical  region  in  which  an 
externally  applied  magnetic  field  has  been  established.  The  cylindri- 
cal region  is  bounded  by  two  concentric  alumiman  shells.  The  outer 
shell  is  12  cm  thick  and  its  inner  radiu.s  is  7^  cm.  The  thin  inner 
shell  has  a radius  of  20  cm.  The  velocity  of  the  injected  electrons 
makes  an  angle  of  85  deg  with  the  euis  of  the  region.  In  oilier  to 
facilitate  trapping,  a cylinder  of  resistor  wires,  azimuthally  oriented, 
has  been  Installed  at  a radius  of  52  cm.  The  electrons  that  are  trapped 
form  a cylindrical  layer  (shell)  known  as  the  E-layer.  The  mean  radius 
of  the  E-layer  Is  ^*0  cm;  its  length  varies  from  1 to  ^ meters,  depend- 
ing on  the  initial  conditions.  The  aim  is  to  confine  a sufficient 
number  of  electrons  in  the  E-layer  so  that  the  self  field  of  the  E- 
layer  exceeds  the  applied  field.  The  resulting  field  configuration 
contains  a region  that  is  minimum  |Bj  and  has  no  loss  cones. 

The  E- layer  consists  of  about  10^^  electrons.  It  is,  of  course 

impractical  to  follow  each  electrc-n  Individually.  Furthermore,  we  are 

not  interested  in  the  position  and  velocity  of  each  electron;  we  are 

only  interested  in  the  electron  density.  Since  the  electron  density 

8 < 

in  the  E-layer  is  about  10  , cc  it  is  logical  to  treat  the  E-layer  a° 
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an  electron  fluid.  Tbe  electron  density  can  then  te  obtained  fran  the 
solution  of  the  Vlasov  eqieitlon.  n>e  approach  was  succfissfuUy  used 
hy  Killeen^  in  tbe  USER  CXIX.  An  alternate  approach,  tbe  one  we  use 
here,  is  to  approxliaate  the  E-layer  hy  a large  number  of  particles  and 
follow  each  particle  individually.  Tat  electron  density  is,  then, 
obtained  from  the  particle  density.  The  force  on  a particle  is  ob- 
tained fran  the  full  electromagnetic  field  and  its  trajectoiy  is 
determined  from  the  solution  of  the  relativistic  equations  of  motion. 

The  nvnber  of  particles  used  must  be  stifflclently  large  to  give  an 

accurate  statistical  representation  of  the  E- layer  and  yet  small 

4 4 

enough  to  be  practical.  In  practice  we  use  between  10  and  3 x 10 
particles.  The  principal  advantage  of  this  method  over  the  fluid 
nathod  Is  that  it  requires  conslderablj'  less  computation  time  to  solve 
a given  problem,  and  is  more  acc\irate  for  Injection  problems. 

The  computation  proceeds  as  follows:  First  the  charge  and  current 

densities  are  determined  from  the  known  positions  and  velocities  of  the 
particles.  These  charge  and  current  densities  are  then  used  to  deter- 
mine the  vector  and  scalar  potentials  by  solving  the  respective  wave 
equations.  The  new  values  of  the  vector  and  scalar  potentials  are 
used  to  calculate  the  force  on  each  particle.  These  forces  are  used 
to  move  each  particle  in  accordance  with  the  relativistic  equations  of 
motion.  The  above  process  is  then  repeated. 

The  Astron  geometry  is  axisymaetric.  Furthermore,  it  is  experi- 
mentally observed  that  the  E-layer,  during  most  of  Its  life  is  essen- 
tially axially  symmetric.  We  therefore  feel  that  the  assumption  of 
axial  symmetry,  dictated  by  economic  factors,  is  a reasonable  one  to  maxe. 
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Tbis  paper  Is  divided  into  three  chapters.  In  Chapter  live  dis- 
cuss the  nstlmatical  nodel.  Additions  to  the  model,  relating  to  the 
Astron  experiment,  are  Introduced  In  Chapter  HI.  In  Chapter  jv 
difference  approxlmtions  that  ve  use  and  the  energy  checks  are 
described. 

II.  tMTBQMTICAL  MODEL 
A.  Basic  Equations 

If  ve  employ  the  relations 

B = V X A,  E = i ^ + I ^ - 0 (1) 


vlth  Maxvell's  equations,  ve  obtain  the  following  vave  equations 


3 1 d^A  W 

A ' T ^ Jtes^ 

C ot  c 


* -5  ^ 

c at 


(2) 

(5) 


where  A and  0 are  the  vector  and  scalar  potentials  respectively, 

and  p are  the  E-layer  current  density,  resistor  current  density, 
and  the  charge  density,  respectively. 

Assuming  axial  syasaetiy,  Eqs.  (2)  and  (?)  beccoe,  in  cylindrical 
coordinates 


d "l  d ' a^Ay  1 a^Ay  4ttJ^ 

^ r ar  ^ ^ at^  c 


(4) 
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d 

Sr 


1 d^A.  kir 

c ® ® ”® 


1 d dA.\  ^®A.  1 d^A. 

X*  — ~ I + * * 

r Sr  dr  j dz®  ? dt^ 


Mr 

7 <Jz  ^ Jz  res) 

c 


1 d / d0  \ d*j<  1 d^fl 

r dr  , dr  , dz^  dt^ 


- 1^1rp 


(5) 

(6) 

(7) 


The  equations  of  nntlon  for  a relativistic  electron  can  he  derived 
from  Lagrange's  equations 


d /dL 

dt\dqj 

vherc  q^  « (r,6,z)  and  L 1?  the  lagrenglan  given  by 
L - - bIqC^Vi  - - eJ^  + I A.v 

vhexe  and  e are  respectively  the  rest  laass  and  charge  of  the  elec- 
tron and  p » ''/c. 

Assmlng  axial  synaetry,  ve  get  the  following  equations  of  motion 


dL 

0 (8) 


, « . . i2.  ^ e 

n-(rr  f yr  - 7r9  )»  - e 

dr  c dt 


.Id 

rO (rAg)  - z 

r dr 

r 

z 

1 

dr 

n^yr'^e  + ^ rAg  » const.  - 


(10) 


(11) 
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■o(r*  + r*)  = - e — 1 

S*  c &t  c Sr  j Sz  J 

idwie  Tq  Is  the  canonical  angular  noaKiituB  and  y ^ l/^/l  - 

B.  Boundary  Conditions 

The  doaaln  of  the  aodel  consists  of  two  concentric  grounded 
cylinders  as  shown  In  Fig.  1.  Rie  walls  of  the  cylinders  are  assuaed 
to  be  perfect  conductors.  This  assunptlon  Is  legltlnate  because  of 
the  short  tlJK  scales.  Rie  boundary  conditions  at  a perfect  conductor 
are 


* 0, 

£y  “=  Oe 

(13) 

These  conditions  require  that 

1 

*0  Int 

z)  « 0 

at  all  boundaries 

(14) 

■ 0 

at  all  boundaries 

(15) 

A,(r,z) 

« 0 

at  r = for  all  z 

(16) 

Aj.(r,z) 

= c 

nt  z e Zj^,Zg  fbr  all  r. 

(17) 

where  Is  that  part  of  which  Is  generated  by  Internal  sources, 

l.e.  currents  In  the  E-layer  and  In  the  resistors.  The  rest  of  A^, 
henceforth  designated  A^  Is  generated  ty  current  in  the  external 

colls.  Riese  currents  are  dc.  Hence,  the  ®®ple  time  to 

soak  through  thc^  walls.  The  renalnlng  boundary  conditions  are  obtained 
fro^  the  gauge  condl  tion 


V.A  + i 

— c 
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{ 


i 


They  «re 

5K(r*»)]lr-r^,r2-0  for  aU  z 


(19) 

(20) 


C«  Superpartlcle  Model 

Ibe  nqpetTartlcles  In  this  aodel  are  coapoeed  of  a larga  mater 

of  electrooB  unlfoialy  distributed  throucdtout  ttelr  vol«ae.  Ibe  shape 

of  each  s^perpartlcle  Is  that  of  a ring  of  rectangular  cross  section. 

Ite  velocity  of  a simerpartlcle  has  three  ccsponents  v_,  v.  and 

r e 

T . Since  the  superparticle  Is  ring  shaped,  v refers  to  the  speed 

Z T 

with  which  It  is  expanding  (contnctlng)  and  'm  the  speed  with  which 

It  rotates  about  the  axis.  v_  is  the  usual  axial  conponent  of  velocity. 

z 

The  charge  density  p of  a superpartlcle  Is  given  ty 


f 


“e  Ztrr  Ar  de 


(21) 


where  n^  Is  the  number  of  electrons  per  superpartlcle,  e the  electronic 
charge,  r the  radius  of  the  superpartlcle,  xn*  Its  radial  thickness, 
and  ds  Its  axial  thickness. 

The  three  ccanponents  of  the  current  density  of  a superpartlcle 
are  given  by 


(22) 

•'r  ’ “e 

^ ® 2iTr  dr  ih; 

ev. 

Jg  - n 

2irr  dr  ih; 

(23) 
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ev 

J_  = n 5 — 

® 2nr  At  As 


(24) 


ne  field  equations  are  solved  In  a donaln  tliat  Is  subdivided  by 
a finite  difference  nesh.  Ae  extent  of  this  doaaln  is  given  ^ 


-2- 


<*i<  S 


J, 


where  = JAr,  = lAt,  = JAr,  = Ij^dz,  and  -z^  ■ 

The  cfaeurge  and  current  densities  siust  be  known  on  the  mesh  points. 
The  equations  of  motion  yield  the  positions  of  the  centers  of  the  super- 
particles.  These  positions,  usually,  do  not  coincide  with  any  mesh 
point.  Therefore  some  method  must  be  devised  whereby  we  can  obtain 
the  charge  and  current  densities  at  the  mesh  points  frcn  the  known 
positions  and  velocities  of  the  superparticles.  In  the  method  that 
we  use  the  charge  emd  current  of  a superparticle  is  shared  among  each 
of  the  four  neighboring  grid  points  in  accordance  with  the  standard 
area  weighting  procedure.  A simple  way  of  visualizing  this  procedure 
in  shown  in  Fig.  2 (we  assvne  the  charge  to  be  unlfoznly  distributed 
over  the  shaded  region).  Let  the  center  of  the  particle  be  lotmtted 
in  the  zone  (i,j)  and  let  its  coordinates  be  (z,r).  The  regions  of 
the  particle  that  are  assigned  to  the  neighboring  grid  points  are 
denoted  by  Aj^,  Ag,  Aj,  and  Aj^.  Aj^  is  allocated  to  (l,j),  Ag  to 
(1  -f  1,J),  A^  to  (1,J  * 1)  and  A|^  to  (l  -f  1,J  1).  The  values  of  the 

A's  are  given  by 

Aj^  - [(1  + l)Az  - zjj^(4  + l)Ar  -rj 

Ag  - [(1  + l)Az  - zj(r  - 4Ar) 
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Aj  - (*  - 1/S*)[(J  + 1)£t  - r] 

= (z  - l^){r  - 3£ar). 

To  obtain  the  current  ax>d  charge  densities  at  a aesh  point,  the  con- 
tributions flea  all  the  superparticles  to  tMt  aesh  point  are  swed. 
D.  Diaenslonlese  gonmilation 

We  assuM  that  the  canonical  angular  acnentus  is  a constant  of  the 
BMtlon 

2 * 


It  is  convenient  to  Introduce  the  function 


so  that 


2 * 

re 


rA 


e 


(25) 

(26) 


and  since  ve  are  assuntlng  that  all  the  particles  have  the  saae  we 
’ise  ♦ in  place  of  A^.  The  rationale  for  Introducing  ♦ Is  that  it 
t^hviates  the  necessity  of  calculating  v^,  as  will  te  apparent  shortly, 
we  now  introduce  the  dlaenslonlesB  velocity  u defined  hy 

« = J I (2T) 

1 

where  7 = — — — 

•/l  - v^/c^ 

Substituting  Eq.  (27)  into  the  expression  for  y we  get 

7 « (1  + u + Ug®  + (28) 

FroB  Eq.  (26)  we  have  ♦ ■ ru^,  hence 
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2%  1/8 

2 2^1 


y>|l-fu  -fu  * 
\ T z 


71 


(SO) 


If  ve  differentiate  (27)  vith  respect  to  tlsK  and  reanaage  the 
terse,  ve  get 

•e  _ 

r * — 


•e  e • 


i*  - 5 - 


(50) 


Substitution  of  ds.  (27)  and  (30)  into  Bqs.  (10'  and  (12)  yields  for 
the  isdial  equation  of  notion 

du  e d 1 \ e30  e fdll  c f ClA  dfc  T 

_I. -X 5 —* -“I*  (51) 

dt  y dr^Sr  J ay^e  dr  n^c^  ^dt  r \ds  dr  | 

Slallarljr  tbe  axial  equation  of  ■otir'n  beccices 

dt  7 de  y 2r  j n^c  di  BqC  j^dt  7 I ds  dr  |j 

we  now  introduce  tbe  dlserislcnless  function  jl  defined  ly 


(55) 


In  order  to  evaluate  the  dencslnatov  we  consider  an  equlllbrluD  orbit 
in  a unlfois  vaeuvn  field.  For  such  a field  it  is  true  tbat 

Ag(r,z)  - 5 B^jr  (3>») 

wbere  is  tbat  axial  cosponent  of  tbe  field.  Fros  tbe  radial 
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eq;afttlaa  of  >011011  we  taeve 

V'O^- 


(35) 


Item  Tf,  Is  the  swdlns  of  the  orbit.  Beaee 


‘ c Vo*  ? I Vo^  " ‘ ? I *\)*'o*- 


Benee 


- ^ e 

u - 5 *. 


•Vo 


(36) 

(37) 


He  sow  Introduce  the  rest  of  our  dlmnslonless  vsiriables 


’*■?"»  Z ■ 3“  » 
*^0  *^0 


T ■ 


Ct 


- "fl 

•a  ■ — , 

Vo 


2tA 

® ■ t 

Vo 


2A. 


K M 


Vo 


and 


b ■ — , b . — , b„  ■ — 

®0  »b  ®0 


®r 

e - — , e = — , *0  “ 


"0  ''O  ''O 

Fra  these  definitions  and  Eqs.  (1),  (26),  and  {yj) 


V 


(38) 

(39) 


(40) 


0 - 1 ♦ 2Ra. 


.Idmldic 


(H) 

(42) 


e ■ 

p 


BqPqP^  * 2R  ^ 


*0 ' • i ^ ' 


e =■  - 
z 


e 3k  1 

Vo^  ^ 5 ^ 


(**3) 
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idiere  e , e , and  e_  are  the  dlnenslonlese  ccnponents  of  the  electric 

Cf  Z 

2 2 

field  and  ^ Is  the  claselcnl  radius  of  the  electron. 

It  Is  convenient  to  let 


4 - 4,.  + 4 


W 


where  4^  represents  the  vac^ta  field  and  4 represents  the  field  of  the 
E-layer.  The  function  4^  satisfies  the  equation 


0 

d 1 

1 34^1 

- R — 

aR| 

= 0 . 


('*5) 


We  Introduce  the  parameter 


*®n*'o  .k 

C = - = - (2.93  X 10  )BorQ 

and  define  the  function  P(R,Z,t)  ty 


(U6) 


P . i C 


('•?) 


Using  Eqs.  (37)  through  (39)  and  (46)  we  can  write  the  equations  of 
notion  (51)  and  (32)  in  dlaenslonless  fom  as  follows 


du 

r 

1 ap 

ax  c 

t3h) 

-Lu  (i-- 

>1 

dt 

7 as 

a«  R 

7 ""(r  * 

aR 

I 

du 

1 ap 

)X 

dK 

c /i  ao) 

vl 

z 

— + c 

I 

di 

7 je 

cB. 

7 \R  ^ 

j 

We  nca*  introduce  the  dimensionless  quantities  I.,  I.  . I,,  and  I 

W X p 

correspondinr  the  dinensionless  current  and  charge  dG!-jltiee 
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2n  r 
e ■ 


cBg  ^ 
&nr^„ 


cB,  ^ 


esiZT, 

4n  e 
e 


7j:^ 

^7 


kn  e 
e 


Uirer, 


■0  Bg^ro 

2 


V 


n ft  2n  r 
0 \ ^ ^ e e 

T l_f  ° 


0^  R 


(50) 

(51) 

(52) 


(53) 


vbere  ve  used  Eqs.  (25),  (27),  (37),  *ad  (38)  to  write  the  right-hand 
sides  of  Eqs.  (21)  through  (24)  In  terns  of  dimensionless  quantities. 
The  symbol  In  the  above  equations  represents  a sum  over  the  contri- 
butions of  all  the  particles  in  that  region  of  space,  as  explained 
-n  IB. 

Finally,  using  Eqs.  (38)  and  (39),  we  can  write  the  wave  equations 
(4)  through  (7)  In  dlnensiorJ.ess  fcm 


a 

R — 


1 dui  1 

R an 


J>2  ~2 

cl  U)  O CB 

+ — 5 5 

nr 


8 ^ ^ 1 
R — + — 5 5 

\r  dR  I az  at 


a^< 


1 a a»( 

R — I + — n 5 

R 8r  , hrI  nr  br 


1 a ax] 

— R — 
R dR  \ 8r  j 


a^x  aSc 

nr  ar^ 


I 


r 


<^8  * 

* ^res^ 


(54) 

(55) 

(56) 

(57) 
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Ibe  boundary  conditions  in  dimensionless  fonn  are 


0 

u 

K 

A 

at  all  boundaries 

(58) 

X(R,Z)  = 0 

at  slU  boundaries 

(59) 

x(R,Z)  = 0 

at  R = Rj^,Rg 

for  all  Z 

(60) 

(u(R)Z)  = 0 

at  Z = 

for  all  R 

(61) 

M ° 

at  R = Rj^,Rg 

for  all  Z 

(62) 

k(R,z  ) = 0 

at  Z = Zj^,Zg 

for  all  R 

(63) 

in.  SHX;XAL  FEATURES  CF  THE  ASmON  MODEL 
A.  Current  in  the  Resistors 

The  function  of  the  resistors  is  to  extract  energy  from  the  E- 
layer  electrons.  The  resistors  consist  of  a large  number  of  very  fine 
(1.5  Mil)  wires.  They  are  ”'und  on  a cylindrical  frame  of  fixed  radius 
such  that  the  current  in  them  flows  in  the  B direction  only.  It  is 
convenient  to  replace  the  individual  resistor  wires  with  a resistor 
sheet . 

The  current  density  in  the  resistors  is  given  by 

where  Og  is  the  conductivity  of  the  resistor  sheet  and  Eg  the  0 com- 
ponent  of  the  electric  field  at  the  resistors . Eg  is  calculated  frcmi 
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i 

} 


I 

t 


i 


B 2 

® e dfc 


(65) 


where  Is  the  0 ccaq|)onent  of  the  vector  potential.  The  current 
density  given  above,  cannot  he  used  in  the  field  calculation  since 
no  allowance  has  been  nade  for  the  fact  that  the  radial  thickness  of 
a zone  Ar  is  nuch  greater  than  the  radial  thickness  of  the  resistor 
sheet.  lB>e  proper  current  density  is  given  by 


" ■ Ar  c dt 
Jflres'O 


at  r = r 


res 


at  r r, 


res 


(66) 


where  8„  is  the  radial  thickness  of  the  resistor  sheet,  and  r is 
6 ’ r.s 

the  radius  of  the  resistor  layer. 

In  the  present  Astron  experlaent,  the  current  in  the  r';sif,tors  is 
allowed  to  flow  in  the  0-dlrectlon  only.  In  order  to  study  the  effect 
of  allowing  the  ciirrent  in  the  resistors  to  flow  in  the  z-  direction 
also,  we  have  lncl\)ded  this  option  in  our  model. 

The  current  density  in  the  z-resistors  is  given  by 


'zres 


(67) 


where  o_  is  the  conductivity  of  the  z- resistor  sheet,  and  E is  the 
z z 

z-ccnponent  of  the  electron  field  at  the  resistors.  is  given  by 

1 dA 

^ (68) 

dz  c dt 


where  A^  is  tha  z-component  of  the  vector  potential.  Again  we  have 
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to  sake  allowance  for  the  difference  la  the  ii^ial  thickness  of  the 
resistors  5 and  /ir.  ite  resulting  cuiren;^den8i1y  Is 

Z V 


B.  Injection  Schene 

1.  Injection  Radius 

lie  radial  e^uatlm  of  motion  of  a particle  is 

m^Cyr  + yr  - yr0^)  =e  + | (r0B^  - zBg).  (70) 

We  wish  to  inject  the  particle  into  a region  where  the  radial  force  on 
it  is  small,  in  oirder  to  minimize  fluctuations.  In  Astron,  the  injec- 
tion conditions  on  the  electrons  are  normally 

*r  = r = y * E^  = Bg  = 0.  (71) 


Using  these  coiidltlons,  Eq.  (70)  reduces  to 
^2 

yr9  * - 4 • 

Writing  Vg  = rS  emd  solving  for  v^,  we  get 


(72) 


erB. 


^0=  ■ 


(73) 


Substituting  Eq,.  (73)  irt'  '•»  (25)  we  get 


eA_ 


V 


(74) 
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Substituting  Eq,.  (7*^)  into  (37)  and  using  Eq.  (34)  ve  get 

IT  = 2r\  . (75) 

Solving  for  R,  ve  get 


Tte  procedure  then  la  to  pick  a value  of  z at  which  we  wish  to  Inject 
and  then  find  the  point  at  which  Eq.  (76)  Is  satisfied. 

2.  Injection  Rate 

The  number  of  superparticles  injected  per  tine  step  Is  given  by 
where  N,j,  Is  the  total  number  of  particles  that  will  be  used 
per  pulse,  At  Is  the  tine  step,  and  Is  the  pulse  length. 

A superparticle  Is  a ring  of  circulating  charge.  Ibe  current  of 
this  ring  Is  given  by  n.e/t-,  where  e Is  the  electronic  charge,  n Is 
t'je  number  of  electrons  per  saperpartlcle,  and  t_  Is  the  cyclotron 

D 

)erlod«  Hence  the  current  Injected  per  tiine  step  Is  given  hy 


n e 
e 


(78) 


If  a current  I Is  Injected  Into  Astron  we  have,  at  the  end  of  one 
cyclotron  period,  a current  I circulating  in  the  machine.  Therefore 
the  current  that  has  to  be  Injected  per  time  step  Is 


*At 


Equating  the  right  hand  side  of  Eqs.  (78)  and  (79)  ve  obtain 


(79) 
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(80) 


C.  Heutmllratlon  Schene 

In  order  to  see  how  ve  can  Incorpointe  the  neutralization  pbeno- 
■enon  Into  the  nodel  we  oust  look  at  the  process  In  detail.  Ve  will 
do  BO  hy  looking  at  one  region  In  space  and  see  bow  neutralization 
proceeds  with  tlae.  Consider  a region  of  neutral  gas 

Into  which  a hunch  of  electrons  has  entersl.  The  electrons  renaln  in 
this  region  for  a time  6t.  By  the  time  they  leave  they  will  have  under- 
gone n^  Ionising  collisions,  since  the  Incident  electron  bmcb  has  a 
high  electric  field  associated  with  It,  the  cold  electrons  that  are 
freed  hy  the  Ionizing  coUlclons  are  accelerated  out  of  the  region. 

When  the  electron  bunch  leaves,  the  region  contains  n^  positive  Ions. 

Nov  let  another  bunch  of  electrons  with  the  same  density  and  pulse 
length  enter  this  region.  It  too  undergoes  Ionizing  collisions  and 
the  electrons  liberated  by  these  collisions  are  again  accelerated  out 
of  the  region,  only  not  as  fbst  as  the  first  ones  since  the  electric 
field  of  the  second  bunch  Is  slightly  nasked  by  the  field  of  the 
residual  n^  positive  Ions.  If  we  now  Imagine  similar  bunches  entering 
the  region  In  succession,  the  ninber  of  positive  Ions  In  the  region 
will  build  up  until  the  nxinber  of  Ions  equals  the  ninber  of  electrons 
In  the  Incident  beam. 

Each  region  In  space  must  be  given  a certain  amount  of  positive 
charge.  This  amount  depends  on  how  much  cimmlatlve  time  electrons 
have  spent  In  that  region.  Kterefore  the  net  amount  of  charge  In  a 
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glTsn  regicn  at  a given  tiae  Is  the  mater  of  electrons  in  tte  region 
■Inus  tbe  mater  of  positive  Icms  la  tte  region. 

As  explained  earlier,  tte  r,z  ..onflguratlon  space  in  tte  sxidel  is 
divided  into  a finite-difference  grid.  Tte  eaallest  region  in  tte 
iBodel  is  that  of  a zone.  Each  zone  is,  therefore,  aasigned  a mater 
of  positive  ions  coaensuxate  vlth  tte  aaount  of  neutralization  that 
occurred  in  that  zone. 

Let  us  consider  a hcaa  of  N electrons  circulating  in  one  zone. 

Ite  nunter  of  ionizing  collisions  nade  ty  this  teaa  of  electrons  in  a 
distance  c8t  is  given  1y 

nj  « Hqne8t  (8l) 

vtere  N is  tte  mater  of  gas  atoms  per  cn^,  Q is  tte  ionlzatlou  cross 
section  and  M is  tte  ntater  of  team  electrons,  and  c tte  velocity  of 
light . Rote  that  tte  latio  n^/N  > HQc&t  is  independent  of  electron 
density.  This  ratio  can  also  te  interpreted  as  the  fraction  of  tte 
hean  neutralized  in  tlae  6t.  Replacing  electrons  vith  superparticles, 
ve  can  say  that  HQcSt  is  tte  fraction  of  tte  superparticle  charge  that 
is  neutralized  in  time  6t.  If  ve  give  tte  pressure  in  microns  and  use 
Q •«  2.5  X cn^,  ve  have  RQcfit  » 2.7  x lO'^pBt. 

We  now  sunnarize  tte  process.  Let  M superparticles  enter  a zone. 
After  one  time  step,  ^t,  they  contribute  n^  « 2.7  x 10  Hpdr  positive 
ions  to  that  space. 
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Current  In  the  Cantllevp.r 

current  in  t.re  cantilever  is  ar.  externally  applied  axial 
current,  it  can  te  applied  after  the  E-layer  has  reached  steady  state. 
Is  time  de  endent  and  we  represent  it  ly 


-c(-)  = J^6(r  - r^)8(t  - T^)F(t) 


(82) 

•her.  le  th.  of  the  »ai».  of 

the  cantilever,  le  the  initiation  tlir»,  and  p(t)  is  the  reeionse 
function  of  the  circuit. 

If  the  current  in  the  cantilever  is  established  initially  and  Is 
not  Changed  in  the  course  of  the  run,  then  it  is  s.or^  accurate  to 
represent  the  resulting  fteld  analytically,  it  is  convenient  to  si^cl- 
iy  the  Bg  desired  at  a given  radius.  Let  B be  the  desired  field  at 


Tg,  then 


r 

®ec  = — 

r 


(83) 


Where  is  the  field  due  to  the  current  in  the  cantilever.  We  now 
write  Eq.  (83)  In  terms  of  oiu-  dimensionless  variables 


b = fsfes 


(84) 


E.  Plasma  Equilibria 

We  wish  to  find  the  E-layer  distribution  and  the  magnetic  field 
When  the  E-layer  Is  In  equilibrium  with  plasma.  We  will  c.nflne  our- 
selves to  those  cases  where  the  E-layer  Is  sufficiently  strong  to 
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reverse  the  field.  Purthernwre,  we  will  assvmie  an  MHD  model  for  the 
plasma  with  the  additional  leetrlction  that  the  pressure  he  isotropic. 
The  MHD  equations  which  describe  the  plasma  reduce  to  the  magneto- 
hydrostatic eqjatlons 


1 ip  ^ 2 = ^ 

(85) 

hv 

= r Jp 

(86) 

V*B  = 0 

(87) 

where  p is  the  plasma  pressure  and  the  plasma  current  (excluding  the 
E-layer  current). 

From  Eq.  (85)  we  see  that 


= 0 

and  = 0. 


(88) 

(89) 


The  p = :onst.  siirfhces  are  both  magnetic  level  surfaces  and  plasma 
current  level  surfaces. 

We  fu’^iher  assume  th.t  the  plasma  current  has  no  axial  or  radial 
components.  With  this  assumption  Eq.  (85)  yields  the  following  equations 


I?  = |jp®z  ' S = • ■!  Jp^r- 


(90) 


Now  B and  E are  given  by 
r z 


„ 2 i- 

Vo  ^ 


2r  dz 


2r  dr 


(91) 
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hence 


2cr  dp 


Vo^  ^ 


(92) 


!Bie  pressvire  profile  p = P(n)  cannot  he  derived  without  solving  the 
buildup  problem  so  we  pick  a reasonable  P(il).  We  wish  p((I)  to  be  posi- 
tive and  finite  on  closed  flux  surfaces,  and  we  expect  the  pressure  to 
be  greatest  on  the  innermost  flux  surfaces.  With  these  considerations 
we  choose  as  our  pressure  profile 


P(ii)  = - ii) 


8ir 


(95) 


Requiring  that  kj^  > 0 insures  that  the  plasma  pressure  ^nd  density  are 
positive  definite. 

From  Eq.  (92)  we  get  the  plasma  current 


(9>*) 


where  we  used  the  relation  r = r^R.  In  analogy  with  the  previously- 
defined  quantities  1^,  etc.,  now  introduce  the  dimension- 


less quantity  I 


8ir  r R 

I ~ . 

f c B„ 


- 2R^k,^ffl(iiQ  - iI)“"^e(ilQ  - d). 


(95) 

(96) 


IV.  DIFFERENCE  EQUATIONS 

The  field  equations  are  solved  on  a finite  difference  mesh.  The 
mesh  spacing  is  given  by  AR  = h,  AZ  = mh,  where  m is  an  integer.  The 
position  on  the  mesh  is  given  by  R^  = Jh,  = Imh,  where  -Ig  < i < 
and  0 < j < J.  A given  time  is  denoted  by  an  integral  numer  of  time 
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li 

I 


steps,  l.e.  = HAT,  where  n = 0,  1,  2,  We  now  Introduce  the 

notation  etc 

The  difference  approximation  that  we  use  In  solving  the  field 
equations  Is  called  the  Alternating  Direction  Dapllclt  method.  The 
difference  approximation  Is  written  as  two  equations.  As  a conveni- 
ence we  use  half  time  steps.  In  the  first  half  time  step  the  equation 
Is  implicit  In  the  R direction  and  explicit  In  the  Z dlr;ctlon,  and  in 

the  second  half  time  step  the  equation  Is  explicit  In  R in-*  Implicit 
In  Z. 

The  difference  equations  for  the  first  half  time  step  are 
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X^-  2X“ 


11 


.n-1/2 


(At/2)' 


^ ^ (2J  + _ ^n+1/2) 

2Jh  L 


- (2J  - i)(x: 


n+l/2 

IJ 


.n+l/2. 


X - J.  y" 

■ ^1^1,  j ^1-1,  ,1  ^ 

OO  — + . • 


2,2  " ■‘(Til 

m h 


llie  difference  equations  for  the  second  half  time  st  p are 


(At/2)' 


oiT  n+l/2 
, “i,.i+i  - “ 

+ -j  —A' 

h 1_  2J  + 1 


1/2  _ ^_n+l/2  ^^,1/2  _ ^n+1/21 


y 


2J  - 1 


c 


1/2 


IJ 


(At/2)2  ^ 


2J 


m h 

■(.  n+l/2.  , n+l/2  , ,n+l/2  n+l/21 


2J  + 1 


2J  - 1 


, ,n+l  n 

+ c,  J1L.1HM 

^ At 


,<"+1  - 2<"t^/2  ^ ^n+1  _ 2^n+l  ^ ^n+1 

IL iJ  = 1-1,  j 

(At/2)^  ffi2j^2 


2Jh^ 


- (2J  - 

^n+l/2  n+l/2 

+ n ^lS-±hl  ^ i^+l/2 
^ 2mh 


+ C3^j !il 


At 
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+ x“ 


(At/2) 


n+1 

M _ 


- 2x"t^  + x“^^ 


mSi' 


1-1>J 


^ [(=j  - 


- (2J  - l)(x"j^/^  - 


1/2 

«rtj 


4tt  ^ ^ , &ir  . e 

A ‘’0^0’  *=3  " ■ ch  °z^z>  *^2  ' ■ ch  °z^z 


where  = 

when  R = R and  c,  = c-  = c,  = 0 when  R / R„„- 

res  1 d j res 

We  solve  the  above  difference  equations  by  the  method  described 
In  Ref.  1.  The  boundary  conditions  are 


U(-I2>J)  = ° 

X(-l2,j)  = X(I^,J)  = X(i,Jjjj^^)  = X(1,J) 

<(-Ip,j)  = <{-l2  + 1»J)»  -"(I  - 1»J)  = 

CuC-Igj)  Oj(lj^,j)  = 0 

“(ijJnin)  = a)(i,Jjjj^i^+l),  u>(i,J-l)  = 'o(i,j) 


where  J , la  the  rauius  of  the  cantilever, 
min 

We  use  a leapfrog  scheme  to  difference  the  equations  of  motion 
(43)  and  (49).  For  the  axial  motion  we  have 


n+’ /2  n-1/2 

u - u 

Z 2 


n «n+l 


n-^1/2 


At 


At 


Similarly  for  the  radial  motion 


n+l/2  n-1/2 

u - a 

r 

At 


r"^^  - r" 


= JL. 


All  the  above  quantities  u^,  u^,  y,  7,,  R,  F^,  are  evaluated  at  the 
particle  centers.  Since  F^^  and  F^  are  calculated  from  the  fields 
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vhlch  are  given  at  t’je  aesh  points  only,  ve  use  linear  Interpolation 
to  get  tbelr  values  at  the  particle  centers. 

4.  Energy  Conservatioc  ChecX 

Tbe  total  energy  present  In  the  system  at  a give  tlise  Is  the  sub 
of  the  energy  In  the  electrossgnetlc  field  ^ and  the  kinetic  energy 
of  toe  particles  T.  The  energy  In  the  electrcoagnetlc  field  Is  given 
by 


0 ig  0 

2222  2222 
vhere  B * *♦'  B^  + B,  and  E = E + E^  E . Using  the 

TUT,  T u Z 

definitions  (38)  and  (1*0)  Eq.  (<57)  becooies 


(97) 


EM 


(98) 


/X  f szu 

dZ  I RdR(b^"  + b/  + 4 e/  4 e^") 

-Lg  •'O 

2 T 

vhere  ve  have  Integrated  over  0 and  divided  Vy  Bq  Tq'^/*** 

The  kinetic  energy  of  a superjartlcle  Is  given  by  the  expression 


T » n 7 a_c 
V e'v  0 


Therefore  the  kinetic  energy  of  all  the  particles  Is  given  by 
2 N 


(99) 


T = 


Un  m_c  T— I 
e 0 \ 

0 v=l 


(100) 


3, 


vhere  ve  have  divided  T by  r^'  /^. 

Energy  leaves  ' ■ system  by  tvo  prln-ipal  vays;  through  dissipa- 

tion In  the  resistors  ' i through  particles  striking  the  boujidarles. 
The  rate  of  energy  dissipation  In  the  resistors  Is 


(101) 
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vbere  and  are,  respectively,  the  total  azlnuthal  and  axial 

current  in  the  1 resistor  zone, ^ is  a susnation  over  the  axial 

i 

zones,  Rg  and  R^  are,  respectively,  the  aziffluth:il  and  axial  resistance 
per  resistor  zone.  R^  and  R^  are  the  sane  for  all  the  k ,_stor  zones, 
although  they  need  not  be. 

The  amount  of  energy  dissipated  la  one  t_r  i step  is 

■ “[Dfe  * 4'.)] 

■ “ (i^)  ^ (if) 

(102) 

We  now  Introduce  the  dimensionless  quantities  J.  and  J 

d z 


(103) 


®0 


87t\  , . , e dx  1 bK 

cR  I (*^z®z'  B^r^r^.  ^ 2 ^ 


(104) 


Substituting  these  quantities  into  the  equation  for  and  dividing 

2 5 

the  whole  expression  by  Bq  we  get  the  following  expiesslon  for 

the  dimensionless  energy  lost  to  the  resistors  in  one  time  step 


c 

m 


£Z{£nf 


1 1 
”0^9  R 


(105) 


When  a particle  hits  the  wall  the  only  energy  lost  from  the  problem  is 
its  kinetic  energy.  This  is  because  the  image  charge  and  image  current 
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ceincel  the  field  of  the  particle  as  it  nears  tb'  vail.  We  denote  this 
energy  by 


2 ^loss 


'loss 


®0  ^0  v=1 


I 


(106) 


vhere  is  the  number  of  particles  lost,  fherefore  the  quantity 


■‘loss 


+ T, 


(107) 


must  'be  constant  throughout  the  calculation,  d is  the  energy  dis- 
sipated in  the  resistors  up  to  time  n. 

V.  APPLICATION 

Our  aim  in  constructing  this  model  vas  to  make  it  into  a flexible 
experimental  tool.  We  have  made  provision for'varying  a large  number 
of  parameters.  A large  ninn'ber  of  graphs  are  also  provided.  At  present, 
ve  can  •vary  the  injection  current,  the  pulse  length,  the  number  of 
pulses,  and  the  number  of  particles  used.  The  resistance  and  the  posi- 
tion of  the  resistors  are  ■variable;  a minor  modification  vill  enable 
us  to  -vary  their  configuration  as  veil.  The  applied  magnetic  field 
can  'be  evalua-ted  in  tvo  distinct  ■vays,  through  the  use  of  one  of  tvo 
analytical  models  or  from  a computer  program  called  COILS,  vhich  cal- 
culates the  field  at  any  desired  point  in  space  due  to  a set  of  colls 
vhose  cen'ters  are  on  the  sixls.  In  addition,  ve  can  include  an  arbi- 
trary toroidal  field,  as  shnvn  in  section  II  D.  The  neutralization 
rate  and  the  plasma  pressure  profile  are  also  quite  arbitrary,  as  seen 
fron  sections  III  C and  III  E.  All  the  above  ■variables  can,  vlth  a 
minor  modification,  be  made  time  dependent. 

The  graphs  fall  into  tvo  distinct  groups.  One  group  describes 
the  state  of  the  system  at  a given  time.  This  group  includes  tvo- 
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I 


I 


i 

1 


lAiase  space  plots  R vs  and  Z vs  u^,  a graidi  showing  the  positions 
of  all  the  particles,  at  a given  tine,  in  real  space,  and  the  current  in 
the  resistois  at  a given  time.  Three  magnetic  field  plots  are  given. 

The  first  is  a plot  of  vs  Z at  two  radial  positions,  the  second  is 
a plot  vs  R at  three  axial  positions,  and  the  third  is  a contour 
plot  of  B.  We  also  include  a plot  of  the  axial  distribution  of  the 
particles.  The  other  group  describes  the  time  evolution  of  a number 
of  system  parameters.  This  group  includes  a plot  of  the  kinetic  energy 
vs  time,  a plot  of  the  elect rcaagnetic  energy  vs  time,  end  a plot  of 
the  e.iorgy  lost  to  the  resistors  vs  time. 
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Computation  of  Plasma  Equilibria 
in  Three  Dimensions* 


David  V.  Andersont  and  John  Killeen 
Lawrence  Radiation  Laboratory 
Univertity  of  California 
Livermore,  California 

ABSmCT 

FlasmEt  equilibria  corresponding  to  cases  of  finite  p have  been 
computed  for  various  containment  schemes  which  share  the  common  feature 
of  effective  two-dimensional  symmetry.  We  present  a code  which  will 
solve  the  general  nonsymmetrlc  three-dimensional  equations  for  equi- 
libria. We  restrict  our  model  by  assuming  open  *'leld  lines  but  note 
that  the  case  for  closed  field  lines  co\jld  be  solved  by  a similar 
numerical  method  differing  only  in  details.  The  hydronagnetlc  equili- 
brium equation  for  tensor  pressure  is  reduced  to  one  scalar  elliptic 
equation.  An  Implicit  Iterative  algorithm  is  used  to  solve  the  finite 
difference  form  of  the  equation.  The  number  of  grid  points  is  minimized 
by  exploiting  the  many-fold  symmetries  found  In  most  stabilized  mirror 
confinement  schemes.  Results  for  an  / = 2 stabilized  mirror  device  are 
presented.  Application  Is  Intended  to  be  extended  ti  the  ALICF  and  2-X 
devices. 


*Work  performed  under  the  auspices  of  the  United  States 
Atomic  Energy  Conmlsslon. 

^Fh.O.  candidate,  Department  of  Applied  Sclerce,  University 
of  California,  Davis /Livermore . 
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Two-dimensional  models  for  plasma  equilibria  have  been  used  to 

cranpute  the  equilibrium  fields  lor  various  containment  schemes  Includ- 

12  3 k 

Ing  Astron,  Levltron,  Tokcmiak,  and  the  stuffed  cusp.  Several  con- 
tainment schemes,  Including  the  stabilised  mirror  devices,  do  not 
possess  an  Ignorable  coordinate,  allowing  a reduction  of  the  equilibrium 
equations  to  two  dimensions.  A code  has  been  developed  to  handle  the 
general  case  for  open  containment  where  confinement  is  achieved  by  the 
mirror  effect.  We  note  that  the  equilibrium  equations  for  closed  con- 
finement Is  a vector  equation  but  we  comment  ttat  the  same  algorithm 
described  here  could  be  directly  generalized  to  that  case. 


II.  THE  EQUILIBRIUM  EQUATIONS 

For  open  containment,  equilibrium  requires  a tensor  pressure  of 
the  form 


F - 


Pl(B)l 


3B  . 


(0 


The  object  of  tie  computational  protu’ani  is  to  us**  piessine  profiles 
P||(p)  and  F^(p)  vhfch  obey  the  stsbljltv  conditions  of  Taylor  and 
nestle^ 


dE 


0 


(2) 


and  construct  equilibria  from  .hese.  If  we  take  the  equations  of 
hydromagnetic  equilibrium 
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J X B " V-P 

V X B = J 

V • B = 0 

and  assvune  the  functloneil  dependence  for  the  pressure  ccxnponents 


- Pj^(B), 


P|l  - P„(B). 


!Ifaen  the  equlUhrlum  equations  reduce  to 
B X V X (vB)  = 0 

V X vB  = kB  for  sanie  scalar  k 


or 


where 


P|i  - ?. 


- 1. 


(3) 

(5) 


(6) 


(7) 


(3) 


Froin  Eq.  (7)  ve  obtain  the  ciu’rent 


j , X B 


and 


V*(V  X vB)  = V.kB  = B-Vk  = 0. 


(9) 


Since  each  field  llna  leaves  the  plasma  boundary,  the  current  along 
that  line  must  vanish  at  the  boundary.  That  is,  k = 0 at  the  boundary. 
The  condition  B*Vk  = 0 insures  that  k = 0 inside  the  plasma  also,  irom 
Eq.  (7)  we  obtain  the  eqiation 


(V  X vb)  = 0. 


(10) 


We  define  a potential  iy 


VB  = 


(11) 
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so  then  (V«vB)  » v cp  « The  scedar  eqi»tlon 

= i V<p.7v  (12) 

then  represents  the  equlllhrlum. 

The  decomposition  cp  = <p^  + <Pp  Is  msde  In  which  cp^ 
trlhutlon  of  the  vacuum  field  which  Is  given  and  where 
potential  function  giving  the  plasma  fields.  Then  for 

®c  ° ■ ^c'  '’c  “ ■ 

So  the  eqmtlon  to  he  solved  Is 

V^tPp  = i [w.(^p  - B^)]  (14) 

which  Is  readily  seen  to  be  an  elliptic  partial  differential  equation. 
Dlrlchlet-type  boundary  conditions  are  specified  with  (p^  = 0 on  a sur- 
face far  from  the  plasma  region,  that  Is,  at  some  finite  but  large 
distance  from  the  plasma  center  we  neglect  the  fields  produced  by  the 
plasma. 

When  Eq.  (l4)  is  solved  In  two  dimensions  an  algorithm  known  as 
the  alternating  direction  Implicit  (ADI)^  aethod  Is  used  to  obtain  the 
solution.  For  three  dimensions  the  ABI  scheme  can  produce  numerical 
Instabilities  and  a generalization  of  It  Is  used  which  is  better 

7 

behaved.  Instead  we  use  an  algorithm  developed  by  Douglas  and  Gunn' 
(DG)  to  solve  Eq.  (l4). 

Before  the  DG  algorithm  can  be  used  we  convert  Eq.  (l4)  to  a 
parabolic  equation  In  which  the  time  variable  plays  the  role  of  Itera- 
tion parsuneter.  So  lns'"ead  of  solving  (l4)  we  solve  the  equation 


denotes  the  con- 
q)p  is  the  unknown 
a vacuum 

(13) 
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_2  1 

at 


(15) 


and  look  for  tbe  steady  state  solutions  vhich  then  satisfy  Eq*  (l^) 
also. 

Although  t Is  really  an  Iteration  paraineter,  it  is  sometines  use- 
ful to  identify  it  as  the  tine  and  consider  p(StPp/&t)  as  sooe  sort  of 
dissipati’.'e  term  which  allows  the  initial  non-equilihriun  plasma  to 
relax  into  an  equilihriun  state.  The  solution  of  Eq.  (l^)  is  initiated 

hy  choosing  a trial  set  of  Iterates  and  applying  tha  algorithm  to 
2 

generate  a second  set  We  continue  iterating  forward  until  the 

difference  p((p”  - <p”'^)  is  acceptably  small,  thus  assuring  us  of  a 
steady-state  solution  which  also  solves  (1^). 

111.  DIFFERENCE  EQUATIONS  AND  THEIR  SOLUTION 
For  any  orthogonal  geometry  the  finite  difference  form  of  the  eoul- 
llbrlum  equations  can  be  reduced  to  one  scalar  equation  of  the  form 


A'Pl-1  + + ECPJ^.^  + + 0q>  = g. 


(16) 


Here  we  have  suppressed  all  the  non-varied  subscripts,  l.e.,  A = 

•Pj  1 ' •P^  ’ < if  indices  give  the  spatial  loca- 

tlon  in  terrs  of  tne  orthogonal  coordinates  Xj^,  Xg,  and  Xj  co  = 
<p[(5fi)ii  (*2^J»  * restriction  on  Eq.  (l6)  is  that  it  represents 

an  elliptic  partial  differential  equation.  The  coefficient  0 can  be 
decomposed  into  the  form 


0 = 0i  + Gg  + Gj 


(17) 


where  each  successive  term  Involves  the  1,  J,  ' operators  respectively . 
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We  then  define  the  generalized  difference  operators  ^ ^ , and 

*1  *2 

A ^ ly 
3 

+ G^<P 

(P  = C(Pj.^  + + G2<P  (18) 


A^^cp  = E<p^.^  + + G3<p. 

The  difference  equation  corresponding  to  Eq.  (ll^)  Is 


( A^  + A„  + A„  )<P  = g-  (19) 

1 2 3 

Taking  the  finite  difference  form  of  Eq.  (15)  we  get  the  parabolic 
difference  equations 


( A,  + A +A  )<P  = g + ?(«? 
1 *2  ^3 


n+1 


T ) 


(20) 


which  we  solve  by  the  DG  method.  The  superscript  n or  n+1  Is  Inten- 
tionally deleted  from  the  LHS  and  It  Is  the  DG  algorithm  which  specifies 
the  exact  mixture  of  «p”^^  and  qj^  to  be  used.  Three  equations  result  In 

the  DG  method.  The  first  equation  treats  the  A operator  Implicitly 

1 

and  the  other  tvo  equations  treat  A and  A Implicitly.  The  aquations 

*2  *3 

are 


iA  (ip"+^  + <p")  + A +A  «P"  = g + 2(9""^^  - cp") 


2 X 


(21a) 


1 *2  3 

1a  /«“+1  . , 1a  /-,n+2  n-y  . n /„n+2  nv 

jA^  (<p  + <P  ) + (qj  + q)  ) + A..  tP  = g + p(<P  - tp  ) (21b) 


3 


1 A /«n+l  , n»  1,  /^n+2  n.  1,  /„n+5  n^ 

- A^  (q)  + <p  ) + jA^  (q>  + <P  ) + g A^  (cp  + q>  ) 

12  3 
= g + p(qj“'^^  - qi") 


(21c) 
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A more  useful  set  is  obtained  by  subtracting  Eq.  (21b)  from  Eq. 

(21a)  and  Eq<  (21c)  froa  Eq.  (21b)^  so  the  set  is 

+ <P“)  +^X2'P“  = 8 + P(<P“'^^  - <P“)  (22a) 

iAx^(<p"'^  - (p“)  = p(4«’’'^  - (22b) 

- 'P")  = - "P”)-  (22c) 

Given  Cp*'  ve  solve  Eq.  (22a)  for  Cp*^^^  and  uje  it  sequentially  to 
obtain  tp”’*^  and  tp”^^  from  Eqs.  (22b)  and  (22c).  We  then  set  (p”"*^^  -♦  (p*' 
and  repeat  until  the  iterative  process  converges.  We  check  convergence 
by  computing  the  residual  error  |<p”^^  - (p'^j  sumned  over  the  grid  space. 

Each  of  the  equations  (22a),  (22b),  and  (22c)  are  now  one-dimen- 
sional two-point  boundary  value  problems  respectively  in  thcX]^>  Xg  a.a<i 
X 3 coordinates  and  each  is  solved  by  the  double  sweep  algorithm.  For 
example,  we  give  the  algorithm  for  Eq.  (22a).  Since  cp""^^  is  the  unknown 
in  this  equation  we  write  it  as 

cp“'^^  - 2Pcp“'^^  = 2g  - - e(A^^  + h^^)cp“  . pcp" 

= Scp"  (25) 

where  Sep*'  is  shwirthand  for  the  right  side  which  is  a known  function. 

V.e  now  expand  the  A to  obtain 

Aep”;;^  + Bp“;|J  + - 2pcp"''^  = Scp".  (24) 

Let  cp“*];  = 'i.i'P^^  + (25) 

and  substitute  this  into  Eq.  (24).  One  obtains 
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(Ae  + Gj^  - 2p) 


^i+1  * 


■Af,.,.S<p“ 

(26) 

ap“  - A . , 

1-1 

(2-r) 

f .1  . Oj  - 2P) 

which  is  of  the  same  font  as  Eqi*  (25)>  bo  ve  get 


e (HO) 

(A  + Oj^  - 2p) 

S<p“  - Af  , 

f = . (29) 

(A«  1.1  + G].  - 2P) 

Equations  (25),  (28),  and  (29)  give  us  the  machinery  to  solve  Eq.  (23). 
The  boundary  condition  at  i = 1 is  used  to  give  and  Ey  sweep- 

ing to  the  right  using  Eqs.  (28)  and  (29)  ve  generate  the  entire 
sequence  of  e's  and  f 's.  The  upper  boundary  condition  is  used  to 
determine  <p_  . Then  Eq.  (25)  is  used  in  a sweep  to  ti«  left  to 

obtain  the  solution  qt'*'*’'*'  at  each  grid  point.  Hence  the  name  double 
sweep  is  used  to  describe  the  process.  This  equation  is  solved  for 
each  i line  specified  by  a J,  k pair  of  indices  excevt  for  those  J,  k 
pairs  lying  on  the  boundary  surface.  Equations  (22b)  and  (22c)  are 
solved  in  a similar  manner.  After  each  full  iteration  cycle  (gener- 
ating a from  a q>”)  ve  must  also  change  the  coefficients  A,  B,  C, 

D,  E,  and  F which  are,  in  general,  functions  uf  q>.  The  function  g 
must  also  be  recomputed.  These  dependencer  on  <p  make  the  equations  non- 
linear. 

If  the  equations  were  linear  then  ths  DO  algorithm  is  imcondltlon- 
ally  stable  in  the  numerical  sense.  Introduction  of  the  nonlinearities 
may  lead  to  cases  in  which  stable  convergence  requires  the  convergence 
constant  p to  exceed  soiae  critical  value.  In  practice,  where  the  non- 
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lloearltles  are  not  too  pathological,  one  usually  obtains  stable  eon* 
vergenco  to  a solution. 

Ibe  unlq;ueness  property  of  solutions  Is  often  lost  In  the  nonlinear 
case.  E(iuatlons  frequently  have  no  solution  or  multiple  solutions,  and 
the  algorithms  are  often  Incapable  of  finding  all  the  solutions  vhen 
more  than  one  exists. 

IV.  ssou;  sn^siLizED  kirrcx;  mcHZKE  equiluru 

To  a simple  mirror  field  ve  have  added  the  field  Bj  produced  by 
four  Ioffe  bars.  Figure  1 shove  the  configuration.  For  B ve  use  the 

•tt 

analytical  form  appropriate  to  cylindrical  coordinates 


®m  ” sin 

Bjii  - 2Aj^  + XAglgCVR)  cos  \z 


Similarly  ve  compute  the  components  B-  , B_ 

the  Ioffe  bars.  The  total  vacuus  field  Is  then 
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?c  “ i * ?I* 


(31) 


Tbe  paraiaeters  are  adjusted  so  is  a ninlimiB  B field.  In 
cylindrical  coordinates  Eq.  (l4)  is 

i + i_  ifi.  ♦ ifi  . L r IJi  (lA.  _ B ) + 

■■  S'-  .s  s«s  ‘ S' ‘s-- 

7n<fh- •n'M- > <ss) 

We  let  the  indices  i,  J,  and  k now  stand  for  the  variables 
r,  e,  and  z respectively.  If  we  now  write  all  the  derivatives 
of  i In  their  second  order  difference  lb  ra  we  obtain  Eq.  (l6) 
with  the  following  definitions  £>  r the  coefficients 

. _ ^'^l-l*'^!^ . /I  1 /-X 

i Jk  ■*'i-l^^*’i"*‘i-l  V 3r  i Jk  ^ 


ijk  " 3r>ijk 


(b) 


Jk 


J+l“®  J-1^ 


(c) 


(33) 


^ r^^  J»l"®  J-l’^®J*l"®  J^ 


vr 


_ 

2 Jk 


(d) 


_ 2 . /I  ?v \ 

Kr  o-  • Tz :: m — r r ♦ \t: 


‘ijt  * ( Vl‘*k.l’^V\.l^  ^ 3*^i> 


(e) 


^Jk  ■ (Vl-‘k-l’^Vl-‘I^  ■ ^Vl-*k-l^ 
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Jk 





(h) 


’i  jk 


-2  [ 


(i) 


«i.k 

These  coefficients  have  been  defined  for  a mesh  with  variable 

spacing.  If  we  are  to  have  a fine  mesh  in  the  plasma  region 

it  is  useful  to  use  the  variable  mesh  which  aU  ows  us  to  have 

a sparse  array  of  grid  points  in  the  exterior  region. 

The  various  components  o f the  equilibria  fid.  ds  are 

assumed  to  have  the  same  symmetries  as  the  vacuum  fiel  ds 

produced  by  the  coils.  If  the  I^ffe  bars  are  located  at 

e - 0,  ti/2,  ,i.  ;-x/2  respecUvely  then  the  symmetries  involved 
give 

’ ° (a) 

(34) 


Bj.{  r« 


Bg(  e*-ir/k  ) » 0;  Bg{e-7T/!»)  a o 


(t) 


- V, 

These  suggest  that  one  may  study  a reduced  domain  bounded 
In  the  following  manner 

° ^ (a) 

(35) 

-w/1  < 6 < ff/1, 

It  is  evident  thatEq.  (35c)  gives  a four-fbld  reduction 
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of  the  volume  to  be  studied,  lb  have  a veil-posed  problem  ve 
need  tvo  more  conditions.  We  assume  that  the  distortion  of 
the  original  vacuum  field  by  the  plasma  is  negligible  at  the 
outer  boundaries.  These  conditions  with  those  given  in  Eq.  (3U) 
give  us  the  following  boundary  conditions  on  the  po  tential 
function  ^ (see  Eq.  ( U ) ) . 

^(r«r  ) * 0 » 1^  (r=»0) 

n&x  dr 

M (e.n/4)  = 0 - II  (0--1T/J*  (36) 


4(  a«  z ) “ 0 
^ max 


4(  z=-  z ) 
max 


Eqn.  (lU)  with  Eq.  (36)  comprises  a well  posed  partial  differ- 
ential system  which  we  solve  by  the  DC  algorithm. 

The  physical  mod«i  used  for  the  pressure  profile  is 
needed  to  compute  v(6)  at  each  step  in  the  iteration.  This  is 
obtained  from  Eq.  (8)  once  we  know  r^(B)  and  Pj^j^(B).  We  use 
the  pressure  tensor  of  Taylor  given  by 


* CB(Bg-B)® 


^ « CeB^(Bq-B)“"^ 


If  B < Bp  and  in  the  interior  region 

(37) 


11 


‘JL 


0 otherwise. 


and 


In  this  case  the  stability  conditions  Eq.  (2)  reduce  to 
B - C((l+m)B  - B ](B  -B)®"“  > 0 

O 0 

(36) 

1 ♦ me  [2B  - C(l+m)B)(B  -B)®"^  > 0 


To  demonstrate  that  the  above  methods  work  we  have  made 
a preliminary  setof  runs  and  computed  the  equilibria  of  an 
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Fig.  2.  |Bi  contours  with  Pj^,  Pjj,  and  j specified. 
In  the  1st  and  3rd  quadrants  the  pear  shaped  profile  is  "top- 
heavy"  as  here.  In  the  2nd  and  4th  quadrants  the  profiles 
are  inverted.  At  • = 0,  s/2,  s,  3s/2  the  profiles  are  sym- 
n.etric.  They  are  also  invariant  with  respect  to  a rotation 
of  4#  = s. 
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m*4  type  plasma  for  various  values  of  C.  In  every  case  the 
Has  tie-Taylor  Stability  criteria,  Eq.  (38),  are  satisfied. 

The  results  are  veakly  dependent  on  6 so  we  present  them 
for  a typical  angle  0 * 7t/8  and  show  the  variations  due  to  r 
and  z in  the  contour  plots  below.  Fig.  2 shows  the  contours  for 
B and  hence  for  ^ and  . 

The  Intended  goal  is  to  study  the  equilibria  of  the  ALICE 
and  2-X  devices  utilizing  a similar  program.  In  the  preliminary 
runs  a very  coarse  grid  was  employed  (11  x 11  x 11)  in  (r,  6,  z)  . 
A much  more  refined  grid  will  be  used  for  the  ALICE  and  2-X 
s tudles . 
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Tensor-Pressure  Fluid  Simulation  of  an  MHD  Plasma 


E.  Bowers  and  N.  Winsor 
Plasma  Physics  Laboratory 
Princeton  University 
Princeton,  New  Jersey 

ABSTRACT 

A one-fluid  model  of  a low-pressure  plasma  in  a 
toroidal  geometry  is  presented.  For  laboratory  parameters, 
it  demonstrates  the  existence  of  shock  structure  in  the  pres- 
ence of  resistivity  and  viscosity  leading  to  containment 
times  of  the  order  of  milliseconds.  The  model  computes  the 
time  evolution  on  a two-dimensional  mesh  of  the  plasma 
density,  potential,  and  three  velocity  and  current  components. 
The  momentum  equation  includes  the  effects  of  bulk  viscosity 
and  gyroviscous  stress.  The  generalized  Ohm's  law  contains 
the  resistive.  Hall,  and  electron  pressure  terms.  The  time 
step  can  be  taken  large  enough  (of  order  1 (Xsec  for  the 
stellarator  case)  for  simulations  comparable  to  a complete 
laboratory  experiment  to  be  performed  in  a reasonable  amount 
of  computer  time  (about  20  minuter«  of  360/91  time).  Mathe- 
matically, the  equations  are  in  integro-differential  form.  We 
present  a linear  stability  criterion  for  our  sum -difference 
formulations  of  these  equations.  Acoustic,  geodesic  acoustic, 
drift,  and  convective  modes  severely  constrain  the  choice  of 
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difference  formulations.  We  have  used  both  the  Courant- 
Isaacson-Rees  and  the  Lsix-Wendroff  schemes  for  the  convec- 
tive term  in  the  momentum  equation.  We  found  that  the 
Courant -Isaacson -Rees  scheme  introduced  a numerical 
viscosity  which  was  unacceptably  large  in  the  presence  of  the 
resistive  rotational  instability.  On  the  other  hand,  the  Lax- 
Wendroff  scheme  may  couple  surfaces  more  strongly  when 
large -amplitude  modes  or  dissimilar  shock  structures  are 
present  on  adjacent  surfaces. 

1.  INTRODUCTION 

Encouraging  experimental  results  have  recently  been  obtained  from  the 
study  of  tokamak  devices.  Since  the  plasma  loss  from  these  toroidal 
machines  is  on  a classical  time  scale,  rather  than  the  shorter  Bohm  time 
scale,  it  becomes  necessary  in  computer  simulation  to  run  for  times 
comparable  with  classical  diffusion.  Clearly  this  puts  emphasis  on  a fluid 
description  of  plasma  which  has  averaged  out  velocity  space  instabilities, 
enabling  time  steps  to  be  taken  orders  of  magnitude  larger  than  the  plasma 
period.  The  program  reported  here  is  an  extension  of  a previous  code.^ 
There  the  behavior  of  a resistive  toroidal  plasma  in  a static  magnetic  field 
was  considered.  The  effects  of  rotational  transform,  plasma  inertia  and 
pressure  gradients  along  the  lines  of  force  were  included.  We  now  take 
into  account  the  effects  of  the  Hall  terms  in  Ohm's  law,  together  with  finite 
ion  Larmor  radius  (FLR)  and  viscous  terms  in  the  pressure  tensor. 

A critical  feature  of  the  code  is  the  differencing  of  the  momentum 

equation  parallel  to  the  magnetic  Beld.  Initially,  the  method  of  Courant, 
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Isaacson,  and  Rees  was  used.  With  the  drift  terms,  numerical  viscosity 

introduced  by  this  scheme  became  unacceptably  large  in  the  presence  of 

I'otation,  causing  the  plasma  to  settle  down  to  a numerical  steady  state 

rathe'*  than  a physical  equilibrium.  In  its  place  the  Lax-Wendroff  two-step 

calculation^  was  employed.  This  two-step  procedure  has  been  used  to  great 

4 

advantage  elsewhere  in  plasma  physics,  in  particular  by  Potter  in  simula- 
tion of  the  dense  Plasrr:a  Focus  experiment.  Since  the  errors  in  treating 
the  convective  terms  are  now  of  higher  order,  they  no  longer  mask  the 
diffusion  processes  and  the  rotation  velocity  increases  until,  for  certain 
parameters,  a shock  forms. 

The  main  computational  results  of  this  code  can  be  summarized  as 
follows ; 

In  the  absence  of  rotation,  the  plasma  is  in  an  unstable  equilibrium. 

At  this  stage  the  flux  out  of  the  system  has  the  classical  Pfirsch-Schltiter 

5 

value.  In  a short  time  a positive  potential  builds  up  on  the  inside  of  the 
plasma,  leading  to  rotation  about  the  minor  axis.  For  small  values  of  the 
rotational  transform,  the  effect  of  viscosity  is  decreased  and  the  rotation 
reaches  a critical  speed,  first  pointed  out  by  Stringer,  ^ leading  to  the 
formation  of  a shock.  At  this  stage  the  flux  out  of  the  system  is  an  order 
of  magnitude  larger  than  the  Pfirsch-SchlUter  value.  For  larger  rotational 
transform,  the  effective  viscosity  coefficient  is  increased  and  the  rotation 
reaches  an  equilibrium  without  shock  formation.  The  classical  flux  value 
i'  rhen  enhanced  by  a factor  of  order  3. 

In  the  next  section  the  fluid  equations  are  presented.  Section  II'!  shows 
the  differencing  of  the  equations.  The  final  section  presents  the  computa- 
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tional  results,  while  the  Appendix  deals  with  the  numerical  stability  of  the 
model. 


U.  FLUID  EQUATIONS 


We  use  an  isothermal  one -fluid  plasma  model  with  an  externally  imposed 
static  magnetic  field.  In  Gaussian  units,  the  fluid  equations  are; 


/8v 


'OV  \ 


V X B 


E + 


2X  B 

+ V*P  - ^ = 0 


^ o 1 / j.  ^ ® \ 

= « (“7^  - 


1^  + V *(nv)  = 0 


Maxwell's  equations  take  the  simple  form; 


(1) 


(2) 


(3) 


r X E = 0 


(4) 


V-i  = 0 
V *B  = 0 


(5) 

(6) 


The  coordinate  system  used  is  depicted  in  Fig.  1 with  the  magnetic  field 
satisfying  Eq.  (6)  identicallv.  Equation  (5)  has  already  restricted  considera- 
tion to  low  frequency  with  the  assumption  of  charge  neutrality.  Equation  (4) 
embodies  the  static  magnetic  field  assumption,  and  is  satisfied  identically 
by 


E = -V  ♦ 


(7) 


Following  Simon  and  Thompson,  the  pressure  tensor  with  FLR 
corrections  can  be  expressed  in  the  form; 
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Fig.  1.  The  toroidal  coordinate  system. 


P =/P-^(ee  + ee  ):Vv 

rr  Lt  20  ~s“-r  ~r~8  ~ 

P =/P+?^(««  +ee  );Vv 
ss  Lj  20  *“8~r  ~r~s  ~ 


P =P  = T7;(ee  -ee):Vv 
rs  sr  20  ~r~r  —s— ’s  — 


P = P 
rb  br 


b~s' 


P =P  = -(e  e +e  e):Vv 
bs  sb  0 ~r— b — b— r — 

Here,  e , e ■ e,  describe  a right-handed  orthogonal  coordinate  system, 

«MJ> 

with  and  e ^ defining  the  radial  and  poloidal  directions  lying  in  the  plane 
perpendicular  to  the  direction,  e^,  oi  the  magnetic  field.  Only  the  ion 
Larmor  radius  is  assumed  finite,  so  that  the  hydrostatic  pressure  refers 
to  the  ions  unless  a summation  sign  appears.  These  corrections  also 
assume  that  parallel  and  perpendicular  pressures  are  equal,  which  is  rea- 
sonable for  the  collisional  plasmas  under  consideration.  The  main  effect 
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of  the  FLR  corrections  occurs  in  the  parallel  momentum  equation,  where 
the  inertial  term  v VV||  is  replaced  by  (v  -yj)"VV||,  being  the  ion  diamag- 
netic velocity  (e^  X Vp)/pQ, 

For  the  parameters  of  interest  the  coefficient  of  parallel  viscosity  far 

g 

exceeds  that  of  perpendicular  viscosity,  and  from  Braginskii  the  most 

2 2 2 2 

important  effect  is  the  addition  of  (f  /r  )(8  V|| /9fl  ),  where  f=  tr/ZITR, 

to  the  right-hand  side  of  the  parallel  component  of  Eq.  (1).  Examination  of 
this  term  shows  that  small  values  of  rotational  transform,  I,  greatly  reduce 
the  effect  of  parallel  viscosity.  For  experimental  parameters,  however, 
it  is  still  the  dominant  viscous  term.  The  differential  equation  used  to 
advance  the  parallel  momentum  is  given  at  the  end  of  the  Appendix,  The 
Lax-Wendroff  procedure  requires  equations  in  conservation  form.  Thus, 
where  possible,  the  FLR  and  inertia  terms  have  been  cast  in  derivative  form. 
The  remaining  nonconservative  terms  are  small  for  the  physical  parameters 
of  interest. 

The  parallel  component  of  Ohm's  law,  Eq.  (2),  can  be  expressed  in  the 
form 

” ^ II 0 “ ^ j II  > (®) 

where 


0 = « 

Taking  the  cross  product  with 
velocity 


KT 


In  n 


I?  the  same  equation  yields  the  perpendicular 


v-Vvj 

i_V.r+5JST^l  . 

en  = en  J 
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Here,  Eq.  (1)  has  been  utilized  to  substitute  for  the  perpendicular  current, 
and  the  pressure  tensor  has  b'jen  expressed  as 


KT  I + T 


In  similar  fashion,  the  vector  product  of  Eq.  (1)  yields  the  perpendicular 
current 


i-i  = B ® b "“I 


^+fe-V)vj| 


(10) 


The  parallel  component  of  Eq.  (1)  (with  the  rearrangement  given  in  the 
Appendix)  and  Eq.  (3)  serves  to  advance  parallel  momentum  and  density  in 
time.  Both  of  these  equations  use  the  Lax>Wendroff  two>step  procedure. 
Equation  (^0)  gives  the  perpendicular  current,  which  leads  through  Eq.  (5) 
to  the  parallel  current.  Integration  of  Eq.  (8)  determines  the  potential  up 
to  an  arbitrary  constant.  This  constant  is  obtained  from  the  condition  that 
no  charge  accumulate  on  a magnetic  surface. 


j*  2-Vr  dS/|Vr  | = 0 


as  explained  in  Ref.  1.  Armed  with  the  potential,  Eq.  (9)  yields  the  perpen* 
dicular  velocity. 


m.  DIFFERENCE  EQUATIONS 

2 1 

An  r , 6 mesh  is  used,  dividing  up  a cross  section  of  the  torus  into 
equal  area  cells.  Velocity  and  density  are  evaluated  at  the  same  space - 
time  points,  but  since  most  of  the  current  arises  through  the  gradient  of 
density,  it  is  displaced  a half  step  in  6 from  the  density. 
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2.  The  JUx-Wendroff  mesh. 

To  illustrate  the  Lax-Wendro£f  procedure,  we  consider  the  differencing 
of  the  density  conservation  equation.  Figure  2 shows  the  Lax-Wendroff 
lattice  with  auxiliary  and  main  values  on  alternate  mesh  points  marked  by 

m order  to  compute  density  at  the  center 

circle  A at  time  t + 1.  fluxes  are  required  at  the  four  auxiliary  points  1.2. 

3,4  at  time  t + 1/2.  The  calculation  of  the  auxiUary  density  at  3 takes 
the  form 


n '^^(3)  = [n*(A)  + n*(B)  + n*(C)  + n*(D)]/4 

At  p(rNnv^)  (B)  - (rNnv^)*  (D) 

2N  L ~2 

A r 


+ 


[Nn(v^  + fv^)f(C)  - (Nn  (v^  + f v^)f  (a) 
r hA^ 
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The  main  density  is  then  obtained  by 


n (A)  = n (A)  - I 


(rNnv^)‘^‘/^(2)  - (rNnv^)*^^/^(4) 


fNn(v^  + - lNn(v^  + fv^)‘+^/^(l)-| 

___  j 


s,  N = 1 - r/R  cos  6 and  = 1 + f^. 


where  R is  the  major  radius.  The 


merits  of  this  procedure  have  been  thoroughly  discussed  e.g. , Richtmyer 
9 

and  Morton.  One  point  of  interest,  however,  arises  in  the  behavior  ol  the 
electron  drift  wave.  The  equation  for  this  wave  is 


where 


3n  d 8n  . 

8t  r 88  “ ® * 


V*  - 8n 

d ” * |e  |nB  dr 


Its  difference  formulation  is  [taking  the  limit  K of  £iq.  (A4)  of  the 


Thus,  perturbations  with  different  phases  or  frequencies  on  neighboring 
surfaces  can  be  expected  to  interact.  Since  the  electron  drift  wave  depends 
on  the  local  density  gradient, the  frequency  changes  with  radius,  and  in 
numerical  studies  of  this  mode  the  amplitude  on  one  surface  was  found  to 
grow  at  the  expense  of  the  amplitude  on  the  neighboring  surfaces.  This  did 
not  occur  with  acoustic  modes,  where  the  frequency  is  almost  independent 
of  radius.  Clearly  tliis  exchange  of  energy  will  decrease  with  the  radial 
mesh  size,  and  in  practice  the  number  of  radial  points  used  was  sufficient 
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to  keep  the  effect  small, 

Fitture  3 shows  a flow  chart  for  the  program,  with  crosses  marking 
aixiliary  quantities.  The  first  calculations  in  the  time  loop  are  the  evalua- 
tion of  auxiliary  density  and  parallel  momentum,  both  of  these  equations 
being  the  first  step  in  the  Lax-Wendroff  scheme.  Next  comes  the  evaluation 
of  the  perpendicular  current,  using  £q.  (10).  Here  the  density  gradient 
contribution  is  properly  centered  in  space  and  time;  however,  the  inertial 
and  FLR  terms  must  use  the  perpendicular  velocity  at  a previous  time.  In 
doing  this  it  is  assumed  that  these  terms  are  small.  In  practice  this  sets 
an  upper  limit  on  the  radial  density  gradient  that  can  be  considered,  since 
for  very  large  density  gradients  the  diamagnetic  contribution  to  v becomes 
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\ 

r 

r 

I 


sizable,  with  a resulting  large  inertia.  A discussion  of  the  density  profile 
used  is  given  in  the  next  section.  Integration  of  the  charge-conservation 
equation  determines  parallel  current  to  within  a surface  constant,  while 
integration  of  Eq.  (8)  over  the  surface  eliminates  0 and  yields  that  Oo  stant. 
Integration  of  Eq.  (8)  also  serves  to  determine  the  potential  up  to  e surface 
constant.  The  last  three  operations  are  detailed  in  Ref.  1.  The  constant 
part  of  the  potential  has  already  been  determined  in  the  previous  time  step, 
as  will  be  explained.  We  are  now  able  to  gain  the  perpendicular  velocity 
using  Eq.  (9).  Again  ue  note  that  the  inertial  terms  appearing  on  the  right- 
hand  side  of  thif  equation  are  the  only  ones  not  centered  ir  time,  having  to 
use  v^  from  a previous  time.  However,  for  large  magneti'';  fields  the 
coefficient  of  this  term  is  greatly  reduced. 

The  next  part  of  the  code  determines  the  calculation  of  the  main  density, 
curv'-Rts,  and  velocities.  The  parallel  viscosity  term  was  included 
implicitly  Ii.  .he  momentum  equation  in  the  following  way: 


t+1  t ^**11^*  t 

nv|,  (r.8.)  = nv„(r.e.)  + f'^,1  <*-iVl’ 

- 2v|^^r.e.)  + V|  (r.^.  )]+ 

II  i j II  i j-l 

The  second  term  in  the  bracket  can  then  be  taken  over  to  the  left-hand  side. 
This  method  of  treating  viscosity  was  found  to  enhance  the  numerical  sta- 
bility of  the  system,  allowing  one  to  take  larger  time  steps.  When  the 
effective  viscous  coefficient  is  small,  shock  structure  develops,  resulting  in 
steep  azimuthal  density  gradients.  Ir.  order  to  eliminate  the  spurious  short- 
wavelength  oscillations  that  occurred  in  the  presence  of  these  gradients,  a 
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smoothing  viscosity  of  the  form  suggested  by  Lapidus  was  applied.  For 
example,  in  one  dimension  a new  quantity  would  be  replaced  by  a corrected 
value 


where  6F{6^)  = 1^  e is  a small  number.  This  is  equivalent 

to  adding  a diffusion  term  with  a coefficient  that  becomes  effective  only  when 
a wavelength  becomes  of  order  or  less  than  the  mesh  size.  Following  on 
from  the  main  density  and  parallel  momentum,  the  currents  and  perpendicular 
velocities  are  calculated  in  a way  similar  to  the  calculations  of  the  auxiliary 
quantities,  with  the  addition  of  a loop  to  calculate  the  average  potential  on 
a magnetic  surface.  The  procedure  for  obtaining  ^ is  the  same  ts  that 
considered  in  Ref.  1.  Ihe  method  used  enablea  determination  of  9^0/8t8r 
on  the  main  mesh,  and  hence  ^ half  a time  step  ahead  on  the  auxiliary  mesh. 
This  value  of  0 is  correctly  centered  for  the  calculation  of  the  auxiliary 
velocity  in  the  next  time  step.  In  order  to  gain  0 on  the  main  inesh,  the 
quantity  3^0/3t8r  is  averaged  with  its  value  at  the  previous  time. 

The  boundary  conditions  assume  that  plasma  is  scraped  off  at  the  wall. 

As  a result,  the  velocity  there  is  put  to  zero  and  the  density  is  assumed 
small  and  independent  of  azimuth.  The  dominant  modes  occurring  in  this 
low-p  plasma  are  of  the  drift -acoustic  type  and  are  highly  localized  (i.e. , 
the  radial  wavelength  is  extremely  short  compa  *ed  with  the  scale  length  of 
density  variati^ms) , so  boundary  conditions  cannot  be  expected  to  influence 
the  interior  of  the  plasma  to  any  great  extent. 
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IV.  COMPUTATIONAL  RESULTS 

Analytically,  we  can  show^^  that  an  equilibrium  exists  when  there  is  no 
average  radial  electric  field  on  a magnetic  surface.  Using  an  expansion  in 
the  ratio  values  of  density  and  velocity  were  calculated  from  the 

equations  of  Sec.  Ill,  with  partial  time  derivatives  set  to  zero.  These 
values  were  used  as  initial  conditions.  Attempts  to  start  the  program  away 
from  this  equilibrium  resulted  in  large-scale  oscillations  which  masked  the 
long-term  behavior. 

The  initial  density  distribution  was  chosen  to  be  nearly  a "similarity 
solution"  for  the  irrotational  equilibrium,  with  a region  of  constant  density 
between  its  outer  boundary  and  the  wall.  The  "similarity  solution"  would 
resistively  decay  without  changing  its  shape,  if  its  outer  boundary  were 
held  fixed.  The  constant -density  region  insulates  the  diffusing  portion  of 
the  plasma  from  the  wall,  making  detailed  treatment  of  the  boundary  unnec- 
essary. Thus,  our  calculations  describe  an  expanding  plasma,  diffusing 
into  a low -density  exterior  region,  and  we  would  not,  for  example,  expect 
to  accurately  describe  effects  that  depend  on  the  characteristics  of  the  wall 
or  the  limiter. 

We  found  that  numerical  calculations  of  similarity  proiilc3  actually 
suggested  a tendency  toward  such  a low-densit;  "tail"  on  the  density  piofile 
for  lower  magnetic  fields;  e.g. , 5 X 10^  «auss  and  the  parameters  quoted 
in  the  next  paragraph.  In  this  irrotational  equilibriiun  the  flux  out  of  the 
system  scaled  classically,  even  with  the  drift  terms  present. 


631 


Bowers  and  Winsor 


I The  density  profile,  averaged  over  a magnetic  surface,  changes  much 

I 

I less  rapidly  than  the  azimuthal  variation.  Thus,  the  profile  can  be  considered 

! a persistent  feature  of  the  calculation.  Such  a similarity  profile  is  shown 

i 13  -3 

in  Fig.  4 for  the  parameters  n = 10  cm  of  hydrogen  at  equal  ion  and 

4 

electron  temperatures  of  25  eV,  a n\agnetic  field  of  10  gauss,  a 100-cm 
major  radius,  a 5-cm  minor  radius,  Spitzer  resistivity,  and  a uniform 
rotational  transform  t = 120"  . 

The  equilibrium  investigated  above  is  unstable  to  a rotational  mode,^ 
so  the  more  interesting  case,  physically,  is  the  one  in  which  rotation  is 
allowed  to  develop.  Figure  5 illustrates  two  oases  of  the  buildup  of  average 
E X B rotation  on  a surface  over  a period  of  250  psec.  The  velocity  is 
scaled  to  the  drift  velocity  c2KT/2eB^r^.  Curve  (a)  shows  the  average 
poloidal  velocity  on  a magnetic  surface  at  r = 4 cm  for  the  parameters  listed 
in  the  previous  paragraph.  By  the  end  of  the  run  the  rotation  has  reached 
its  maximum  and  the  time  derivative  of  the  average  potential  has  fallen  to 
a small  value.  An  important  feature  of  the  rotation  is  a shift  of  plasma 
density  towards  the  outside  of  the  torus,  resulting  in  an  enhancement  of 
order  3 over  the  Pfirsch-Schluter  flux.  For  t > 250  psec  the  rotation  speed 
decreases  very  slowly  as  the  density  is  lost  froni  the  surface,  indicating  the 
dependence  of  the  rotational  equilibrium  on  the  density  gradient. 

Curve  (b)  shows  the  development  of  rotation  for  the  same  dencity  and 
magnetic  field,  but  the  ion  and  electron  temperatures  are  15  eV,  the  uniform 
rotational  transform  is  90"  , and  the  magnetic  surface  is  at  r = 3.6  cm. 
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Comparison  of  the  two  curves  shows  that  rotation  builds  up  at  a faster  rate 

for  the  smaller  value  of  rotational  transform  (note  that  the  initial  rotation 

for  curve  (a)  is  nonzero  because  this  is  a continuation  of  a previous  run). 

In  both  cases  the  oscillations  that  occur  during  the  buildup  of  rotation  are 

damped  upon  reaching  maximum  rotation.  Their  frequency  corresponds  to 

the  geoilesic  acoustic  mode,^^  ti.odified  by  drift  terms. 

Stringer^  has  shown  that  in  the  absence  of  viscosity  a singularity  exists 

in  the  region  where  the  E X B drift  is  of  order  minus  the  electron  drift 

13 

velocity.  r,ee,  Ilazeltine,  and  Rosenbluth,  neglecting  the  drift  terms, 

showed  that  the  singularity  would  lead  to  shock  formation  at  the  critical  speed 
14, 15 

fv^.  later  theory  predicted  that  viscosity  w'ould  lead  to  a stable  rota- 
tional state.  These  results  are  based  on  an  ordering  that  breaks  down  with 
small  viscosity,  as  Fig.  6 demonstrates.  This  figure  shows  the  azimuthal 
variation  of  density  after  250  psec,  corresponding  to  the  parameters  of 
curve  (b)  in  Fig.  5.  The  6 = jr  position  is  the  outside  of  the  torus.  The 
density  variation  is  given  on  surfaces  out  to  and  including  r = 3.6  cm.  The 
plasma  has  formed  a shock  towards  the  inside  of  the  torus.  The  velocity 
on  the  inside  exceeds  the  average  velocity  plotted  in  curve  (b),  which  is  of 
order  minus  the  electron  drift  velocity,  in  agreement  with  Ref.  6,  The  flux  out 
of  the  system  is  now  an  order  of  niagnitude  larger  than  the  Ffir sch-Schliiter 
value,  and  corresponds  to  a particle  loss  time  of  the  order  of  milliseconds, 
i’he  equivalent  profile  corresponding  with  curve  (a)  of  Fig.  5 would  exhibit 

j'ssentially  a cosine  dependence  on  0,  in  accordance  with  Refs.  14  and  15.  We 

2 

conclude  that  when  the  effective  viscosity  coefficient,  (1||  f , is  small— in 
particular  for  small  rotational  transform— a shock  is  still  able  to  develop. 
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; Fig.  6.  Azimuthal  density  profile,  for  rotational  state,  L = 90*  . 
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APPENDIX 


Numerical  stability  of  the  main  modes  present  in  the  difference  equations 

will  now  be  demonstrated.  For  clarity  we  consider  limiting  cases  in  which 

9 

one  mode  dominates.  Following  Richtmyer  and  Morton,  small  perturba- 
tions are  assumed  and  the  equations  linearised. 

1.  Drift  and  Geodesic  Acoustic  Modes  Without  Average  Flow  on  a Magnetic 
Surface . 

Assuming  a main  mesh  2^r^  X 2a6  X 2At,  where,  in  Fig.  2,  2aS  is  the 
distance  between  points  A and  C,  the  significant  terms  in  the  auxiliary  density 
calculation  yield  (assuming  f s ir/2rR  s 0) 

n*‘‘‘\r,d)  - n*(r,S)  + -S^sine^^—  + 1^----^ 

t t 

+ -I)]'' 0 . (Al) 

where 


[n*(r+ l,S)  + n*(r  -l,0)+  n*  (r, 6 + 1)  + n* (r , 6 - l)]/4  . 

On  the  main  mesh, 

n**^(r,e)  -n*(r,6)+  sin 6 -|^ 

A*  ^ j t+1  1+1 

+ (r,e  + 1)  - TiUr.e  - D]  = 0 . 


(A2) 


The  change  conservation  condition  yields  the  average  potential  on  a magnetic 
surface. 


8r  " 8r  " ncRir 


— y n*(r,0.)  iind.A0  = 0 
Li  } J 


(A3) 
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Here,  is  the  thermal  velocity  (£KT/m)^^^  , and  the  summation  is 
taken  over  all  values  of  j,  representing  the  closed  integral  over  a jnagnetic 
surface.  If  we  now  let  R -*«  and  assume  8^/9r  = 0 in  these  equations,  and 
substitute  for  the  auxiliary  density  in  Eq.  (A2)  from  Eq.  (Al),  we  >btain 

{ [n*(r  + 1.  + 1)  - n^'ir  + 1,  6-1) 


n*'*‘^{r,6)  -nV.6)+  ^ ^ 


1^6 


+ n*(r,  6 + 2)  - n*(r,  6 - 2)  + n*(r  - 1,  6+1) 


- n*(r  - 1,  6 - l)]/4 


AtV 


[n*'(r,6+  2)  - 2n*’(r,6)  + n*(r,6  - 2)]}  =0 


2rA6 


(A4) 


Taking  an  average  over  surfaces  of  the  form 

n^(r  + 1,  6 + 1)  + n*(r  - 1,  5 + 1)  S 2n*(r,6  + 1)  . 

and  assuming  a variation  of  exp(im6),  we  obtain 
,e 


t+2  t f, 
n = n 1 - 


- 


iAtV^ 

;^(8in2mA8  + 2 sinmA6) 

trAo 

‘ cos2mA0)| 


\ rA6 


^ (1  - cos  2mAfl)J 


(A  5) 


Wilting  n*'"*^^  = Xi-^,  numerical  stability  requires  |X  | < 1,  which  is  satisfied 
provided 

rA6 


At  < 


•^2  Vj 

d 


(A6) 


The  difference  equations  for  the  geodesic  acoustic  mode  are  obtained  by 

letting  V j -•  0 and  keeping  R finite  in  Eqs.  (A2)  and  (A3).  This  reduces 
d 

to  the  same  form  considered  in  Ref.  1,  which  has  shown  numerical  stability 
of  the  mode  provided 

R 


At  < 


^2 


(A7) 
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2.  Parallel  Acoustic  Mode  with  Flow  Present. 

Considering  the  case  V*  = 0,  R -*•  «o  but  f finite,  the  auxiliary  density 
and  momentum  calculations  yield 


t+1 


-"0  + 


<Vi 


t . 


■ Atf  , t t ^ „ 

2rAfl  ^"'^b.d+l  ■ '"'b.e-l'  ^ ® 


(A8) 


t+1  — t . AtV  , t t . 

+-27Xfl  <"^.fl+i-‘'^.0-i^ 

t t 

2rAfl  ^"fl+1  ' "fl-1^  ■ ° ■ 

Here,  V represents  the  average  poloidal  flow  on  a surface  and  is 

b 

averaged  in  the  same  manner  as  the  density  appearing  in  Eq.  (Al).  The 
difference  equations  on  the  main  mesh  are: 
t+2  t ^ At^^  , t+1  t+1 

"e  * ^ rA6  ^"e+i  * "e-i) 


. Atf  , t+1  t+1  . 

rA0  ^'"'b.e+l  ■ "'^b,0-l^  ^ ° 


(AlO) 


t+2  t ^ AtV  , t+1  t+1  . 

"''b,e  ■ "’^b,0  rA0  ^"'^b.0+1  ■ '"'b,e.l^ 


X ‘+1  - « 

't'  . /I  (^/i . 1 1 ) - 0 


rA0  ' 0+1  0-1 

Eliminating  the  auxiliary  quantities  in  Eos.  (AlO)  and  (All),  by  use  of 
Eqs.  (A8)  and  (A9),  yields  two  equations  which  can  be  put  in  the  form 


(All) 


where  A is  a 2 X 2 matrix  and  x is  the  vector  x^  = (n^,  nvS.  The  eigen 

— b 

values  of  the  matrix  are: 
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X = 1 - (V  ±.  f v^)(sin  2mAfl  + 2 sinmA0) 


(1  - COS  2mA0) 

By  analogy  with  (A5),  we  have  stability  provided: 


At  < 


rAi_ 


(A12) 


n/2(£v^+|v|) 

In  practice,  a time  step  of  0.5  flsec  was  sufficient  to  keep  all  the  modes 
numerically  stable  for  the  typical  stellarator  parameters  quoted  in  the  text. 

Finally,  we  give  the  differential  equation  which  uses  the  Lax-Wendroff 
procedure  to  time-advance  the  parallel  momentum: 

rN 


hrN 


b s sb' 


Nhr  30' 


£KTf  3n 
mhr  30 


rh  N 


— (nv^v^  + 


. f sin  0 , 2 . , . / f \ , 

+ (nv  + T ) + I - ?“ ) (nv  ■ 

NRh  s ss  \Nr  3r/  r 


V + T ) = 0 
' s rs 


Here,  T is  the  traceless  stress  tensor  defined  in  Ine  body  of  the  paper, 

lift 

divided  by  the  mass.  Notice  that  the  smallness  of  f ensures  that  the  non- 
conservative terms  will  be  unimportant  compared  with  the  conservative 
terms. 


639 


Bowers  and  Winsor 


REFERENCES 

Li.  Johnson,  N.  K.  Winsor,  and  J.  M.  Dawson,  "A  Fluid  Description 
for  Toroidal  Low-^  Confinement.  *'  in  Proceedings  of  the  APS  Topical 
Conference  on  Numerical  Simulation  of  Plasma,  Los  Alamos  Report  LA-3990, 
paper  D4. 

^R.  Courant,  E.  Isaacson,  and  M.  Rees,  Comm.  Pure  and  Appl.  Math. 

5,  243  (1952). 

3 

P.  D.  Lax  and  B.  Wendroff,  Comm.  Pure  and  Appl.  Math.  13  , 217  (1960). 

4 

D.  E.  Potter  and  K.  V.  Roberts,  Explicit  Magnetohydrodynamic  Cal- 
culations in  the  R-Z  Plane,  Conference  on  Computational  Physics,  July  1969, 
Vol.  II,  paper  6,  published  .by  the  Institute  of  Physics  and  the  Phyrical 
Society. 

^D.  Pfirsch  and  A.  Schluter,  Max  Planck  Institute  Report  MPl/PA/?/62, 
unpublished. 

^T.  E.  Stringer,  Phys.  Rev.  Letters  770  (1969). 

^A.  Simon  and  W.  B.  Thompson,  J.  Nuclear  Energy,  Pt.  C.  £,  373  (1966). 

g 

S.  I.  Braginskii,  Reviews  of  Plasma  Physics  (Consultants  Bureau, 

New  York,  1965),  Vol.  1,  p.  205. 

9 

R.  D.  Richtmyer  and  K.  W.  Morton,  Difference  Methods  for  Initial- 
Value  Problems  (Interscience  Ptiblishers,  New  York,  1967). 

^^A.  Lapidus,  J.  Comp.  Phys.  £,  154  (1967). 


640 


Fluid  Simulation  of  MHO  Plnsxnn 


“e.  Bower*,  J.  M.  Greene,  end  N.  K.  Wineor  (to  be  pobliahed). 

^N.  K.  Wineor,  J.  L.  Jofaneon,  end  J.  M.  Dewaon,  Phye.  Fluid*  U, 

2448  0968). 

D.  Heaeltine,  E.  P.  Lee,  end  M.  N.  Roaenbluth  (to  be  publiahed 
in  Phya.  Fluid*). 

^^M.  N.  Roaenbluth  end  J.  B.  Teylor,  Phya.  Rev.  Letter*  23  , 367  (1969). 

E.  Stringer,  Phya.  Fluid*  13,  1586  0970). 


641 
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O.  Buneman* 
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Startford,  California 

Two  new  schewea  are  presented  for  IwposlnK  boundary  conditions  which 
siwulate  charge-current  free  space  outside  a computed  field  domain.  The 
first  applies  to  static  fields  (Poisson's  equation),  the  second  to  radiating 
fields  (Maxwell's  equations). 

I.  Static  Fields 

When  infinite,  effectively  charge-  and  current-free  space  surrounds 
the  domain  in  which  one  simulates  interacting  charges  and/or  currents, 
appropriate  boundary  conditions  must  be  imposed  on  the  periphery  of  the 
domain,  to  simulate  the  outer  void.  For  static  fields  Hockney^  evaluated, 
in  aome  of  his  simulations,  the  cylindrical  harmonics  of  the  potential 

created  by  the  internal  charges  or  gravitating  masses  on  the  periphery, 

2 

while  Hohl  et  al . truncated  the  interaction  kernel,  used  periodic  boundary 
conditions  and  restricted  charges  or  masses  to  the  Interior  quarter  (in  2D) 
of  the  computed  domain. 

A new  scheme  was  developed  which  resembles  Hockney's  scheme.  It 
assumes  that  a Poisson  subroutine  is  available  which  returns  the  poten- 
tials within  a domain  for  specified  interior  charges  and  specified 
peripheral  potentials.  These  peripheral  potentials  are  to  be  evaluated, 
prior  to  calling  the  Poisson  subroutine,  by  applying  the  direct  inter- 
action kernel  to  the  interior  charges. 

It  might  be  argued  that  the  direct  Internctinn  kernel,  if  used  at 
all,  could  be  used  throughout,  for  calculating  potentials  in  the  interior 


* Work  done,  in  part,  while  on  leave  as  BSRO  Fellow  at  BSRIN,  Frascati. 
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■s  well  as  on  the  periphery.  This  latter  scheme  was  found  uneconomical 
by  Bockney^  and  therefore  the  proposed  use  of  the  dir'set  interaction 
kernel  on  the  periphery  must  be  Justified  against  objections  on  grounds 
of  econoBy. 

The  arguments  against  the  kemal  method  spply  only  when  the  number 
of  particles  is  large.  It  is  then  better  to  solve  for  the  potential 
over  a grid  after  recording  the  charges  (masses)  in. the  form  of  s density 
array.  Ve  consider,  therefore,  the  tssk  of  calculating  the  potentials 
in  the  peripheral  cells  due  to  the  array  of  the  charges  located  at  the 
centers  of  the  internal  cells.  For  s square  array  (in  s two-dimensional 
simulation)  of  M by  II  cells  we  get  kernel  operations. 

Since  the  interaction  kernel  is  an  inverse  square  root  in  three 
dimensions,  a logarithm  in  two  Cartesian  dimensions  snd  sn  elliptic 
integral  in  R-Z  geometry,  pretsbulation  of  the  kernal  is  essential. 

Even  taking  into  account  some  symmetries,  the  storage  requirements  for 
the  proposed  scheme  would  be  prohibitive  in  most  esses.  And  e-'en  given 
a stored  kernel  array,  the  number  of  algebraic  operations  in  its  appli- 
cation  would  normally  exceed  the  number  of  algebraic  operations  (4ll  log^U) 
in  the  direct  Poisson  solving  routine. 

II . Cubic  Interpolation 

To  make  the  scheme  feasible,  wc  propose  admitting  slight  imper- 
fectlona.  In  the  first  place,  we  only  calculate  the  potential  st  every 
fourth  point  on  the  boundary  and  fill  in  the  remainder  by  cubic  inter- 
isolation.  If  there  is  no  charge  very  near  the  boundary,  the  imperfec- 
tions of  the  boundary  potentials  will  not  propagate  to  the  charges, 
remembering  that  any  error  pattern  is  attenuated  by  e across  a 
distance  comparable  to  its  own  period. 


643 


Buneman 


Hovever,  not  only  do  «e  use  cubic  inter]K>lation  at  the  output  end 
of  the  kernel,  but  «e  likewise  interpolate  cuhically  at  the  input,  in 
the  two  (or  three)  dinenaiona  of  the  charge  array.  Again,  provided 
that  there  is  no  charge  near  the  boundary,  the  errors  will  not  he  felt. 

In  practice,  the  procedure  ia  aa  follows: 

(1)  Condense  the  charge  array  hy  a factor  in  each  dimension, 
keeping  the  charge  in  situ  at  every  4th  co-ordinate  value  and  re- 
diatrihuting  the  three  Intermediate  charges  among  their  nearest  neigh- 
bors, This  re-distribution  is  done  in  such  a way  aa  to  couaerve  moments 
of  the  charge  diatrihution  up  to,  and  including,  cubic  momenta. 

(2)  Propagate  the  effect  of  the  contracted  array  of  charges  to 
every  fourth  point  along  the  boundary  hy  means  of  the  interaction 
kernel . 

(3)  Interpolate  cubically  along  the  remainder  of  the  boundary. 

This  procedure  ia  equivalent  to  a rigorous  full  evaluation  of  the 

boundary  potentials  using  a short  table  of  the  kernel  and  interpolating 
cuhically  from  this  table  where  necessary.  It  ia  inaccurate  only  to 
the  extent  that  such  cubic  interpolation  in  each  of  the  variables  of 
fhe  kernel  nay  he  Inaccurate.  In  other  words,  it  la  sound,  provided 
we  stay  away  from  the  alngularltlea  of  the  kernel.  These  occur  when 
cause  and  effect  co-ordlnatea  coincide.  This  means  the  charges  oust 
stay  away  from  the  boundaries. 

Typically,  we  might  nlay  safe  and  restrict  charges  to  only  the 

internal  three-quarters  of  the  full  domain  in  each  dimension.  In  a 

2 

two-dimenalor.al  square  domain  this  means  there  are  only  (9/16)  H 
charges  before  contraction.  Then,  after  contraction  of  the  array,  we 
now  have  only  (9/2^)  kernel  operations  to  get  the  short  table 
of  boundary  potentials.  Our  original  count  has  come  down  by  a factor 
exceeding  100.  The  scheme  is  now  feasible,  from  the  points  of  view 
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of  both  operational  apeed  and  kernel  atorage. 

The  cubic  interpolations  and  re-dlatrl buttons  have  yet  to  be 
accounted  for.  These  are  carried  out  In  several  stages.  When  inter- 
polating, one  first  finds  the  values  at  the  nid-points  between  given 
data,  using  only  linear  interpolation:  an  add  and  a binary  shift.  One 

corrects  this  to  cubic  Interpolation  by  adding  the  four  nearest  neighbors 
with  weights  -l/l6,  ■t-l/l6,  ■•■1/16,  -l/l6:  four  adds  and  one  shift  by  four 

binary  places.  Hiving  thus  Interpolated  the  wld-polnt  values,  one  re- 
peats the  process  to  get  quarter-point  and  three-quarter  point  values, 

The  re-distributlon  Is  carried  out  with  exactly  the  same  weights. 
Every  odd-lndexed  charge  value  is  re-dlstrlbuted  between  Its  four  nearest 
even-indexed  neighbors,  and  subsequently  the  charges  with  twlce-odd 
Index  are  similarly  re-dlstrlbuted  among  neighbors  with  Indices  divisible 
by  four.  This  is  done  In  each  dimension. 

Since  re-dlstrlbutlon  and  Interpolation  employ  only  adds  and  shifts, 
with  no  table  look-ups,  they  are  extremely  fast  and  do  not  Impede  exe- 
cution significantly. 

Example 

The  whole  scheme  was  put  to  the  test  In  r-z  geometry.  An  r-z 
Poisson  Solver  was  availsble  for  a fa4  by  128  grid,  the  long  dimension 
being  In  the  axlsl  direction.  The  periphery  consisted  of  two  lines  of 
6^  grid  points  radially  snd  one  line  of  127  points  axially.  This  was 
reduced  to  two  lines  of  17  points  and  one  line  of  3i  points  for  the 
Interaction  calrulstlon. 

Intemslly,  sn  original  array  of  49  by  97  charge  points  was  reduced 
to  13  by  25.  The  kernel  K(rj^,rg,  jzj^-Zgl),  being  symmetric  In  rj  and 
r^,  required  only  29  x I7  x (17-tl)/2  = 4437  locations,  and  even  some 
of  these  remained  unused  so  as  to  becom.3  available  for  other  purposes. 
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The  nuaber  of  Multiplications  In  the  kernel  operation  was  13  x 2^  x 
(2  X 17-«-3l)  s 2112^,  rather  less  than  the  nunber  of  multiplications  In 
an  r-z  Poisson  solver  over  a. 64  x 128  grid.  This  was  borne  out  by  timing 
of  the  runs.  Even  Including  the  charge-array  contraction  and  the  Inter- 
polation, the  subroutine  for  establishing  the  peripheral  potemlals  took 
less  time  than  solving  Poisson's  equation. 

The  precision  was  tested  by  calculating  the  potential  due  to  a single 
ring  of  charge  and  moving  this  ring  from  positions  requiring  re-dlstrlbu- 
tlon  to  positions  which  were  subjected  to  the  kernel  operation  directly. 

To  the  overall  accuracy  available  (approximately  sixteen  bits)  the 
potential  pattern  was  Insensitive  to  ring  position  - In  fact  It  agreed 
with  thj  direct  kernel  values  everywhere. 

From  these  tests  one  feels  encouraged  to  reduce  the  "no  mans  land" 
between  the  charge  and  the  outer  boundary.  Probably  a zone  of  four 
meshes  would  give  acceptable  results  In  general. 


III.  Radiating  Fields 

Maxwell's  equations, 


1 


dE 


X 


c 9t 


c 3t  9z 


dB 


az  ■ 


3E 


(x,y,z  cyclic) 


(1) 

(2) 


can  be  programmed  sequentially  and  to  central-difference  precision  with 

no  sophisticated  algorithms,  since  these  equations,  unlike  Poisson's, 

4 

are  hyperbolic.  Fourier  transforms  are  not  needed. 

Difficulties  arise  only  over  advancing  field  values  at  the  boundary 
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of  the  doeain  covered  by  stich  sequential  coapiitations.  The  "causal" 
(retarded)  solution  is  autonatically  built  up  in  the  interior,  and  we 
consider  the  case  where  no  exterior  currents  are  flowing,  so  that  there 
should  be  no  incoeing  fields.  Then  we  must  program  the  Sommerfeld 
radiation  condition  at  the  boundary:  there  should  be  outgoing  waves 

only. 

This  condition  is  itself  formulated  in  "wave"  terminology  and 
tUeiefore  it  will  be  necessary  to  diagnose  wave  structure  in  our  fields 
although  the  algorithm  for  calculating  the  interior  fields  rnnkes  no 
reference  to  waves.  It  does  not  seem  possible  to  formulate  the  radia- 
tion condition  as  a purely  local  condition  - some  linear  relation  be- 
tween field  components  at  neighboring  points. 

We  have  studied  this  problem  for  a simple  geometry,  in  the  first 
place,  namely  the  "periodic  slab".  The  domain  for  computations  lies 
between  x s -x^  and  x a x^  say,  while  in  y and  z it  is  infinitely 
extended,  with  a strict  periodicity  condition  on  currents  and  fields  in 
both  y and  z.  This  is  the  problem  encountered  in  sheet  pinch  simula- 
5 

tions . 

The  periodicity  of  the  fields  eliminates  boundrir>'  problems  in  the 

y and  z dimensions.  In  x,  we  have  the  condition  that  for  x 2 x^ 

the  fields  should  travel  towards  +“  and  for  x s -x  towards 

o 

In  order  to  formulate  this  as  a wave  condition,  we  must  Fourier  trans- 
form the  fields  at  x = x and  x s -x  (but  not  in  the  interior) 

o o'  

in  both  y and  z.  The  periodicity  comes  in  useful  ai  'his  point. 

A record  must  be  kept  of  each  transform  for  all  times,  but  since 
it  is  only  called  in  once  each  time  step,  external  storage  is  satis- 
factory. 
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Wltliout  golnc  Into  the  details  of  shat  happens  to  each  of  the  six 
field  conponenta,  we  present  hers  only  the  general  foiwila  for  advancing 
a quantity  A (such  aa  a nagnetlc  vector  potential)  that  solves  the  free- 
apace  wave  equation.  In  the  region  x 2 beyond  the  conputer-handled 
donaln  It  can  be  advanced  on  the  boundary  2 u.  x^  In  accordance  with 

A(t)  =-c  df  (3) 

or 

c‘5t"”'5t^“o  ("S/  )]  dt*  (4) 

poop  67 

where  ui  • c (k  +k  ).  Proofs  will  be  found  in  the  literature.  '' 
o ' y a 

The  second  of  these  formulas  Is  probably  more  appropriate:  since 

J^(0)  s 0|  tbe  "present"  Is  separated  in  the  first  term  from  the  "past" 

In  tbe  second  term.  The  formulas  are  plausible':  by  Huygens's  principle, 
signals  are  reflected  back  into  tbe  slab  from  outside,  there  should  be 
a periodicity  associated  with  the  wavelength,  and  a weak  geometric 
attenuation  as  indicated  by  the  inverse  square- root  asymptotic  decay 
of  the  Bessel  functions.  Unfortunat'tly,  this  attenuation  is  too  weak 
for  it  to  become  practically  permissible  to  write  off  the  earliest  in- 
formation on  the  Fourier  components. 

These  formulas  for  advancing  boundary  conditions  are  presented  here 
for  tbeir  potential  use:  they  have  not  yet  been  implemented  in  -any 

actual  programs.  Simulations  of  the  sheet  pincb  were  done,  hitherto, 

5 

with  a more  primitive  approximate  boundary  condition  amounting  to 
taking  only  the  first  term  in  (4). 
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2 

In  r-z  geonetry  there  is  a centrifugal  acceleration  L /r  acting 
on  particles  with  angular  monentum  L per  unit  mass.  The  numerical  prob- 
lems arising  from  this  Inverse  cube  singularity  are  eased  by  working  with 
2 

s s r as  a variable:  Only  a simple  Inverse  singularity  remains  in  the 

2 2 

equation  for  d s/dt  . A time-symmetric  algorithm  for  advancing  particles 
in  s and  z was  found  which  gives  exact  orbits  In  a parabolic  bowl 
(0  <x  s I-  z ).  The  finite-difference  Poisson  equation  is  also  simplified 
by  going  to  a as  radial  variable.  The  domain  near  the  axis  is  weighted 
according  to  its  volume  and  the  finite-difference  recurrence  relation  for 
the  Fourier  harmonics  can  be  terminated  o,i  the  axis  in  a convenient  manner. 

I.  Canonical  Angular  Momentum  and  Effective  Potential 

R-Z  geometry  is  popular  for  simulations,  not  only  when  axlsymmetric 
boundaries  call  for  it,  but  also  when  a three-dimensionally  bounded  sys- 
tem is  to  be  simulated  by  means  of  only  two  space  variables  ("two-and-a 
half  dimensional  simulation").  This  is  achieved  by  imposing  axial  symme- 
try, but  axl-symmetry  does  not  mean  that  motion  about  the  axis  is  Ignored. 

All  particles  can  possess  some  angular  momentum  about  the  axis.  However, 
for  every  particle  with  given  r,  9,  z,  r,  0,  z there  are  others  with  the  same 
r.  z,  r,  0,  z but  different  9,  and  their  distribution  in  C is  uniform. 

* 

Work  done  while  on  leave  of  absence  as  ESRO  Fellow  at  ESRIV,  Frascati. 
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As  a result,  particles  can  be  grouped  into  rings  of  charge.  We 
trace  these  rings  in  r and  z.  We  record  r,  z and  we  keep  a tag  on 
the  value  of  the  conserved  angular  oomentun  r 6 per  unit  mass.  Owing 
to  the  axial  symmetry  of  the  charges,  there  will  be  axial  symmetry  in  the 
fields  and  hence  the  angular  momentum  is  conserved.  It  can  therefore  be 
stored  as  the  first  few  bits  of  the  particle  index. 

In  the  presence  of  an  axisymmetric  magnetic  field  (which  can  be 
derived  from  a magnetic  vector  potential  with  only  a 6-component,  A^^ , 
it  is  the  "canonical"  angular  momentum  per  unit  mass, 

A = r^e  - (e/m)rAg(r,z)  , (1) 

which  is  conserved.^  The  combination  of  axisymmetric  electr^''  and  mag- 
netic fields,  static  or  slowly  varying,  leads  to  the  dynam:.cal  equations 
for  electrons: 


r = 9J^/9r  , z = 94^/ Bz  (2) 

where 

4^  = 4 -i  (Ag  + A/r)^  , (3) 

after  normalizing  away  the  mass  and  charge  of  the  electrons. 

Since  2irrAg  is  the  magnetic  flux  through  a loop  of  radius  r,  and 

2 

since  this  flux  is  of  the  form  higher  even  powers  of  r, 

the  difference  between  the  effective  potential  4^^  and  the  electric  poten- 

O p 

tial  ® is  an  even  function  of  r,  the  lowest  power  being  A /2r  . 

Moreover,  the  charge  density  near  the  axis  should  be  a regular  power  series 

in  X and  y for  each  z.  If  it  is  to  be  independent  of  9,  it  must 

2 2 

be  developable  in  powers  of  (x  + y ).  Thus  the  entire  potential  is  an 
even  function  of  r. 
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II.  U«e  of  the  Square  of  the  Radlua 


Kquation  (2)  shov  that  the  radial  acceleration  becoaea  infinite  like 
2 3 

A /r*'  near  the  axla.  Thla  leeda  to  no  end  of  numerical  trouble  and  alnce 


2 2 2 
a E r = X + y 


w 


night  be  a better  variable  against  which  to  tabulate  the  potential,  one 
la  motivated  to  write  the  dynamical  equations  In  terms  of  s.  In  a pure 
electric  field  thla  leads  to: 


..  di  . 4A  + s^ 

s = 4s  — + 

ds  2a 


2 3 

and  one  observes  with  gratification  that  the  centrifugal  force,  A /r  , 

haa  been  changed  from  an  inverse  cube  singularity  to  the  much  milder 

2 

simple  inverse  singularity.  A time-symmetric  finite-difference  version 

.2 

of  the  dynamical  equation  for  a results  fiom  interpreting  s aa 

a s 
new  old 


As  = Aa_  + 

new  intermediate 


As  , .'Ae.  (2AAt)‘ 

old  intermediate  ' 


2s  - As 


(6) 


old 


with 


As  ■ = Aa  , . + 4(At)  s9$/9s 

intermediate  old  ' ' 


(7) 


Biid  this  equation  has  been  programmed  into  the  subroutine  for  advancing 
particles,  "ADVA".  (The  finite  difference  equation  for  advancing  z 
is  trivial.) 

Subroutine  "ADVA"  has  been  tested  for  a parabolic  bowl  potential, 

2 

i = -z'  - s.  In  this  potential  each  Cartesian  coordinate  performs 
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■iaple  hamonic  notion  and  hence  a ahould  be  hamonlc  with  twice  the 
fiwquency.  Indeed,  one  ehedka  that  the  finite  difference  veraion  above 
poaaeaaea  exact  ainuaol-inX  aolutiona  for  a potential  which  la  linear  in 
a.  nie  cowputer  reproducea  theae  aolutiona  to  wachlne  accuracy  and  ao 
all  la  well. 


III.  The  Solution  of  Polaaon*a  Iquatlon 

Since  tabulation  of  potentlala  veraua  a la  required  rather  than  tabu- 
lation veraua  r,  one  would  naturally  aolve  Polaaon'a  equation  In  a, 
nawely: 


(8) 


If,  In  the  dlaplay  of  the  grid,  we  think  of  radlua  or  a aa  Increaalng 
frow  left  to  right,  while  z Increaaea  down  the  page  frow  top  to  bottoe, 
the  finite-difference  veraion  of  Polaaon'a  equation  In  a becowea: 


(‘^»-2^»)*l,ft  - Q"*centre^  *rlght 


, - 2*  . + ♦ . - 
below  centre  above  P 



(9) 


For  the  hamonlca^  which  go  like  exp(tikz)  the  aecond  tern  on  the  left 
becomea 


-2(l-coakAz)  . 

. 2 centre  ’ 

A*. 

Multiplying  the  finite  difference  equation  by  AaAz/2  one  obtaina  the 
recurrence  relation 
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(2n-l)*^_l  - (Im  + ^ (l-coBkAz))*^+(2n+l)*^^=-<I^  (10) 

where  n = s/As  and  is  the  (suitably  nonaalized)  charge  in  the  n^^ 

radial  cell,  Fourier-transfoiaed  in  z.  (Notice  that  here  is  another  ad- 
vantage of  "s"  over  "r",  in  that  As  = 2r&r  contains  the  factor  r 
necessary  for  converting  point  charge  density  to  ring  charge  density!)  A 
value  ds/Az  = 64  was  used  in  tests  and  production  runs,  giving  satis- 
factory resolution  near  the  axis  as  well  as  away  from  it . 

To  find  the  conditions  on  the  axis,  n s 0,  we  postulate  that  the 
finite  difference  font  of  Poisson's  equation  shall  give  correct  answers 
for  potentials  which  consist  of  low  powers  of  z multiplied  by  low  powers 
of  s.  One  then  obtains,  for  the  start  of  the  recurrence  relation; 
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•(2  + ^ (X-coskA*))*^  + = -2q^  (11) 

uhere  '.s  the  charge  in  the  interval  0 < s r As/2. 

The  tridiagonal  systea  (10),  (ll)  should  be  teminatcd  at  the  outer 
boundary  in  acccrdance  with  the  conditions  prevailing  there.  It  can  then 
be  solved  by  Gauss  eliaination,  equivalent  to  an  outward  and  Inward  (in 
that  order)  aarch.  Since  the  coefficients  arc  variable,  this  is  wore 

economical  than  solving  by  "cyclic  reduction",  the  scheae  explained  by 

_ . 

Hockney . 

Both  the  particle  mover  "AOVA",  and  the  s-z  Poisson  solver  des- 
cribed here,  were  used  successfully  in  a siaulation  of  the  photoelectron 
sheath  which  surrounds  a satellite  lit  by  the  sun  on  one  slde.^ 
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R.  N.  Cariilc 

Dtpanment  of  Electrical  Engineering 
University  of  Arizona 
Tucson,  Arizona 


ABSTRACT 

Tl;l*  paper  describe*  a 2*1/2  diaensional  siaulation  code  in 
tfhlch  the  coulonb  force  on  a siaulation  rod  is  tuo  diaensional  while 
the  lorenta  force  due  to  an  external  unifons  nagnetic  field  is  three 
diaensional.  A Method  for  moving  the  particles  is  described  in  which 
new  velocities  and  position*  can.  In  principle,  be  calculated  which 
are  accurate  through  fourth  order  in  the  time  step.  Finally,  the 
linear  behavior  of  the  code  is  exaained  in  which  it  is  found  that 
Bernstein  nodes  are  the  nonaal  node*  of  the  systea. 


A.  Introduction 

This  paper  describes  a two-dimensional  particle  code,  which  is 
an  extension  of  that  discussed  by  Kruer  and  Dawson^^^,  in  which  particles 
are  slaulated  by  extended  charged  rods  constrained  to  be  parallel  to  the 
a axis,  but  otherwise  free  to  move,  so  that  each  rod  is  completely  des- 
cribed by  the  coordinates  (x,y,w  ,w  ,w  ; . This  situation  is  depicted 

X y z 

in  Fig.  1.  The  force  per  unit  length  in  the  z direction  which  the  i-th 
rod  may  experience  consists  of  the  self-consistent  couloab  force. 
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Fig.  1.  Basic  cell  for  slaulatlon  code.  N is  number  of  rods  in  the  basic  cell. 

*■1^1*  ^ (ions)  or,  - 1 (electrons),  and  a lorentz  force  due  to  an 

externally  Imposed  homogeneous  magnetic  field  B of  any  desired  three- 
dimensional  orientation.  Periodic  boundary  conditions  are  used.  This 
code  is  Ideally  suited  to  simulate  plasmas  whose  behavior  can  be  described 
by  electrostatic  waves  with  coplanar  wav<  numbers. 


B.  Moving  the  Particles 

Of  particular  Interest  is  the  way  that  the  particles  are  advanced 
in  time.  The  equation  of  motion  of  the  1-th  rod  is 

“1  — - c,F,  + n e c.  1?.  X B (1) 

n — ar,  li  oil 

o m^  el 


where  n^m^  and  n^e  are  the  mass  and  absolute  charge  per  unit  length  of 

the  rod  (n  is  the  number  of  real  electrons  or  ions  associated  with  a 
o 

unit  length  of  the  rod).  In  (1),  m^  is  the  mass  of  the  real  particle 

associated  with  the  1-th  rod,  either  the  electron  mass  d , or  the  Ion 

e 

mass.  If  we  normalize  all  distances  to  the  Debye  length  and  times 

J 

to  the  electron  plasma  frequency  of  the  real  plasma,  then,  for 
electrons,  (1)  becomes 
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d^R  dV 


• — - - E + GV 


di'^  dT 


R-  yiAo 


w ./X_u) 

xl  Dp 

, V • w ,/X_ii) 
yi  D p 

w ./X_ii) 
zl  D p 


F ,/n  m tij^X_  0 

xl  o e p D 

E " F ./n  m ii)^X_  , G « Q cos0 
yl  o e p D ’ 

0 -sin 


-CO80  sln0sln£ 


-sln0cos5 


-8in0sin6  sln0cos£ 


T “ (I)  t 

P 


Equation  (2)  Is  the  normalized  equation  of  motion  of  a particular  rod;  we 

have  suppressed  the  subscript  1.  The  view  Is  now  taken  that  all  the 

dynamical  variables  vary  continuously  In  time.  One  then  makes  a Taylor 

expansion  of  the  velocity  of  V about  the  time  • nAx,  and 

of  the  position  R about  « (n  + a)Ax,  where  Ax  Is  a finite  Increment 

In  time,  the  time  step,  and  0 a ^ 1. 

1.  Stepping  the  rod  velocity 

In  storage  after  the  n-  th  Iteration  Is  tne  rod  velocity 

at  X and  the  position  R(x  and  Information  such  that  the  coulomb 
n n+c 

force  E(x  . ) can  be  calculated  on  our  typical  rod,  at  x . . We  now  make 
n+ti  n+o 

a Taylor  series  expansion  of  V about  x^  and  eveluite  it  at 


• V(t  ) + V'{x„)Ax  + V"(x„)  ^.-+  ... 
n+i  n n n ^ l 
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.<■>(,,, 


GE 


) - g2e<"-^^t  ) 


- ...  - g“~^E(t  ) + G®  V(t  ) 
n n 


(5) 


where  ■ d®V/dT®  ; a similar  convention  will  be  used  to  denote  deriva- 

tives of  other  dynamical  variables.  In  obtaining  (S),  we  have  used  (2) 
successively.  Now,  we  have  E in  storage  for  but  not  for  t^. 

Therefore,  we  make  a Taylor  series  expansion  of  E about  and  evaluate 

it  at  T : 
n 


2! 


+ ...  (6) 

When  (6)  is  substituted  into  (3),  we  obtain  Taylor  coefficients  which  are 

functions  of  V(t  ),  E(t  , ) and  derivatives  of  E at  t . . The  latter  we 
n n-w  n+a 

do  not  have  in  storage.  However,  if  we  choose  a • 1/2,  we  can  make  the 
derivatives  disappear  from  all  coefficients  up  to  and  including  . We 
then  have,  fo.  a ■ 1/2, 


n' 


I (AtG)"/n! 


CO 

V(t  ) - At  I (AtG)"  ^/n! 
" (n-1 


^<Vl/2^ 


+ At^  ®'^’<^n+l/2^  ■ 24  ^"*'^n+l/2)J 
+ At“  [2^  G==E-(t„^^^2>  - A ‘^^’’(Vl/2)]  ^ 

(7) 


The  eigenvaluer  of  G are  0,  ij,  j " . One  can  then  show 

that  the  first  operator  in  the  brackets  In  the  first  line  of  (7),  L, 

[2] 

can  be  written  as  a second  order  polynomial  of  G: 
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L “ ® ■ I + alnAr  G + (1-coaAt) 


The  adjoint  (tranapoae)  of  thia  operator  ia  equal  to  Ita  Inverse,  ao  L 
la  mitary.  If  E ■ 0,  thla  property  would  guaran'ise  that  the  kinetic 
energy  of  a rod  would  be  exactly  conaerved. 

The  aecond  operator  In  the  flrat  line  of  (7)  can  also  be  written  as 
a aecond  order  polynoalal  of  G.  We  have  finally, 


Vv;  - fl  + alnAt  G + (1  - cosAt)  G^)  V(t  ) 
iiTi  n 

+ [-  At  + (I-cosAt)  G - (At  - slnAr)  G^) 

+ At*  GE*  ■ 24  ^Vl/2)] 

*at^  [zi  g^^’<Vi/2>  - 

(8) 


2.  Stepping  the  rod  position 

After  the  v loclty  V(t  ) has  beer,  transfo^vied  according  to  (8) , 
n 

the  new  velocity  has  replaced  It  In  storage.  We  now  make  a Taylor 

expansion  of  R about  evaluate  It  at  Tjj^.3/2'  Noting  that  V - R' 

and  using  (2),  we  can  express  the  coefficients  of  this  series  in  texva  of 
V(t^^j^)  and  derivatives  of  E at  ••  follows: 


+ At3[^  (G^V(t„^^)  - GE(t„^^/2»-  M ^’<Vi/2>] 


- At-|^GE-(t^^^/2)  ^24="<Vl/2>  +••• 


(9) 


Note  that  R Is  a two  element  vector.  In  (9),  V should  be  reduced  to  a 
two  element  vector  by  eliminating  the  z component,  and  G and  G^  should 
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be  aade  into  2 by  2 Matrices  by  abamtonlng  the  third  row  and  coltam 
froa  each. 

In  ezaalnlnc  (8)  and  (9).  we  see  that  If  we  do  not  haw  avail- 
able derivatives  of  E,  the  error  In  coeputlng 

of  order  Further,  the  largest  error  coaes  from  E*.  If  we  arc 

coaputlng  E by  the  nearest  •grld;-t.olnt  approziaatlon,  then  if  we  are 
willing  to  store  **  ““  compute  there  are 

M grid  points,  thic  would  require  2M  additional  words  of  storage.  For 
this  aodeat  increase  In  storage,  we  can,  in  principle,  compute  the  co- 
efficient of  At^  for  K.  If  In  addition,  we  also  store  E(t  ,,,),  an 
additional  2M  words,  we  can  compute  compute  the 

coefficients  of  At^  and  Ax'*  for  both  V and  Rt  Although  this  additional 
storage  Is  not  excessive.  It  Is  doubtful  If  It  is  worthwhile  to  do  this, 
because  computing  E from  Poisson's  equation  at  the  position  of  the  rod 
asy  cause  err>'TS  much  greater  than  those  obtained  by  neglecting  the  co- 
efflciert’  of  At^  and  Ax'*. 

Equations  (8)  and  (9'  are  exact  up  to  and  including  terms  of 
order  Ax'*.  The  role  of  the  quantities  E'  and  E",  normally  not  retained 
In  ttorage.  In  producing  an  error  In  and  clearly 

shotm.  If  E>0,  kinetic  energy  of  the  rods  Is  conserved. 


C.  Linear  behavior  of  the  code 

The  rods  In  the  code  described  In  the  Introduction  have  been 

stepped  according  to  (8)  c.id  (9)  where  all  terms  of  higher  order  than 

Ax^  hnve  been  eliminated.  The  size  of  the  extended  particle  was  chosen 

bo  that  the  ratio  of  collision  frequency  to  ui  Is  approximately  .01. 

P 
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The  mod>er  N of  alwilatlon  rode  in  Che  "basic  cell"  Is  5184  and  the 
nuaber  of  rods  per  Debye  square  Is  about  5.  The  dipole  ten  In  the 
Dawson-Kruer  Code^^^  ms  retained,  in  dictating  a precise  detenlnatlon 
from  Poisson's  equation  of  E at  the  rod.  Ion  rods  were  held  fixed. 

The  total  ener^  of  the  system,  electric  plus  kinetic.  Is  shown 
In  Fig.  2 as  a function  nf  time  for  various  tlms  steps.  It  Is  seen  that 
for  T “ u^t  < 25,  energy  ms  conserved  q-  xte  precisely  for  time  steps 
up  to  0.20.  For  At  ■ UpAt  ■ 0.20,  the  total  energy  changed  by  one  part 
In  1535  over  125  Iterations  (t  “ 25).  For  At  ■ .1,  the  energy  changed 
by  less  than  one  part  In  15,000  over  0 < t < 25. 

The  normal  inodes  with  wa^e  vectors  In  the  plane  perpendicular 
Co  a uniform  magnetic  field  In  a homogeneous  plasma  are  Bernstein 
modes^^^.  Dispersion  curves  for  these  modes  are  shown  as  the  solid 
curves  In  Fig.  3.  These  modes  are  not  subject  to  landau  damping,  and 
will  only  be  actcnuaced  by  colllslonal  damplr.g.  In  our  simulation 
plasma,  they  should  be  oresent.  As  In  a real  unperturbed  plasma,  they 
will  be  present  at  low  power  level,  their  amplitude  being  determined 
by  equilibrium  between  Che  excitation  process  of  Cerenkov  radiation  and 
colllslonal  damping. 

Because  of  the  periodic  boundary  conditions,  the  wave  vectors 

of  waves  which  can  propagate  in  the  simulation  plasma  are  discrete. 

Arbitrarily  selecting  a wave  number  which  Is  ore  of  the  discrete  set, 

and  which  Is  perpendicular  to  the  magnetic  field,  we  let  the  code  run 

until  T - T.  We  sampled  the  special  Fourier  ampllt'ide  A.  belo.  ^Ing 

to  k every  five  time  steps  for  '.c  ~ 0.20.  We  thus  have  this  amplitude 

as  a function  of  real  time  A.  (t).  We  correlated  this  amplitude  to 

*^4. 
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Pig.  2.  Test  for  conservation  of  energy.  Total  energy  is  su*  of  kinetic 

energy  or  rods  plus  energy  stored  In  the  electric  field,  la  the 
cyclotron  frequency  and  is  the  number  of  rods  per  Debye  square. 

Au  t ■ At,  the  time  step. 


Fig.  3.  Dispersion  curves  for  Bernstein  modes  (solid  curves)  and  "experi- 
mental data"  obtained  from  the  simulation  code  (dots).  Si  is  the 

e 

cyclotron  frequency,  is  the  wave  nixaber  and  Is  the  Larmor 

electron  radius . 
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•upprcat  Incoherent  nolae,  then  coaputed  the  frequency  apectrua  of  the, 

correlated  A.  (t),  ufaere  the  fundaaenta.l  frequency  la  1/2  T/2*  = u /u  . 

® P 

One  could  clearly  dlacem  aajor  peaka  In  the  apectrua  correapondlng  to 

frequency  coapouenta  coherent  over  the  tine  T.  The  frequenclea  of  theae 

peaka  are  ahown  aa  the  dote  in  Fig.  3.  The  error  bare  repreaent  an 

error  of  ±u  /u  . 

o o 

The  coherent  algnalc  evidentally  are  Bemateln  aodea  becauae  of 
the  goou  fit  with  the  dlaperalon  curvea.  The  data  In  Fig.  3 were  obtained 
for  the  nagnetlc  field  along  tLe  t axis,  l.e.,  6 > 0 In  Fig.  1.  However, 
alaoat  Identical  data  ms  obtained  with  the  magnetic  field  along  the  x axis 
and  kji,  chosen  along  the  y axis. 
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Abstract 

A computer  slmuidtion  study  of  the  dispersion  relations  for  Cyclotron 
Harmonic  Waves  (CHW)  is  presented.  A two-dimensional  particle  model 
is  used  to  Simulate  CHW  oscillations  in  an  infinite  uniform  Maxwellian 
plasma  in  a plane  perpendicular  to  an  externally  applied  constant 
magnetic  field.  The  resonant  frequencies  of  the  computer  plasma  are 
compared  with  those  predicted  by  the  linear  approximation  theory  for 
small  perturbations.  The  numerical  methods  used  are  known  as  the 
Nearest  Grid  Point  method  and  the  Particle  in  Cell  method.  The  dittorence 
in  these  methods  do  not  appear  to  affect  the  results  significantly  except 
for  the  ability  of  the  computer  plasma  to  conserve  energy.  The  operation 
of  smoothing  the  electric  field  is  also  considered  as  a means  to  better 
energy  conservation  in  the  computer  plasma. 

1 . Introduction 

A warm,  uniform  magnetoplasma  can  support  longitudinal  electron 
waves.  The  propagatlcr.  of  these  waves  is  restricted  to  passbands 
associated  with  the  harmonics  of  tne  electron  cyclotron  frequency. 
Because  of  this  they  have  been  called  Cyclotron  Harmonic  Waves 
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(CHW).  These  waves  are  characterized  by  phase  velocities  slow 
compared  with  the  velocity  of  light  and  have  parallel  propagation  and 
electric  field  vectors  (kl  IE)  . They  were  studied  bv  several  Investl- 
gators  in  the  1950' s.  A comprehensive  description  of  the  subject  was 
given  by  Be-nsteln  in  1958  [l].  The  existence  of  these  waves  has 
been  confirmed  by  experiments  [2,3].  A number  of  experimental  results 
which  can  be  explained  in  terms  of  this  type  of  wave  motion  are  dis- 
cussed by  Crawford  [4,5]. 

An  alternative  means  of  experimenting  is  offered  by  the  simulation 
of  the  plasma  on  a digital  computer  [6,10].  A "computer  experiment" 
differs  from  a typical  computation  of  a theoretical  result  in  that 
instead  of  evaluating  mathematical  expressions  which  describe  some 

laws  of  nature,  we  make  the  computer  simulate  the  physical  system. 

3 5 

The  plasma  is  modeled  by  a large  number  (10  - 10  ) of  particles. 

• . . ottribute  individuality  to  the  particles  by  following  them  in  space 
and  time.  Their  dynamic  behavior  is  goverr>ad  by  Newton’s  law  of 
motion  and  Maxwell's  field  equations.  This  is  generally 

referred  to  as  the  "Lagrangian"  model.  A computer  model  of  this  type 
is  used  much  the  same  way  as  a real  experiment.  The  model  gives 
a time-dependent  simulation  and  macroscopic  averages  are  evaluated 
when  measurements  are  required.  Thus,  we  test  for  instability,  for 
example,  by  observing  whether  or  not  certain  disturbances  grow  rather 
than  finding  analytically  complex  values  of  i for  an  assumed  time 
dependence  exp(ixt)  . 

The  woik  reported  in  this  paper  is  concornc'  Tiainly  with  the  computer 
simulation  study  of  the  dispersion  relations  for  cyciotron  harmonic 
waves  propjgating  perpendicularly  to  ti-.o  externally  applied,  constant 
magnen.c  field  (k_lB)  . We  comp>'.e  tne  dispersion  relation  for  such 
oscillations  from  the  time  responses  of  the  computer  plasma.  Periodic 
boundary  conditions  are  used  to  simulate  an  infinite  uniform  Maxwellian 
plasma  for  which  the  dispersion  relations  have  been  derived  through 
small-signal  linear  approximation  theory  [1,4,5].  We  use  these 
analytic  results  to  estimate  the  accuracy  of  the  dispersion  .e.’ations 
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obtained  from  the  computer  simulations.  We  firtd  excellent  agreement 
between  the  results  of  the  computer  simulation  and  those  predicted 
by  the  small-signal  theory. 

The  numerical  simulation  techniques  wdiich  we  use  are  known  as 
the  Nearest  Grid  Point  and  the  Particle  in  Cell  methods.  The  most 
significant  difference  between  these  methods  is  found  in  their  energy 
conserving  properties  and  the  speed  of  computation.  The  idea  of 
smoothing  the  electric  field  is  considered  as  another  means  of 
achieving  better  energy  conservation  in  the  computer  plasma. 

The  main  objective  of  this  study  has  been,  in  general,  to  flrd 
out  the  requirements  for  reliable  plasma  simulation  and  to  learn  about 
the  limitations  of  the  computer  plasma  model.  The  work  reported 
here  should  be  regarded  as  a prelude  to  an  undertaking  where  the 
long-term  goal  Is  to  study  problems  which  do  not  lend  themselves 
to  analytical  treatment.  It  is  hoped  that  the  simulation  of  linear 
dispersion  relations  will  serve  as  a stepping  stone  toward  more 
practical  problems  complicated  by  nonlinearities,  inhomogeneities 
and  finite  boundaries. 

The  organization  of  the  paper  is  as  follows.  Section  2 describes 
the  computer  plasma  model.  Section  3 deals  with  the  numerical 
experiment.  The  discussion  of  the  results  is  given  in  Section  4, 
here  we  make  comparisons  with  the  results  of  the  small-signal  linear 
theOi/.  Section  5 is  the  summary  of  our  experience  using  different 
methods.  Section  6 concludes  the  paper. 


2.  Computational  Models 

2.1  The  Purpose  of  Particle  Models 

Particle  models  [6-131  are  attempts  to  simulate  the  behavior  of 
a fully  ionized  plasma  whose  colllslonless  approximation  satisfies 
the  collisionless  Boltzmann  equation  with  th<>  Lorentz  force 
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(1) 


Eq.  (1)  describet  dw  rate  of  change  of  the  dlatrlbution  functions  f^ 
for  particles  of  various  types  s , diaige  q^  , mass  and  velocity 
V In  the  plasma.  E and  B are  obtained  from  Maxwell's  equations 
with  the  definitions  of  chrirge  and  current  densities  as 


s * 

I 

s 

In  the  comn^only  used  models  the  simulation  particles  are  assigned 
time>varying  velocities  as  well  as  positions.  The  motion  of  the 
Individual  particle  is  obtained  by  means  of  the  Newton -Lorentz  equation, 


d V V 

. S (e  +-  X b) 

dt  m \~  c ">'/ 

The  (T^agnettc  field  B is  the  externally  applied  field . Tlie  electric 
field  E is  obtained  from  the  electric  charge  density  by  solving  the 
field  equation 


^ . E = 4wo 


(4) 


The  particle  velocities  v and  positions  r are  computed  as 


<5) 


-w+l  -wO  *•'^7 
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The  subscripts  in  Eq.  (5)  signify  time  in  unit  of  At  . If  the  particle 
positloas  used  in  computing  the  electric  field  E correspond  to  t*  0 
values,  tiien  the  velocities  stored  with  them  are  those  at  t>-At/2  , 
where  At  is  the  time  step.  The  new  velocity  is  computed  at  t*+Lt/Z 
This  difference  scheme  has  the  very  desirable  property  that  it  is  time 
reversible  [8,14]. 

2.2  Differences  in  Particle  Models 

The  most  commonly  used  variations  of  particle  models  are  the 
"Nearest  Grid  Point"  or  NGP,  the  "Cloud  in  Cell"  or  CIC  and  the 
"Particle  in  Cell"  or  PIC.  The  differeiK;e  between  these  models  lies 
in  the  method  of  computing  the  electric  field  E over  an  Eulerian 
grid  from  the  charge  distribution  defined  by  the  particle  posllii,ns . 

In  the  NGP  model  [7]  the  vdiole  charge  of  the  particle  is  associated 
with  only  one,  the  nearest  grid  point.  Similarly  the  field  acting 
on  the  particle  is  assumed  to  be  that  computed  at  the  same  grid 
point.  In  the  PIC  method  [8]  the  charge  of  any  particle  is  shared 
by  the  four  surrounding  grid  points.  The  amount  of  charge  associated 
with  tlie  grids  is  determined  by  the  area  weighting  procedt  re  ”htch 
is  bilinear  interpolation.  The  field  acting  on  the  charge  is  computed 
from  the  values  at  the  four  nearest  grid  points  by  using  the  same 
bilinear  interpolation.  In  the  CIC  model  [9]  the  particle  is  regarded 
as  a cloud  of  finite  extent.  The  charge  of  the  cloud  assigned  to  severa 
points  of  the  spatial  grid.  This  Is  done  by  sharing  the  charges  in 
proportion  to  the  area  of  the  cloud  overlapping  the  cell  centered  at 
the  grid  point.  The  total  field  on  the  cloud  Is  found  by  summing  up 
the  partial  fields.  The  size  of  the  cloud  Is  aurbltrary.  If  the  cloud 
size  in  the  CIC  scheme  is  equal  to  the  size  of  the  cell  the  resulting 
interpolation  is  equivalent  to  that  of  the  PIC  method.  The  relative 
merits  of  these  models  were  studied  by  Hockney  [11 ,12]  . It  appears 
that  vdiile  the  NGP  model  requires  less  computation  than  the  others, 
it  is  characterized  by  greater  fluctuations  and  lack  of  energy  con- 
servation which  can  be  undesirable  under  certain  circumstances. 
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2.3  Oescalption  of  the  Computer  Model  Used 

The  computer  plaima  slmulatlona  described  in  this  paper  were 

perforaed  on  a rectangular  domain  of  size  L x L . The  domain 

X y 

is  divided  into  64  x 64  uniformly  spaced  grids . The  grid  points  are 
drought  to  be  centered  in  cells  whose  dimensions  are  tire  same  as 
the  grid  spacing.  The  bourtdary  conditions  are  assioned  to  be  periodic 
in  both  the  x and  y coordinates.  Double  periodic  boundary  con- 
ditions permit  us  to  solve  for  the  electrostatic  field  E directly  by 
Fourier  transform  methods.  We  do  dils  not  by  solvitrg  Polssoi  equation 

7^4  = -4»  c (6) 

for  the  potential  4 followed  by  the  computation  of  C from 

E = -grad4  (7) 

through  a flrUte  difference  scheme.  In  our  model  the  partial  differ- 
entiation Is  performed  In  the  spatial  frequency  domain.  This  Is 
accomplished  by  multiplying  the  Fourier  coefficients  of  4 by  their 
exact  differential  operator  whose  magnitude  is  proportional  to  the 
spatial  frequency.  At  this  point  ve  have  the  Fourier  representation 
of  both  components  of  the  electric  field  vector.  Thus,  the  electric 
field  components  may  be  subjected  to  smoothing  operations  Independently. 
The  smoothing  which  we  consider  in  this  paper  is  a simple  suppression 
of  the  high  spatial  frequency  components  of  the  cc«mputed  electric 
field.  A more  precise  definition  of  the  spatial  filtering  used  is 
given  ir  Section  5.  The  NGP  and  PIC  models  in  which  the  electric 
field  is  suk.  cted  to  the  spatial  filtering  operation  arc  denoted  as 
NGP-S  and  PIC-S,  respectively. 

The  plasma  model  allows  the  simulation  of  an  arbitrary  number  of 
particles.  Their  Initial  spatial  distribution  Is  unlfom  over  the  domain 
so  that  they  form  an  evenly  spaced  rectangular  mesh.  The  Initial 
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velocity  components  of  the  particles  v and  v are  computed  in- 

X y 

dependently  from  each  other  by  a Gaussian  random  number  generator. 
Since  the  intended  simulation  has  to  do  v/ith  electrostatic  space- 
charge  waves  restricted  to  interactions  which  involve  only  electrons, 
the  model  simulates  only  electrons,  while  the  ions  form  a rigid, 
uniform  background. 


3.  Description  of  Experiment 
3.1  Definitions 


Observations  ar’  limited  to  a few  variables  obtained  by  some 
averaging  either  over  the  entire  domain  or  over  the  total  number  of 
particles.  With  respect  to  the  electric  field  and  current  density, 
we  are  only  interested  in  the  components  directed  along  one,  say 
the  x-axis.  Moreover,  we  will  be  observing  wave  motions  associated 
with  the  lowest  (nonzero)  spatial  frequency  or  wave  number.  More 
specifically,  we  are  approximating 


L L 
X y 


E(t) 


I I E^(x,y,t)  sin(kx)  dx  dy 
’‘^0  0 


(8) 


by  computing 


64  64 

64x64  S S ^x^^'i ' 
)=1  i=l 


where 


k = 


15 

L 

X 


and  x^ 


and 


refer  to  the  grid  points,  i.e. , 


X 


1 


(i  + 0.5) 


L 

_x 

64 


(10) 
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0 + 0.5) 
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X 

64 


E(t)  , as  given  by  Eq.  (9) , is  one-half  of  the  amplitude  of  the  sin(kx) 
component  in  the  Fourier  expansion  of  E^(x,y,t)  . The  corresponding 
current  density  is  defined  as 


71 

I(t)  = ^ fkx(tj,t)^ 

y Tj=l 


(12) 


where  and  x(Tj,t)  refer  to  the  particle  and  is  the 

total  number  of  particles  whose  charges  are  q . The  kinetic  energy 
of  the  system  is  computed  from  the  expression 


^kin<^’ 


n=  1 


(13) 


The  mass  of  the  particle  m is  the  electron  mass  multiplied  by  the 
appropriate  magnification  ratio.  The  potential  energy  is  approximated 
by 


W * 
pot 


(t) 


) = 1 1=1 


(14) 


where  Ax  and  Ay  are  the  cell  dimensions  of  grid  spacings . 


3.2  Driving  the  Computer  Plasma 

In  order  to  observe  the  resonance  characteristics  of  the  plasma  it  is 
necessary  to  provide  some  external  excitation.  We  found  that  a single 
mode  of  oscillation  could  be  excited  very  conveniently  by  applying  an 
external  electric  field. 

E'^  (x,t)  = E^  i;in(kx)  sin(ujt)  (15) 
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over  the  domain  L x L . This  external  field  Is  applied  for  S-iC 
/2w\  * ^ 

periods  • If  *»  Is  near  to  some  natural  mode  of  resonance  o)^ 

of  the  plasma,  and  assuming  that  conditions  are  favorable,  the  plasma 
keeps  oscillating  with  frequency  after  the  driving  source  (15)  had 
been  set  to  zero. 

The  dispersion  relations  can  not  be  established  conveniently  from 
such  a time  response  described  above.  To  obtain  the  frequency 
response  of  the  plasma  It  Is  desired  to  drive  the  plasma  with  a source 
which  has  a broad  spectrum . The  most  convenient  method  for 
doing  this  was  found  to  be  the  application  of  an  external  charge  at 
the  origin  of  the  domain,  l.e. , at  grid  point  (1,1)  for  the  duration 
of  one  time  step.  This  Is  an  approximation  to  a delta  function  In 
space  and  time . 


3 . 3 Choice  of  Parameters  for  the  Computer  Experiment 

Working  with  a computer  plasma  we  face  different  sort  of  limita- 
tions than  those  found  In  real  experiments.  The  computer  experiment 
Is  characterized  by  coarseness  which  can  Influence  the  results.  In 
this  section  we  define  the  operational  parameters  of  the  computer 
plasma  and  Indicate  ranges  where  reliable  results  should  be  expected. 

For  the  sake  of  definiteness  the  size  of  the  principal  domain 
2 

has  been  set  to  10  x 10  cm  , l.e.,  L = L = 10  cm  . The  cyclotron 

X y 

frequency 

UJ  * 

c me 

g 

was  also  held  constant  at  10  rad/scc.  These  choices  do  not  affect 
the  generality  of  the  results  since  all  the  variables  of  Interest  are 
expressed  as  multiples  of  u)^  . As  for  the  value  of  , the  results 
obtained  are  valid  for  any  wave  number  If  the  same  scaling  Is  applied 
to  the  thermal  velocity  of  the  electrons . 
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We  are  primarily  Interested  In  the  dispersion  relation  for  perpen- 
dicular propagation  of  CHW  In  a colllslonless , homogeneous  Maxwellian 
plasma.  This  relation  can  be  expressed  In  the  following  form  [4,15]. 


1 = 2 


-X  m"I  (X) 
e m 


c 


2 

m 


(17) 


where  I Is  the  modified  Bessel  function  of  the  first  kind,  u> 
m p 

Is  the  plasma  frequency  and 


X = 


2 


(18) 


The  proper  value  of  the  time  step  £t  Is  of  consider -ile  Importance. 
The  guiding  principle  In  determining  At  was  to  allow  at  least  14At 
for  the  period  for  the  highest  working  frequency  of  Interest.  In  all 
of  the  experiments  aimed  to  obtain  the  spectra  of  the  electric  field 
and  current  density  we  used 


1 

102.4 


(19) 


which  assures  somewhat  better  than  fourteen  samples/cycle  even 
for  the  7*^  hannonlc  of  . Over  1024  tlmesteps,thls  choice.  Eg. 
(19),  allows  ion  complete  periods  of  a signal  of  frequency  ou 

c 

Furthermore,  the  line  spectra  obtained  from  Fourier  analysis  are 

spaced  O.loi  apart , a convenient  value . 
c 

Another  aspect  of  At  that  must  be  considered  Is  the  distance  s 
which  an  electron  of  thermal  velocity  v^  travels  In  one  time  step 
as  a function  of  X .By  substituting  Eqs.  (10)  and  Eg.  (19), Into 
Eg.  (18)  we  get 


102.4  v^  At 


(20) 


L 

X 
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which,  in  view  of 


L = 64Ax 

X 


(21) 


becomes 


yr  = 


1 . 6 At 
Ax 


(22) 


or  equivalently 

s = 0.625  /1  (23) 


in  units  of  Ax  . The  number  of  Debye  lengths 


X 


d 


«) 

P 


per  total  length 
by  substituting  Eqs. 


ca".  be  expressed  in  terms  of 
(18)  and  (10)  into  Eq.  (24). 


yr  , ID  and 
P 

The  result  is 


D 

C 


(24) 


^x  _ 2ir 

^dVx  ' 


In  the  numerical  experiments  reported  in  this  paper  the  value 
of  i/\  did  not  exceed  3.  The  ratio  given  by  Eq.  (25)  wes  always 
less  than  2.9.  Since  we  consider  only  the  longest  wave,  Eq.  (25) 
also  represents  the  wavelength  of  the  oscillations  in  units  of  Debye 
lengths. 


(25) 


4.  Discussion  of  Results 

We  performed  computer  experiments  aimed  to  determine  the  dis- 
pr  Sion  relations  whose  propagation  vector  k is  perpendicular  to 
me  externally  applied,  constant  magnetic  field  B . The  plasma  was 
excited  by  externally  applied  charge  restricted  to  one  grid  point  for 
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the  diiratlon  of  one  time  step.  At  higher  plasma  temperatures,  however, 
the  Internal  fluctuntlons  of  ^e  plasma  dominated  the  effect  of  the 
Impulse  which  was  Intended  to  be  sufficiently  small  to  assure  linear 
behavior.  The  length  of  computer  experiments  were  1024At  and 
2048At  , where  At  Is  defined  by  Eg.  (19). 


nie  experimental  verification  of  the  dispersion  relations  Is  equiva- 
lent to  finding  the  resonant  frequencies  of  the  computer  plasma  for 
given  values  of  X which  Is  defined  by  Eq.  (18).  This  Is  done  by  means 
of  frequency  analysis  of  sufficiently  long  records,  of  the  electric  field 
E(t)  and  the  current  density  I(t)  wdilch  are  defined  by  Eq.  (9)  and  (12). 

Let  EOAt)  and  lUAt)  , j = 0,  1,  ...  N-1  , be  the  sequences  re- 
presenting the  electric  field  and  current  density  records  obtained  In  N 
time  steps.  The  finite  Fourier  transforms  of  these  sequences  are  de- 
fined as 


N-1 

E(nAuj)  = E(JAt)exp(-lnAu)J  At) 
j=0 


(26) 


N-1 

I(nAoi)  = I (JAt)  exp(-lnAu)J  At) 
)=0 


where  1 =^T  and  nAou  Is  the  frequency.  From  these  complex 
sequences  E(nAu;)  and  I(nAoi),  n»0,l,. . . ,N-1,  we  compute  the 
electric  field  spectrum  | K(nAui)  | and  the  current  density  spectrum 
|l(nAui)|  . Examples  of  these  spectra  are  shown  In  Figs.  1 and  2, 
where  nAuu  Is  replaced  by  ui  . The  number  of  time  steps  N and 
their  length  At  determine  the  resolution  of  these  spectra.  This 
relation  Is  expressed  as 


(27) 


(28) 


If  the  value  of  At  Is  given  by  Eq.  (19)  and  K=1024,  then  Au;  = O.lu;  . 

c 

For  twice  as  long  experiments,  such  as  the  ones  shown  In  Fig.  1-b 

and  Fig.  2-b  Au)  becomes  O.OSui  . In  order  to  estimate  the  maxima 

c 
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( 


(a)  (b) 

Figure  1.  Exait^les  of  electric  field  spectra  as  defined  by  Eg.  (26). 

The  spacing  between  the  lines  is  O.lcu  in  (a)  c.nd  0.05 uu 

c c 

in  (b). 


oiiaa^ars 


<^e 

(a) 
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Figure  2.  Examples  of  current  density  spectra  as  defined  by  Eg.  (27). 

The  snacing  between  the  lines  is  0.1  iv  in  (a)  and  0.05 ui 

c c 

in  (Lf. 


r 

i 
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between  tiie  lines  of  the  spectra , we  used  a simple  curve  fitting  tech- 
nique. A second  order  parabola  was  fitted  to  the  end  points  of  three 
lines  - the  one  with  the  maximum  value  and  its  two  immediate  neighbors. 
The  frequency  of  the  local  maximum  was  estimated  by  the  location 
of  die  peak  of  the  parabola.  The  frequencies  of  these  spectral  peaks 
are  given  in  Table  I for  a number  of  cases.  These  frequencies  obtained 
from  the  simulation  are  listed  under  "SIM  .".  If  no  definite  peaks 
are  observed  in  the  electric  field  or  current  spectra,  the  corresponding 
spaces  in  Table  I were  kept  blank. 

Table  I also  contains  the  resonant  frequencies  predicted  from 
the  linear  theory  (TH.)  . These  were  computed  from  the  integral 
representation  of  the  dispersion  relation  for  perpendicular  propagation, 
Eq.  (17) , v/hich  is 


exp  (-X) 


sincp  exp(X  coscp)  dtp 


(29) 


as  given  by  Crawford  [4] . 

In  comparing  the  results  of  the  simulation  with  those  predicted 
by  the  theory,  the  greatest  deviation  is  observed  in  the  first  mode. 

In  shorter  runs  (1024  he)  the  error  in  the  first  mode  was  within  3% 
and  considerable  Improvement  is  obrerved  in  the  higher  modes.  The 
better  agreement  between  the  results  of  thee;/  and  simulation  can  be 
attributed  to  the  smaller  huu/uu  ratio  in  the  case  of  the  higher  modes. 

The  simple  method  that  we  employed  for  estimating  the  resonant 
frequencies  could  not  be  applied  to  the  first  two  modes  of  case  7. 

This  spectrum  is  show.i  in  Fig.  2-b.  There  is  a lack  of  continuity 
in  the  spectrum  which  is  most  likely  due  to  exceedingly  high  internal 
fluctuations  of  the  computer  plasma.  We  observed  such  "irregularities" 
of  the  spectra  only  in  cases  where  the  plasma  frequency  11)^  is  greater 
than  the  electron  cyclotron  frequency  ui^  . 
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5.  EiqMrienoe  with  Different  Methods 

All  computer  experiments  were  carried  out  %vlth  5776  particles. 

The  wave  number  k and  the  electron  cyclotron  frequency  ui^  were 

kept  constant.  Changes  were  introduced  by  varying  the  initial  thermal 

velocity  V.  and  the  plasisa  frequency  u)  . The  latter  was  accomplished 
t p 

b:>  assigning  the  proper  magnification  ratio  to  the  particles. 

Most  of  the  experiments  were  performed  by  using  the  PIC  method . 

We  used  die  NGP  method,  which  is  faster  [12],  mcst  frequently  in 
trial  runs  preceeding  the  main  experiment.  The  only  significant  difference 
thai  we  could  observe  between  these  two  methods  was  diat  with  the 
NGP  medioo  the  plasma  heated  up  much  faster.  For  this  reason  we 
could  not  rely  on  the  N<3>  method  except  in  the  vesy  low  density  and 
high  temperature  range. 

The  idea  of  smoothing  the  electric  field  was  also  considered  as  a 

means  of  reducing  the  heating  up  of  the  computer  pmsma.  The  smoothing 

was  accomplished  by  suppressing  the  Fourier  coefficients  A the  computed 

electric  field  associated  with  the  higher  spatial  frequencies.  Let 

E (m,n)  and  E (m,n)  be  the  Fourier  coefficients  of  the  electric  field 
X y 

components.  The  spatial  frequencies  m and  n assume  integer  values 
with  ranges 


-31  < m < 32 
-31  s n s 32 


(30) 


in  the  case  of  the  64x64  grid.  In  terms  of  these  quantities,  the 
smoothing  scheme  which  we  used  can  be  defined  by  the  requirement 
that 


E (m,n)  = E (m,n)  = 0 
X y 


(31) 


for 


|m|  i 9 or  |n|  i 9 


(32) 
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The  particle  mettiods  PIC  and  NGP,  in  which  the  electric  field  Is 
modified  to  satisfy  Eqs.  (31)  and  (32)  are  denoted  as  PIC-S  and  NGP-S, 
respectively. 

The  NGP-S  and  PIC-S  methods  showed  ronsiderable  improvement 
In  energy  conservation  if  compared  with  NGP  and  PIC  methods,  respec- 
tively. No  loss  of  accuracy  was  noticed  due  to  die  smoothing.  On 
die  contrary.  In  certain  cases  diere  was  some  Improvement.  For  example, 
case  3 was  also  simulated  by  using  the  PIC  method.  The  resonant  fre- 
quencies estimated  from  the  results  of  the  NGP-S  method  were  closer 
to  the  theoretical  value  dian  those  obtained  through  the  PIC  method. 
Similar  Improvements  were  observed  in  case  S when  PIC-S  was  used  in- 
stead of  the  PIC  method.  In  diis  case,  however,  the  PIC  method  could 
not  be  used  because  of  lack  of  energy  conservation.  When  simulating 
case  S with  the  PIC  method , the  energy  of  the  system  increased  by 
23%  over  1000  time  steps.  The  same  problem  with  PIC-S  showed  no 
more  than  0.5%  increase  of  the  total  energy  over  the  same  period. 

Apart  from  the  question  of  energy  conservation,  the  Improvements  in 
the  results  may  also  be  connected  with  the  reduced  collisional  effects 
in  the  NGP-S  and  PIC-S  methods.  This  aspect  of  the  problem  was  not 
Investigated. 

The  examination  of  the  results  obtained  from  25  computer  experi- 
ments reveals  that  we  came  closest  to  our  objective  in  those  cases  in 
which  the  plasma  density  is  low.  The  best  agreement  between  the 

results  of  simulation  and  theory  was  obtained  in  a case  with  x = 0.5x 

P c 

As  (11^  increases  the  internal  fluctuations  become  more  pronounced 
and  there  are  indications  that  we  are  not  dealing  with  pure  linear 
oscillations.  The  spectrum  of  such  oscillations  shows  lack  of 
continuity  and  the  maxima  are  less  clearly  defined.  This  is  seen 
in  Fig.  2-b  in  comparison  with  Fig.  1-b.  We  expect  that  these  fluctua- 
tions :an  be  reduced  by  using  greater  number  cf  particles. 
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6.  Conclusions 

We  have  simulated  CHW  resonances  vrhose  propagation  vector 

k Is  perpendicular  to  the  &*:temally  applied  constant  magnetic  field 

B on  a digital  computer  using  two  dimensional  particle  models. 

Our  aim  was  to  retain  the  dispersion  relations  for  such  oscillations 

In  a homogeneous  Maxswelllan  plasma.  We  found  very  good  agreement 

betsreen  the  results  of  the  simulation  and  those  predicted  by  die  small 

signal  theory.  The  best  correspondence  betvreen  theory  and  simulation 

Is  In  plasmas  of  lower  density,  l.e. , oi  < x . In  a number  of  cases 

P c 

with  (0  xs  the  oscillations  become  less  smooth  and  regular, 

P c 

suggesting  some  nonlinear  Influence.  It  Is  likely  that  this  Is  caused 
by  the  excessive  fluctua^ons  of  the  particle  model.  It  Is  expected 
that  the  problem  can  be  remedied  by  using  more  particles. 

We  experimented  with  the  NGP  and  PIC  models . In  simulating 
CHW  phenomena,  the  only  difference  between  these  methods  that  we 
could  observe  was  that  the  NGP  model  headed  up  much  faster  than  the 
PIC  model. 

The  effect  of  smoothing  un  the  computed  electric  field  was  most 
noticeable  In  the  Improved  energy  conserving  properties  of  the  models. 
The  elimination  of  the  high  spatial  frequencies  of  the  electric  field  In 
the  NGP-S  and  PIC-S  had  no  adverse  effect  on  the  accuracy  of  the 
dispersion  relations  obtained  from  the  results  of  the  simulation  to  say 
the  least.  This  could  be  expected  since  the  observed  oscillations 
were  always  those  of  longest  wavelengths. 
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The  Numerical  Solution  of  Multi-Species 
Fokker-Planck  Equations 
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Lawrence  Radiation  Laboratory 
University  of  Ctdifomia 
Livermore,  California 

Abstract 

In  studying  the  feasibility  of  fusion  reactors  based  on 
magnetic  mirror  confinement  of  the  plasma  it  is  necessary  to  solve 
the  Fokker-Planck  equations  in  order  to  determine  end  losses  and 
energy  transfer.  In  any  realistic  system  several  ion  species  will 
be  present  including  the  charged  reaction  products.  We  have 
developed  a new  program,  called  NFF,  for  the  purpose  of  solving 
the  system  cf  time-dependent  Fokker-Plemck  equations  for  the 
distribution  functions  of  several  species  of  particle.  Azimuthal 
symmetry  is  assumed  so  the  resulting  distribution  functions  are  of 
the  form  f(v,  6,  t) . We  assume  that  the  distribution  functions 
can  be  separated  into  a product  of  two  terms  — the  first  term  is 
a function  of  v and  t and  the  second  term  is  a function  of  6 only. 
The  e dependent  part  is  given  analytically  and  the  equation  for 
f(v,  t)  must  be  solved  numerically. 

I.  Mathematical  Formulation  Which  Describes  the  Collisional 

Behavior  of  a Plasma 
A.  Fokker-Planck  Equation 

The  usual  transport  equation  for  particles  in  a pl2isma  is 
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3f  F af, 

^ * ■5r"  ^ m ' 


^ ’c  ®a' 


il) 


where  f (x,  y.,  t)  is  the  distribution  function  for  particles  of 
species  a in  a six-dimensional  phase  space.  (3f^/at)^  is  a term 
describing  collisional  effects;  S (r,  y,  t)  describes  a particle 

cL 

source,  if  applicable.  £ is  the  force  on  a particle. 

The  collision  operator  most  often  applied  in  plasma  theory 
is  the  Fokker-Planck  operator.  It  is  given  by  Rosenbluth  et  al.^ 


1 af  a ah  i a^  aV 

= “ 37  * <^a  * 1 ^ sr'’  ' 

a c “ ~ 

where 

m.+m.  Z.  , 

^ ^ - X'l, 

bn  a 


(2) 


E i~)^  f dy*  f^(y')  |y  - y*  | . 


4itZ 

A 

T~ 

ni. 


log^  D, 


E X_ 
r.  a D 

°a  ” — TT  • 

* Z.V 

A 

and  refer  to  electron  ten^rature  euid  density,  and  is 
the  electron  Osbye  length: 

KT 


(- 


e ,1/2 


4itN  e 
e 

In  reference  (1),  spherical  polar  coordinates  (v,  6,  41)  in 
velocity  space  are  used,  where  0 is  the  euigle  between  the  velocity 
vector  and  the  magnetic  field  vector.  Azimuthal  syinnetry  is 
assumed  so  the  resulting  distribution  functions  are  of  the  form 


f (v,  y,  t) , where  y * cos  9.  The  equation  for  each  species  is 

A 
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then  given  by 
1 


a at 


a - 3h^  1 a 

^ ^ > 

1 a^  2 ^ ^a 
+ ^ -4  (f.  v-^  -^) 

2v  av  av'^ 


5 

—2} 

y 


2v^  ay  ® V ay"^  '' 


2v‘‘  ay 

1 a^  !•  2 ^ ^a  1 ^®a 

+ ij  {f  (1-y^)  [ - i —]} 

V ayav  ayav  ap 


(3) 


a^g 


^ - <^af-  7 - 

2v^  av  ^ ay 


ag  2p  ag 

* - 2 — S.  + i ] } 

«r  * * 


av 


3y 


2v“^  ap  ^ 


2 

1 . 2 ® 9a  2p  ag 

f“7  y(i“P  ) • ■!>  + — T— ■ 

H / 2 V av 


ay 


2 2 ^ 9«  2 ®9. 

y ^ W " ;7  TiT^  ^ 


B.  Separa^-ed  Solutions 

Calculations  performed  in  two-dimensional  velocity  space  for 
the  ion  distribution  function  indicate  that  approximate  results 
can  be  obtained  by  separating  the  distribution  function  into  a 
product  of  two  terms  (Bing  and  Roberts,  1961;  BenDaniel  and  Allis, 
1962) . Urn  first  terni  is  a function  of  v and  t and  the  second 
term  is  a function  of  9 only.  The  equation  for  the  function  of  0 
is  a Legendre  differential  equation  on  the  domain  -0^,  £ 9 £ 9(.» 
where  9^  defines  the  magnetic  mirror  loss  cone.  The  equation  for 
f(v,  t)  must  be  solved  numerically,  and  it  is  given  in  Eq.  (6) 
of  this  paper  for  each  species.  The  boundary  condition  on  the 
distribution  function  in  such  a loss  cone  problem  is  f(v,  0^,  t)=0 
for  all  V and  t for  each  species,  which  implies  f = 0 at  v = 0 in 
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the  separated  solution.  In  those  problems  where  we  assume  that 
the  distribution  functions  are  isotropic  we  take  a symmetry  condi- 
tion at  V - 0.  i.e..  3f/3v  - 0 for  all  t. 

In  the  equations  for  ions  and  electrons  we  include  sour:  terms 

and  also  include  the  loss  of  each  species  by  scattering  into  the 
velocity-space  loss  cone  of  the  magnetic  mirror  configuration,  .id 
the  hot  ions  can  be  lost  by  charge-exchange  with  the  background  gas. 

A plas:na  potential  is  computed  at  each  time  step  of  the  calcu- 
lation by  requiring  charge  neutrality.  A critical  velocity  v^(t) 
is  deten-ir...J  »uch  that  electrons  with  v < v^  are  not  lost  and 
those  vith  V > can  be  lost  by  scattering  into  the  loss  cone.  At 
each  time  step  t^e  electron  charge  density  is  compared  to  the  total 
ion  charge  density  and  the  velocity  modified  accordingly.  The 


plasma  potential  Is  obtained  from  e^  = 1/2  mv^  . 

In  Eq.  (3)  if  let  and  .a  isotopic,  i.e. 


3h 


a 

3W 


then  we  have 


I - - i 

’ ’3t  " 


'2  3v 


3 (f  (f-  V 

a 2v  3v 


2 


a 


3v 


4-  ^ {(1-U^)  ^ 

2v"^  3v 


3f 


^ - 2 f } 
3w  a 


3g 

V 3v  3V 


^ 3v 


(4) 


Let  f (V,  w,  t)  = U,(v,  t)  M^(p)  then 


M 3U^  “a  3 2 ®^a 

8i 


Ma  3 , 2 ® ^a, 

) + —I  — - ‘'a  ^ 

^ 3v“  3v 
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- T W “57’ 

V 

U 3g  , 


M (u)  satisfies 
^ 2 

2 ^ “a 

(iV)  J 

3U 


3M, 

2u  -?~  + AM  = 0 
i]i  a a 


Hence 


1 

^ 3t 


.1^  J.  (u,  v2 

3v  ® 3v  2v^3v  3v 

1 a ^9,  A 3g 

1 L.  (0  —5)  - -Sy 

v^  3v  ® 3v  2v^ 


In  what  follows  U will  be  denoted  by  f^^.  Eq.  (5)  becomes 


+ ,- 


X ^^^a 

i £] 

, . 1 !!a  ^ 2 !ja 

3^9a 

^ J’ 

3v  ^ 3v  ''  3v 

2 ^^‘'a  ^ 2 »^5a 

3v  T7 

^ 3v^ 

- ^a  '—I  ~1 
® 2v  3v 


functions  h (v,  . > J*nd  g(v,  t)  are  defined  by  the  equations 

A 

vv.t,  -4.1  I r '.<''■■« 

® ban 


+ fjj(V  ,t)  v'dv'  ] , 
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Z.  - V , ,2  _ 

g(v,t)  = 4ir  Z (jS)  ^ ^ f^(v',t)v  (1  + 5 v'^dv* 


i_  ** 

b a 


+ r f>,(v*,t)  (1  + i -^)  v'^dv], 

V ° •*  V* 


(8) 


The  summations  are  taken  over  all  the  species  of  particles  being 
considered,  including  type  a. 

The  number  density  of  particles  of  type  a is  given  by 


n (t)  = 4n  f f (v,t)v^dv. 


(9) 


Dimensionless  Equations 

We  wish  to  solve  the  system  of  equations 


3f  , . 3^f 
a _ ^(a)  a 

3t  “ “ ,..2 


3f 


+ _a  ^ f + 6<a) 

3v“  3v  ^ 


(10) 


for  an  arbitrary  number  of  species  (denoted  by  Roman  letter  sub- 
scripts) . 

The  domain  is  given  by 


t > 0 0 < V < v„^^ 

* — — max 

and  the  initial  euid  boundary  conditions  are 

= 0 

= 0 


fa(V'O)  given; 


f-  (0,t)  =0  or 
a 


v=0 


The  coefficients  of  Eq.  (10)  are  given  by 

= 4it  Z (^)^  l-kr  r f^(v')v'^dv'+  i f.  (v')v'dv'] 
® b ^a  3v^  o 3 V b 


/''VV. 


-ij  s'  fij(v')  v'^dv'  + I fjj(v')v'cv'J 
Sv"^  o V 
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4it  {E  ,h.2  r“a  . , _ 5.  . ,^b.2  , v tW^dv' 

a Td  V b a o 


1 » 

" 3^  o ffatV  ,t'v*^  dv*  + / fj^(v*  ,t)v'dv’] } 

(the  summations  are  taken  over  all  species.)  , 

4irVo^ 

Let  A - v/Vq,  where  is  a constant,  and  let  ^ 

where 

00  A 

n (0)  = K,  ; K,  (x,G)  dx  = K 1®(0) 

a a ^ a ci  ^ 

(n  (0)  is  given  and  the  integral  is  con5>uted  from  the  initial 

distribution. ) 

We  define  the  functionals 
00 

M(F)  = f F(y,t)  y dy 
X 

N(F)  = F(y,t)  y^  dy 

o 

E(F)  = F(y,t)  y^  dy 

o 

In  terms  of  the  new  variables  Eq.  (10)  becomes 
3F,  3^P,  3F, 

-5!  = A'  f + B'  — ~ + C*  F,  + Dl  (11) 

® 3x^  ® 3x  ® ® ® 


»;  = -If  'z^'"  * j»"V  h. 

Vq  b a 3x 

r z,  9 1 1 2 

= -r  ^ h N<^b>  - -ri  ^ 

\q  X b a D 3x 


c;  ^ — f ^ - - — 3-- 

^ Vq^  b ^a  x^ 


Dl  = S (x,t)  is  the  source  term  for  species  a. 
a a 
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Let  r = iJISy  = .806  X 10^® 

O®  ™ 2 

where  is  the  electron  mass. 

We  introduce  the  independent  variable 

X = t = 5- 

2v  3 S, 


We  have 

r. 


a 

oe 


4ire^Z  * 
2^ 


m 


4ffe] 

m„^ 


= ^%2  4 

m a a 

a 


Eq.  (2)  becomes 
3F 


a 

3t 


3^P. 


3x 


+ B — - + C F + D 
a 3^  a a a 


(12) 


where 


^a  ^ Toe  ~ ^ 

oe  e 


- A I-  =;  ■ >i.  n 

oe  e 


'0  2 


r-  tr  ^ 


oe  e 


II . Calculation  of  the  Ambipolar  Potential 

The  coefficient  of  the  scattering  loss  term  is 

‘ab  ■ i 


where  A_  is  the  separation  constant  (eigenvalue  of  the  Legendre 

d 

equation  corresponding  to  first  normal  mode) . For  A we  shall  use 

Si 

the  approximate  value 
^a  = ®a)'^ 
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where  R is  the  effective  mirror  ratio  for  particles  of  type  a 

A 

and  depends  on  the  aubipolar  potential  4. 

For  electrons  we  have 


-1 


where  R = , ♦ = j v^^ 

For  ions  we  have 


R(1  + 


♦ .-1 



j m.v 


The  procedure  for  determining  i follows.  Let 

j"(t)  - 

q‘‘‘(t)  = 2 Zjj 
b 

(The  sum  taken  over  the  ion  species.) 


(b  ¥ e) 


At  every  time  step  Q and  Q are  computed  and  the  difference 
Q'*'  - Q~ 


compared  to  a specified  small  number.  If  the  difference  exceeds 
this  number,  then  / _ is  increased  by  an  amount  Av  and  the  time 
step  is  repeated.  This  process  is  repeated  until  the  condition  is 


satisfied.  The  term  P (x)  is  then 

" X,  2 


f [logj^j,{R(l  - 


Pe(x)  = 


1,.-1 


X > X 


cr 


X < X 

— cr 


where  x ^ 
0 cr 


cr 


(Note:  let  = 1/2.) 


In  the  ion  equations  for  those  values  of  x such  that  x < i/—  — i—  x 

-''"'a  /r:^ 

set  the  corresponding  values  of  the  distribution  function  F (x,t) 

A 
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equal  to  zero.  For 

X > 

Pa<x)  = (log^o{R(l  + ^ * 2 

X 

Z f*.  u 

(Again  set  = 1/2.) 

An  option  for  determining  the  cunbipolc  : potential  is  also 
availcible  in  the  code,  and  is  described  as  follows. 

The  new  electron  density  Q~  is  compared  to  the  ion  density 
and  the  change  in  electrons  is  compared  to  the  change  in  ions. 

Since  charge  neutrality  is  to  be  maintained,  if  the  electron 
density  is  less  than  the  ion  density,  and  the  electron  change  is 
less  than  the  ion  change,  the  ambipolar  potential  is  increased  by 
a small  amount,  and  the  time  step  is  repeated.  This  cycling  is 
continued  until  either  the  condition 
Q~  > 0^ 

or  the  condition 

aq"  > aq'*’ 

is  obtained. 

On  the  other  hand,  if  the  ion  density  is  less  than  the  electron 
density,  and  the  ion  change  is  less  ...an  the  change  in  electrons, 
the  potential  is  decreased  and  the  time  step  is  repeated,  this 
cycling  continuing  until  either 
Q"  i Q'*’ 
or 

AQ"  < Aot 

The  requirem  .t  on  the  change  in  densities  keeps  the  electron 
density  from  getting  too  far  ahead  of  the  ion  density,  and  vice 


/R^ 


cr 


694 


Multi-Species  Fakker-Planck  Equation 


versa.  This  could  happen  due  to  discrepancies  in  rates  that  might 
otherwise  build  up. 

III . Difference  Methods 

The  system  of  equations  (12)  is  solved  by  an  implicit  dif- 

2 

ference  scheme  which  is  similar  to  that  described  ir  earlier  works.  ' 
In  this  application  the  system  (12)  is  treated  as  a single  vector 
equation  for  the  p-dimensional  vector  F where  the  elements  of  F 
are  the  distribution  functions  for  each  species.  A variable  mesh 
is  used  in  velocity  space  with  a fine  spacing  for  small  v to 
accurately  represent  the  ion  distribution  functions. 

IV.  Applications 

The  program  has  been  applied  to  three-species  problems  (e,  D,  T) 

and  (e,  D,  He^) , to  four-species  problems  (e,  D,  T,  a) , and  to  five- 

species  problems  (e,  D,  He^,  u,  p) . We  also  pleui  to  apply  it  to  a 

full  six-species  problem  (e,  D,  T,  He^,  a,  p) . Source  terms 

2 3 

suitable  for  neutral  injection  ' are  included  and  also  source  euid 
loss  terms  of  the  form  <ov>  n^n^^  corresponding  to  thermonuclear 
reactions  are  included. 
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ABSTRACT 

We  present  a new  Bethocl  for  the  siaulatlon  of  electrical 
breakdown  phenoaena,  and  plasaa  phenoaena  where  both  binary  electron- 
neutral  colllslona  and  collective  Interactions  are  Important.  Binary 
collisions  are  Included  using  a Home  Carlo  technique.  Collective 
Interaction  Is  Included  using  a one  dlaK.»alonal  plasaa  model.  The 
aethod  Is  used  to  slaulate  the  growth  of  electron  avalanches  and 
electron  streamers.  Fhotolonlsatlon  Is  also  Included  In  the  slaulatlons 
and  Is  an  Important  aechanlsa  In  strcaser  growth.  Good  agreement  Is 
obtained  between  calculated  and  experimental  results  for  both 
avalanches  and  streamers. 


I . INTRODUCTION 

When  an  Intense  electric  field  Is  applied  to  a gas,  the  gas 
breaks  down,  cha>  , from  an  Insulator  to  a conductor.  During  the 
breakdown  process  the  electron  and  positive  Ion  densities  In  the  gas 
Increase  over  uny  oro  rs  of  magnitude  In  as  short  a time  as  twenty 
nanoseconds  for  centimeter  gaps. 


* Present  address,  Westlnghouse  Research  I.abs,  Pittsburgh,  Pa.  15235 
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we  have  carried  out  coaputer  slnulatlon  studies  of  electron 
1 2 

pulse  experlaents  * . The  slaulatlon  Includes  elenentary  collision 
process  In  the  gas  as  well  as  collective  Interactions  anong  the 
electrons  and  Ions  that  are  released  In  the  breakdown  process.  In 
the  slnulatlon  experlaents  a pulse  of  low  energy  electrrns  is  rel  sed 
at  the  cathode,  In  a parallel  plane  gap  with  an  applied  electric  field. 

(The  word  electron  Is  used  below  to  denote  slaulatlon  particles  that 
can  represent  one  or  aumy  actual  electrons).  The  slBulP<:ion  simultaneously 
follows  the  trajectories  of  a large  number  of  Individual  ..lectrons  as 
they  drift  from  the  csthode  to  the  anode.  Electron  velocity  components 
parallel  and  normal  to  the  electric  field  and  electron  pocltlon  measured 
from  the  cathode,  parallel  to  the  electric  field,  are  computed  for 
each  electron  as  a function  of  time,  the  Independent  variable  In  the 
simulation.  Time  Is  advanced  In  equal  steps.  At.  At  each  time, 
t^,  (t|^  - kAt)  the  probability  of  a collision  with  a neutral  gas  molecule, 
between  t^^  and  is  computed  for  each  electron  and  compared  with 

a random  number  to  decide  whether  that  electron  suffers  a collision 
between  t^^  and  When  an  electron  suffers  a collision  the  relative 

probabilities  for  elastic,  vibrational,  exciting  and  Ionizing  collisions 
are  used  along  with  another  random  number  to  decide  what  kind  of 
collision  the  electron  has  suffered.  The  collision  probabilities  arc 

3 

baaed  on  published  cross-sections  . Cross-section  magnitudes  are 
aasiuMd  to  be  proportional  to  the  pressure,  while  their  form  is 
Independent  of  pressure.  Uniformly  distributed  scattering  angle  cosines 
are  assumed  In  all  collisions.  Similar  Monte  Carlo  calculations  for 
electron  avalanches  In  gases,  assuadng  negligible  space  charge 
distortion,  are  described  In  Ref.  4. 
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In  simulated  and  actual  election  pulse  experiments  N,  the 
nuid>er  of  electrons  In  the  pulse.  Increases  exponentially  with  time  as 
a result  of  Ionizing  collisions. 

N(t)  » N(t  “ 0)  exp(ovjt)  (1) 

Where  a Is  called  the  Ionization  coefficient  and  v.  Is  the  electron 

d 

drift  velocity,  given  by  Eq.  (2),  where  x Is  the  average  electron  position. 

v^  - x/t  (2) 

1 2 

The  growing  pulse  of  electrons  Is  called  an  electron  avalanche  ’ . 

8 3 

When  the  electron  density  In  the  avalanche  exceeds  10  /cm  collective 
electron  Interaction  and  distortion  of  the  applied  electric  field 
begins. 

We  account  for  collective  Interactions  by  regarding  the 
electrons  as  charge  sheets^.  The  electric  field  at  all  points  within 
the  gap  Is  obtained  by  solving  Poisson’s  equation  In  one  dimension  at  each 
time  t|^,  based  on  the  positions  of  all  of  the  charge  sheets.  The 
charge  sheets  are  then  allowed  to  move  under  the  Influence  of  the 
electric  field  until  when  a new  electric  field  Is  computed  based 

on  the  new  electron  positions.  The  size  of  .he  time  step,  Lt,  Is 
based  on  the  electron  plasma  frequency  and  the  average  frequency  of 
collisions  between  electrons  and  neutral  gus  molecules. 

The  total  number  of  electrons  represented  by  the  simulation 
particles  typically  varies  over  eight  orders  of  magnitude  during  the 
course  of  the  simulation.  At  the  beginning  of  the  simulation  each 
simulation  particle  typically  represents  ten  actual  electrons.  At  the 

g 

end  of  the  simulation  each  particle  represents  10  actual  electrons, 
hence  the  simulation  particles  must  be  rescaled  several  times  during 
the  course  of  the  simulation. 
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The  exponential  growth  of  electron  avalanches,  described  by 
Fq.  (1),  Is  due  to  Ionizing  collisions  between  electrons  and  neutral 
gas  aolecules.  Experlnents^*^  also  shoe  that  gas  photolonlzatlon  Is 
an  Important  mechanism  for  the  release  of  electrons  and  positive  Ions 
In  gases.  Photolonlzatlon  Is  Included  In  the  simulation  using  recent 
experimental  data^. 

When  electric  fields  well  above  the  minimum  electric  field 
required  for  breakdown  are  applied  t<  parallel  plane  gaps,  light 
emitting  regions  called  streamers  develop  In  the  gaps  during  the 
electrical  breakdown  process. 

Streamers  are  studied  experimentally^  by  recording  Che 
spatial  and  temporal  development  of  Che  light  that  they  emit.  We 
estimate  Che  light  output  of  the  simulated  streamer  by  recording  the 
spatial  and  temporal  development  of  the  density  of  excited  molecules 
which  appear  when  a simulation  electron  undergoes  an  exciting  collision. 
The  spatial  density  of  excited  molecules  Is  printed  out  and  reset  Co 
zero  at  successive  times  Cx^  (tx^  ••  kACx)  where  Atx  Is  comparable  Co 
Che  mi^n  lifetime  of  Che  excited  molecules. 

Computer  simulation  results  are  used  below  to  calculate 
electron  avalanche  and  streamer  velocities  as  well  as  the  Ionization 
coefficient  for  electron  avalanches.  The  calculated  values  of  these 
qitantlrles  are  In  good  agreement  with  experimentally  measured  values 
in  all  cases. 


II.  THE  SIMULATION  MODEL 

Electron-Neutral  Collision  Calculations 

The  probability  of  a collision  between  an  electron  and  a 
neutral  gas  molecule  between  t|^  and  C^^^  Is  given  by  Eq.  (3). 
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P(tjj)  - 1 - exp  (-  v(v(t|^))At)  (3) 

In  Eq.  (3)  V la  the  total  collision  I'requenc^  for  electron-neutral 
gas  aolecule  collisions.  The  total  collision  frequency  Is  a function 
of  electron  velocity  and  Is  the  of  the  Individual  collision 
frequencies  for  elastic,  exciting  and  Ionising  collisions. 

total  elastic  exciting  Ionising  ^ ' 

P(t|^)  Is  calculated  for  each  electron  at  the  beginning  of  each  tine 
step.  The  calculated  collision  probablll''y  for  each  electron  Is 
compared  with  a pseudo-random  nitmber,  drawn  from  a uniform  distribution, 
to  decide  whether  that  electron  suffers  a collision  In  that  time  step. 

When  an  electron  suffers  a collision  the  collision  type  Is 
determined  based  on  Eq.  (4)  and  on  the  fact  that  the  probability  of 
a partlculcklnd  of  collision,  given  that  a collision  has  occurred.  Is 
equsl  to  the  collision  frequency  for  that  kind  of  collision  divided  by 
the  total  collision  frequency.  For  example,  the  probability  of  an  Ionising 
collision,  given  that  a collision  has  occurred  Is: 

^ " '’ionising^'’ total 

The  collision  frequencies  In  Eq.  (5)  must  be  calculated  at  each  time 
step,  for  a particular  electron,  based  on  that  electron's  energy. 

Exciting  and  Ionizing  collljlono  both  have  threshold  velocities. 

Electrons  with  \elocltles  lower  than  the  respective  threshold  velocities 
cannot  undergo  exciting  and  Ionizing  collisions,  thus  simplifying  the 
collision  type  decision  for  electrons  with  low  velocities. 

When  the  collision  type  has  been  determ,  ned,  for  an  electron 
that  has  suffered  a collision,  the  total  electron  velocity  following 
the  collision  Is  computed  as  shown  In  Table  1. 
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The  equation  for  the  electron  velocity  following  an  exciting 
collision  Is  based  on  the  average  velocity  loss  in  an  exciting 
collision,  v^,  which  Is  known  as  a function  of  incident  electron  energy. 

The  Incident  electron  also  loses  a known  amount  cf  energy 
In  eut  Ionising  collision.  The  reaialnlng  energy  In  Ionizing  collisions 
is  shared  between  the  Incident  and  secondary  (newly  released)  electrons. 
Since  almost  no  experimental  data  Is  available  concerning  the  sharing 
of  energy  between  Incident  and  secondary  electrons  In  Ionizing  collisions, 
equal  sharing  has  been  assumed.  A secondary  electron  Is  added  for 
Ionising  collisions,  with  the  secondary  electron  velocity  equal  to  the 
new  Incident  electron  velocity. 

A new  direction  Is  chosen  for  the  Incident  electron  (and  th<. 
secondary  electron  In  Ionizing  collisions)  by  randomly  choosing  a 
direction  cosine,  cos6,  from  a uniform  distribution  on  the  Interval 
(-1,  1).  Then  the  new  velocity  components  are  computed  using  (6)  and  (7) 


Table  1 Electron  Ve.  ocltles  Before  and  After  Collisions 


Collision  Type 


V • velocity  after  collision 
v'  • velocity  before  collision 


elastic 


2 ,2 

V « V 


exciting 


2 ,2 

V “V  - V 


Ionizing 


v^  - l/2(v'^  - v^^) 
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along  with  the  new  total  velocity  already  conputed. 


V||  ® 


(tj^)  - v(tj^)  (l-cos  0) 


(6; 

(7) 


The  new  parallel  velocity,  v^^  , and  the  square  of  the  new  normal 
2 

velocity,  v^  , are  then  stored,  completing  the  short-range  collision 
calculations  for  the  particular  electron  under  consideration. 

The  secondary  electron  (simulation  particle)  which  Is 
released  In  a particular  Ionizing  collision  always  represents  the 
same  number  of  actual  electrons  cs  the  Incident  electron  (simulation 
particle)  Involved  In  that  Ionizing  collision. 

When  an  Ionizing  collision  occurs  In  a cell  the  mmiber  of 
fixed  positive  Ions  In  that  cell  Is  Increased  by  an  amount  equal  to  the 
number  of  actual  electrons  represented  by  the  simulation  particle 
Involved  In  the  Ionizing  collision  . The  resulting  fixed  positive 
charge  density  corresponds  to  an  assumption  of  Immobile  positive  Ions. 


Electric  Field  and  Electron  Motion 

During  the  simulation  the  potential  difference  between  the 

electrodes  In  the  discharge  gap  Is  assumed  constant.  Poisson’s 

equation  Is  solved  In  one  dimension  using  standard  sheet  model 
5 8 

techniques  ’ to  find  the  electric  field  In  each  cell.  The  total 
charge  In  each  cell  Is  the  sub  of  the  charges  of  the  simulation  particles 
In  that  cell  and  the  fixed  positive  charge,  due  to  Ionizing  collisions 
In  that  cell.  The  equations  of  notion  for  the  electrons  are: 

x(tk^l>  - x(t|^)  + V||  (t|^)  At  + (^)  Ej^(dt)^  (8) 
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Fig.  1 Position  and  Velocity  Components  for  a Typical 
Electron  Sheet. 

In  Eqs.  (8)  and  (9)  tj^^^  ■ t^^  -f  At,  and  x Is  the  position  of  an 
electron  laeasured  from  the  cathode  as  shorn  In  fig.  1.  Although  the 
positions  of  electron  sheets  are  followed  In  only  one  dimension,  as 
shown  In  Fig.  1,  each  electron  sheet  has  two  velocity  components 
which  are  also  shown  In  the  figure.  Only  , the  parallel  component 
of  velocity.  Is  affected  by  the  electric  field,  as  shown  in  Eq.  (8). 

Both  velocity  components  are  altered  in  short-range  collisions  as 
discussed  above.  After  new  positions  and  velocities  at  have 

been  found  for  all  electrons  time  Is  advanc'd  and  the  short-range 
collision  calculations  are  begun  for  the  next  time  step. 

Scaling 

When  N(t),  the  total  number  of  simulation  particles  exceeds 
the  maximum  allowable  number  of  particles,  which  is  specified  In  the 
program  inputdata,  then  the  original  group  of  simulation  particles  is 
replaced  by  an  approximately  equivalent  group  containing  few  simulation 
particles.  Each  new  particle  represents  several  times  as  many  actual 
electrons  ar  the  old  particles.  The  old  and  new  groups  of  particles 


703 


Kline  and  Siambis 


should  be  equivalent.  In  the  sense  that  their  distribution  In  phase 
apace  are  approzlaately  equivalent. 

In  the  slnulatlon  program  a new  grotqt  of  "larger"  particles  Is 
generated  to  represent  the  old,  larger  group  of  "smaller"  particles  by 
randomly  selecting  some  fraction,  f,  of  the  old  group  of  particles.  Each 
of  the  selected  particles  then  represents  1/f  times  as  much  charge  and 
mass  as  each  of  the  old  particles.  This  technique  has  the  advantage  of 
simplicity  and  the  disadvantage  that  there  is  no  guarantee  that  the  dis- 
tribution of  the  selected  particles  In  phase  space  is  approximately  equal 
to  the  original  particle  distribution.  This  disadvantage  can  be  minimised 
by  careful  choice  of  the  maximum  allowable  number  of  particles  and  the 
fraction,  f which  Is  retained  each  time  that  scaling  Is  necessary. 

Gas  Fhotolonltatlon 

Photolonltatlon  of  a gas  due  to  radiation  emitted  by  an  electrical 
discharge  has  been  measured  experimentally  In  Nitrogen  and  In  other  gases^ 
The  experimental  results  of  Ref.  6 form  the  basis  for  the  photolonltatlon 
calculations  which  are  described  below.  In  the  experiments  a point-plane 
corona  discharge  Is  used  as  a radiation  source.  Radiation  emitted  by 
the  discharge  causes  gas  photolonlsatl  ;>n  which  Is  measured  by  the  current 
to  a photoelectron  collector.  The  experimental  results  show  that  the  photo- 
lonltatlon rate  In  the  collection  region  Is  proportional  tc  the  rate  of 
Ionizing  electron-neutral  gas  molecule  collisions  In  the  discharge. 

Since  the  short  range  collision  calculations  described  above 
provide  an  estimate  of  the  colllslonal  Ionisation  rate  at  all  points  In 
the  gap,  lu  the  computer  simulation,  the  experimental  data  described 
above  can  be  used  to  estimate  the  rate  of  photolon  pair  production  In 
the  gap. 
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The  photolonlxatlon  calculations  are  carried  out  at  successive 
tines  tp|^,  wbere  tpj^  - kAtp.  The  gap  la  divided  Into  cells  to  carry 
out  the  photolonlsatlon  calculations.  the  nunber  of  photolon 
pairs  (photoelectrons  and  photoions)  produced  In  the  1th  cell  between 
tp|^  and  tpj^^  Is  calculated  ualng  Eq.  (10). 


n cells 

£ *4.  pd  ^ 


■•l  J-1 


•■IJ  “ij 


(10) 


In  Eq.  (10)  N-  Is  the  colllslonil  Ionisation  rate  In  the  Jth  cell, 

J 

la  an  experlnentally  measured  coefficient  which  depends  on 
presauaeand  on  the  distance  between  the  1th  and  Jth  cells,  p is  the 
pleasure,  d la  the  cell  width  and  6^^  la  the  solid  angle  aubtended 
at  cell  J by  cell  1.  The  radius,  R of  the  region  where  photolon 
release  Is  calculated,  la  fixed  In  the  slnulatlons.  A fixed  radius 
allows  In  Eq.  (10)  to  be  calculated  and  is  equivalent  to  Ignoring 

photolon  pairs  that  are  produced  outside  a cylindrical  region  with 
radlu. 


III.  ELECTRON  AVALANCHE  RESULTS 

When  the  electric  field,  E,  pressure,  p,  and  gap  length,  d, 
are  appropriately  adjusted  In  the  simulation  experiments,  so  that 
ad£4,  no  scaling  Is  required,  and  collective  Interaction  does  not 
occur  In  the  simulations.  Hence  the  results  of  simulation  experiments 
carried  out  with  od£4  can  be  compared  with  the  results  of  corresponding 
actual  experiments  to  provide  a check  on  the  electron-neutral 
collision  calculations.  Figures  2 and  3 coi^are  calculated  and 
experimental  valces  of  v^,  the  electron  avalanche  drift  velocity 
(see  Eq.  (2))  and  a/p  where  a Is  the  ionisation  coefficient  (see  Eq.  (1)) 
and  p Is  the  pressure  In  Torr.  The  pressure  determ'  <es  the  magnitudes 
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of  the  collision  frequencies  used  in  the  simlation.  Vdien  space 
charge  distortion  does  not  occur  both  actual  experineuts  and  simulation 
experiments  show  that  a/p  and  depend  on  E/p,  the  ratic  of  the 
applied  electric  field  to  the  pressure,  hence  both  a and  are 
plotted  vs.  C/p.  The  good  agreement  shown  in  Figs.  2 and  3 indicates 
that  the  short-range  collision  calculationa  accurately  predict  the  growth 
of  the  electron  pulses  into  electron  avalanches.  VIhen  both  E and  p 
are  Increased,  with  E/p  fixed,  a is  Increased  and  the  maximum  number 
of  electrons  in  the  avalanche  Increases  compared  to  the  number  of 
electrons  in  an  avalanche  at  lower  E and  p but  the  same  value  of  E/p. 

When  E and  p are  increased  at  fixed  E/p  so  that  ad%4>  scaling  must 
be  used  in  the  simulation  experisients.  The  calculated  values  of  a/p 
and  Vj  are  approximately  equal  for  cases  with  ad>4  and  cases  with 
ad<4  as  long  as  space  charge  distortion  of  the  applied  electric  field 
does  not  occur,  thus  validating  the  scaling  procedure  that  is  used. 


IV.  ELECTRON  STREAMER  RESULTS 

When  adtl4  space  charge  distortion  of  Che  applied  field 
occurs  in  both  simulated  and  actual  electron  pulse  experiments^,  and 
the  electrons  Interact  collectively.  Figure  4 shows  N (t)  for  a case 
where  ad>36.  In  this  case  Che  electron  density  is  large  enough  to 
distort  theapplled  electric  field  at  t • 12  ns,  when  the  electron 
avalanche  is  midway  between  Che  electrodes.  Once  space  charge  distortion 
begins  most  of  the  electrons  in  the  avalanche  are  in  a region  of 
reduced  electric  field,  causing  Che  reduced  growth  rate  shown  in  Fig.  4. 
The  coefficient  tj/^^jpdS^j  in  Eq.  (10)  is  on  the  order  of  10  ^ to  10  ^ 
for  the  pressures  used  in  the  simulation.  Large  values  of  ad  give  the 
high  colllslonal  ionization  rates  needed  for  the  release  of  a large 
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Fig.  4 Calculated  Total  Munber  of  Electrons  In  a Simulated  Electron 
Pulse  EzperlMnt  where  ad" 36. 


number  of  photolon  pairs  as  Indicated  by  the  values  of  ijt^jpdB^j  and 
Eq.  (10). 


The  electrons  released  by  photolonlsatlon  start  avalanches, 
called  secondary  avalanches,  which  grow  and  Increase  the  charge  density 
In  the  gap  both  ahead  of  and  behind  the  primary  avalanche.  (The 
primary  avalanche  Is  the  avalanche  which  grows  from  the  original 
electron  pulse).  The  growth  of  the  primary  and  secondary  avalanches 
Is  accompanied  by  light  emission  from  the  region  occupied  by  the 
avalanches . 

The  exciting  collision  number  density  In  each  cell  Is  increased 
each  tlM  an  exciting  collision  occurs  in  that  cell.  The  exciting  collision 
number  density  la  printed  out  at  times  tx^  (tx^^  • kdtx) , and  then  reset 
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to  aero.  As  a result  the  exoltlng  collision  nuaber  density  that  Is 
printed  out  at  each  tine  tx^^  gives  the  nwber  density  of  exciting  collisions 
which  have  occurred  between  tx^^  and  tx^^^.  Since  the  light  esdtted  by 
an  avalanche  or  a stresner  Is  due  to  the  photons  esd.tted  by  excited 
■oleculest  when  they  return  to  a lower  state,  the  spatial  density  of 
exciting  collisions  should  be  a good  estlaate  of  the  spatial  density 
of  the  light  ealtted  by  the  alnulated  avalanche  or  streamer. 

The  boundaries  of  the  light  ealttlng  region  of  the  simulated 
avalanche  or  streamer  are  assumed,  at  each  time,  to  be  the  points 
where  the  exciting  collision  density  falls  to  two  orders  of  magnitude 
below  its  peak  value.  The  boundaries  of  the  light  mltting  region  for 
the  run  shown  in  Fig.  4 where  ad  ■ 36,  £/p  " 1000,  p ■ 1 and  N(t>0)  ” 500 
are  plotted  In  Fig.  5.  The  figure  shows  that  both  boundaries  of  the 
light  esDltting  region  propagate  toward  the  anode  for  t<12  ns.  At  t>12 
the  propagation  velocity  of  the  anode'-side  boundary  abruptly  increases, 
and  the  cathode-side  boundary  reverses  direction,  and  moves  toward  the 
cathode. 

Light  fronts  propagating  toward  the  anode  at  velocities  much 
greater  than  the  electron  avalanche  drift  velocity  end  light  fronts 
propagating  toward  the  cathode  are  also  observed  in  experiments  and 
are  called  anode-directed  and  cathode-directed  streamers  respectively. 

The  anode-directed  streas^r  velocity  in  this  case  is  the  increased 
velocity  of  the  anode-directed  light  tront  for  t>12  ns.  The  cathode- 
directed  streamer  velocity  is  the  velocity  of  the  cathode-directed 
light  front.  The  anode-directed  streamer  velocity  is  positive  toward 
the  anode,  while  the  cathode-directed  streamer  velocity  la  positive 
toward  the  cathode.  The  streamer  velocities  are  equal  to  the  slopes  of 
the  boundaries  of  the  light  emitting  region  In  the  distance-time  plot 
of  Fig.  S.  The  electron  avalanche  drift  velocity  is  also  shown  in 
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Fig.  S Avalanche  and  Streeaer  Velocities  for  ad>36.  In  this  Case 
E/p  • 1000  volt/ca  Torr,  p ■ 1 Torr  and  N(t>0)  ■ 500.  The 
Points  are  the  Boundaries  of  the  Light  Eaittlng  Region. 


Fig.  6 Calculated  and  Experl<sental  Electron  Avalanche  and  Electron 

Streaaer  Velocities.  The  Experlaental  Values  are  froa  laf.  7. 
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Fig.  5.  The  electron  avalanche  drift  velocity  Is  calculated  using  Eq.  (2) 
for  t<12  ns,  the  time  period  preceedlng  the  increase  in  anode-directed 
streaaer  velocity  and  the  developnent  of  a C4.thode-directed  streaner. 

Calculated  anode-directed  streaner  velocities  are  shown  in 
Fig.  6 along  with  experlaentally  measured  streamer  velocities^. 

Calculated  values  of  the  electron  avalanche  drift  velocity  are  shown 
for  p ■■  1 Torr.  The  measured  values  of  the  electron  avalanche  drift 
velocity  are  from  Ref.  10.  The  calculated  anode-directed  streamer 
velocity  for  p - 36.5  Torr  and  E/p  - 81.5  volt/cm  Torr  is  about  10 
percent  lower  than  the  measured  velocity.  For  p - 36.5  Torr  and  E/p  - 90 
volt/cm  Torr  the  calculated  value  is  about  20  percent  lower  than  the 
experimental  value.  The  calculated  and  experimental  streamer  velocities 
depend  exp;.uentlally  on  E/p  at  all  pressures. 


V.  CONaUSlONS 

The  computer  simulations  described  are  the  first  plasma 
simulations  which  include  both  realistic  binary  electron-neutral  gas 
molecule  collision  effects  and  collective  interactions  among  charged 
particles  Binary  elactron-neutral  gas  molecule  collisions  are 
the  essential  siechanism  in  electron  avalanche  growth.  The  good 
agreement  between  calculate!  and  measured  electron  avalanche  drift 
velocities  and  ionization  coefficients  de'aonstrates  the  validity  of 
the  binary  collision  simrlation  techniques.  Simulation  of  electron 
avalanches  provides  detailed  information  a^cut  electron  energies  that 
would  be  impossible  to  obtain  experimentally. 

The  strr  'Mier  simulation  results  show  that  collective  inter- 
action and  photolonizaclon  are  both  important  mechanisms  in  streamer 

development.  Streamers  do  not  develop  when  photoionization  is  omitted 
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froa  the  calculatlona . Collective  Interactions  (or  space  charge 
effects)  Increase  the  electric  field  both  ahead  of  and  behind  the 
primary  avalanche  In  the  simulations,  thus  accelerating  the  development 
of  the  secondary  avalanches  which  avre  started  by  photoelectrons  released 
by  gas  photolonlzatlon.  StresMr  velocities  calculated  from  the 
simulation  results  are  In  good  to  excellent  agreeaient  with  experimentally 
measured  streaaier  velocities.  Computer  simulation  which  accounts  for 
binary  collisions  between  electrons  and  neutrals,  collective  Inter- 
action and  photolonlzatlon  Is  the  only  available  theoretical  approach 
which  can  be  used  to  predict  the  gro»;ch  of  electron  streaaters. 
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ABSTRACT 

A two-dimensional  cloud-ln-cell  simulation  technique, 
using  recently  developed  fast  methods  of  solving  Poisson's 
equation,  has  been  employed  In  practical  studies  of  a 
laboratory  neutron  tube.  In  such  a tube,  tritons  are 
pulled  from  the  surface  of  a plasma  and  accelerated  to  a 
target  held  at  large  negative  potential.  Results  of  the 
simulation  are  In  reasonable  agreement  with  experimental 
observations  of  tube  current  vs.  voltage  and  triton  beam 
size.  The  simulation  code  has  been  used  to  Investigate 
such  detallo  as  the  spatial  distribution  of  the  triton 
current  on  the  target.  The  code  Is  expected  to  be  a 
valuable  tool  In  the  future  development  of  such  devices. 

I.  INTRODUCTION 

Recent  advances  In  computer  simulation  techniques, 
together  with  presently  available  computer  memory  capaci- 
ties, make  It  possible  to  model  certain  complex  laboratory 
devices  with  a substantial  degree  of  realism.  In  this 
*Thls  work  was  supported  by  the  U.S.  Atomic  Energy  Commission 
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paper,  we  discuss  a quantitatively  successful  simulation 

of  a laboratory  neutron  tube  In  which  experimental  results 

were  reproduced  by  the  simulation  to  within  the  experimental 

error.  The  neutron  tube  studied  Is  similar  In  design  to 

that  described  by  Gow  and  Pollock^  and  by  Murgullya  and 
2 

Flyutto.  The  simulation  code  has  become  a useful  engineer- 
ing tool  In  Improving  the  efficiency  of  various  laboratcry 
vacuum  tube  devices. 

The  simulation  consists  of  computing  the  motion  of 
charged  particles  In  their  self-consistent  and  applied  elec- 
tric fields.  A cloud-ln-cell  technique,  developed  for  one 

3 

and  two-dimensional  problems  by  Blrdsall  and  Fuss,  was 
employed.  This  method  Is  quite  analogous  to  the  partlcle- 
In-cell  approach  with  area  weighting,  developed  by  Morse  and 

4 

Nielson.  Ion  gun  calculations  somewhat  similar  to  the 

5 

present  study  were  reported  by  Hockney.  Calculations  were 
made  In  both  Cartesian  coordinates,  using  the  Buneman^ 
double  cyclic  reduction  Poisson  solver,  and  In  cylindrical 
coordinates,  using  a Poisson  solver  based  on  the  fast 
Fourier  transform  method  of  Hockney.^  Both  solvers  incor- 

5 

porated  the  Inverse  capacity  matrix  method  for  Including 
Internal  electrodes. 

In  Section  II  the  neutron  tube  behavior  Is  described, 
and  the  approximations  of  our  model  are  discussed.  The 
simulation  code  Is  described  In  Section  III,  and  the  code's 
predictions  are  compared  with  experiment  In  Section  IV. 
Section  V discusses  some  of  the  studies  to  which  the  code  has 
been  and  will  be  applied. 
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II.  THE  DEVICE  AND  THE  MODEL 

Figure  1 ahowa  a achenatlc  croaa-aectlonal  view  of  the 
neutron  tube,  with  dlmenalona  nornallaed  to  FF'  “ 1.0.  An 
arc,  located  aowewhere  In  region  1,  la  awltched  on  and  a 
plaa;«a  la  produced.  Thla  plaaaia  la  aaauned  to  conalat 
entirely  of  free  electrona  and  triton  Ions.  Sowe  of  the  Ions 
are  drawn  from  the  plaana  and  accelerated  onto  the  deuterlded 
target  DD'  by  the  application  of  a large  negative  target 
voltage,  typically  - 70  kV  with  reapect  to  the  ahleld  ABFF'B'A' 
around  region  1.  The  Ions  atrlklng  the  deuterlded  target  pro- 
duce neutrons  by  the  D-T  reaction.  For  efficient/,  one  would 
like  the  largest  possible  triton  current  striking  the  smallest 
possible  target  area.  Thus,  the  crucial  quantities  are  the 
magnitude  and  distribution  of  the  triton  current  to  the  target. 


TMcn 

_J 

REGION  2 


Figure  1:  The  laboratory  neutron  tube. 

Dimensions:  FF'  - 1.0, 

AA'  - .6,  BF  = .4,  DC  - .7 
DD'  - 2.6 
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The  neutron  tube  la  cyllndrically  symmetric 
line  through  the  centers  of  segments  FF*  and  DD* 
except  possibly  In  the  location  of  the  arc  sour: 
source  locations  have  been  studied,  a common  con 
being  a point  source  positioned  between  A*  and  B 
particular  aslmuthal  location,  thereby  producing 
dlaeaslonal  non-symmet rlc  plasma  distribution, 
dimensional  calculations  are  not  prese.ttly  pract 
separate  two-dimensional  approaches  were  pursued 
Cartesian  simulation.  In  which  a non-symmetrlc  arc  source 
could  be  usod,  was  performed.  Second,  the  calculations  were 
repeated  In  cylindrical  coordinates,  using  a cy llndrlcally 
symmetric  arc  source.  It  was  found  that  the  rectangular 
simulation  produced  results  In  better  agreement  with 
experiment . 

Experiment  shows  that  the  target  current  rises  quickly, 
and  then  remains  nearly  constant  until  the  plasma  producing 
arc  Is  shut  off.  Thus,  It  Is  sufficient  If  we  model  the 
device  In  Its  quasi-steady  state,  which  Is  done  In  the 
following  way.  We  start  with  a uniform  plasma,  density  n^ 
and  zero  temperature,  filling  rejilon  1.  This  plasma  Is 
represented  In  the  simulation  by  N electrons  and  an  equal 
number  of  Ions.  Whenever  an  electron  or  ion  hits  any 
boundary.  It  Is  absorbed,  and  a new  particle  of  the  same 
kind  Is  simultaneously  lnjecte<.'  at  the  postlon  of  the  arc 
source,  so  that  N remains  constant.  It  is  found  that  the 
system  rapidly  tends  toward  a steady  state,  and  we  take  this 
state  to  be  the  same  as  the  quasi-steady  state  assumed  by 


(about  a 
In  Figure  1) 
e.  Many  arc 
figuration 
' at  one 
a three- 
S^c^  three- 
leal,  two 
. First,  a 


the  device. 
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Magnetic  forces  and  relativistic  effects  are  negligible 
in  this  problem  so  that  the  simulation  particles  obey  the 
simple  equations  of  motion  for  charged  particles  in  an  elec- 
tric field.  This  field  is  partly  due  to  space  charge  and 
partly  due  to  the  applied  target  potential.  The  vacuum 
equipotentlals  for  the  rectangular  calculation  are  shown  in 
Figure  2.  The  equipotentlals  in  cylindrical  coordinates  are 
very  similar  in  appearance. 

Finally,  we  must  discuss  some  of  the  basic  limitations 
of  our  model.  We  have  not  included  neutral  particles,  or  any 
type  of  collision  except  with  the  tc..i.^aries . We  neglect  all 
ionization,  recombination,  and  secondary  emission  processes. 
In  representing  a plasma  by  a relatively  small  number  of 
particles,  statistical  fluctuations  in  density  are  enhanced. 
Spatial  variations  in  the  plasma  are  calculated  on  the  scale 
of  the  cell  size,  which  is  much  larger  than  the  Debye  length 
in  the  actual  device.  Hence,  effects  depending  on  the  plasma 
temperature  (e.g.,  wall  Debye  sheaths)  are  not  calculated 
(and  do  not  affect  our  results  unless  the  temperature  is 
extremely  high).  The  only  properties  of  the  arc  source 
which  we  Include  are  its  location  and  the  quasi-steady 
state  density  of  the  plasma  it  produces.  In  short,  we  do 
not  simulate  microscopic  details,  only  certain  macroscopic 
effects.  The  justification  of  the  model  must  come  from 
comparisons  with  experimental  observations. 

III.  THE  CODE 

In  rectangular  simulation,  a 64  x 64  grid  was  super- 
imposed over  the  entire  cross-section  in  Figure  1.  The 
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Figure  2:  The  vacuum  equlpoCenClals 
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cylindrical  calculations  were  perforaed  on  a 32  x 62  grid, 
using  one-half  of  the  cross-section. 

We  start  with  a unlfora  plasaa  filling  region  1.  This 
plasaa  is  represented  by  H equally  weighted  siaulation  ions, 
and  M equally  weighted  siaulation  electrons.  For  cylin- 
drical calculations,  the  nuaber  of  real  ions  or  electrons 
represented  by  a siaulation  particle  is  easily  coaputed, 
since  the  simulation  particles  are  rings.  In  the  rectangular 
case,  however,  the  simulation  particles  are  infinitely  long 
rods,  which  creates  complications  in  the  calculation  of  the 
current.  For  this  reason,  we  define  the  rods  as  having  an 
effective  length  L “ H/n^A,  where  A is  the  area  of  region  1. 
If  each  simulation  particle  is  allowed  to  represent  irb/4t 
resl  particles,  where  b is  the  width  of  the  opening  AA* , 
then  the  current  density  will  be  the  same  when  calculated  in 
the  simulation  for  a rectangular  opening  of  ares  bL  as 

2 

for  the  real  cylindrical  opening  of  area  v(b/2)  . 

A necess.'ry  condition  for  practicality  of  the  code 
is  that  the  required  number  of  simulation  particles  be 
not  too  large.  By  varying  this  number,  we  find  that 
adequate  numbers  are  10,000  (rectangular)  and  5,000 
(cylindrical)  of  each  type  of  particle. 

Since  the  time  step  in  the  simulation  is  determined 
by  the  electron  plasma  frequency,  while  the  ion  motion  is 
of  primary  interest,  it  is  desirable  to  use  the  largest 
possible  electron/ion  mass  ratio.  Comparison  of  the 
calculated  ion  current  for  various  mass  ratios  indicated 
that  a value  of  1/16  was  sufficient.  A one-dimensional 
simulation  for  this  problem  was  also  constructed  to  permit 
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a aore  economical  and  complete  Inveatlgatlon  of  the  mass 
ratio  dependence.  Maas  ratios  ranging  from  1/4  to  1/1024 
were  investigated,  and  again  a value  of  1/16  was  found  to 
be  sufficient. 

Having  fixed  the  mass  ratio  at  1/16,  one  would  still 
like  to  use  the  largest  possible  time  step.  The  optimum 
value  depends  on  the  plasma  density  (and  somewhat  on  the 
tube  voltage) , but  It  was  found  that  a time  step  of  about 
SZ  of  an  electron  plasma  period  Is  sufficiently  small. 

IV.  COMPARISOM  WITH  EXPERIKENT 

The  two  basic  parameters  in  the  simulation  code  are 
the'  t<  get  potential  V and  the  initial  density  n^. 

Available  experimental  data  provided  the  beam  diameter 
at  70  kV,  and  ion  currents  for  various  voltages  in  the 
range  60  - 120  kV.  n^  was  adjusted  until  tht  computed 
Ion  current  compared  with  the  experimental  current  for 
one  particular  voltage,  70  kV.  The  value  of  n^  was  then 
fixed  for  the  remaining  runs,  and  a current-voltage 
relationship  was  obtained. 

Three  runs  were  made  with  each  version  of  the  code  to 
check  the  current-voltage  relationship,  using  target  voltages 
of  70,  90,  and  120  kV.  A least  squares  fit  provided  the 
following  relationships: 

53 

I a V*  (rectangular)  ; 

I a (cylindrical)  . 

The  rectangular  simulation  Is  thus  in  excellent  agreement  with 
the  experimental  relationship. 
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I a (experimental). 

Using  the  defined  above,  the  rectangular  calculations 
for  70  kV  produced  a beam  diameter  of  .81,  again  In  excellent 
agreement  vlth  the  experimentally  measured  diameter  of  .80. 

The  cylindrical  simulation  gave  a beam  diameter  of  .60. 

The  reason  for  the  superiority  of  the  rectangular  code 
In  predicting  the  experimental  results  Is  that  the  asymmetric 
nature  of  the  plasma  source  Is  taken  Into  account  In  the 
rectangular  slmulatlrn,  but  completely  Ignored  In  the  cylin- 
drical version.  The  geometry  Itself  Is  not  as  Important  In 
determining  the  behavior  of  th.?  neutron  tube  because,  as  seen 
In  Figure  2,  the  field  which  draws  Ions  from  the  plasma  and 
accelerates  them  Is  mainly  In  the  direction  perpendicular  to 
the  target,  and  this  component  of  the  field  Is  nearly  the  same 
In  either  geometry.  The  main  value  of  the  cylindrical  code  Is 
In  the  study  of  other  neutron  tubes  which  do  have  symmetric 
plasma  sources. 

V.  FURTHER  STUDIES  AND  CONCLUSIONS 

The  rectangular  simulation  of  the  neutron  tube  operating 
In  Its  quasi-steady  state  Is  shown  for  two  values  of  n 

o 

In  Figures  3 and  4.  Although  the  higher  density  base.  Figure  3, 
has  more  space-charge  spread,  the  total  current  is  larger  as 
shown  In  Table  I.  From  the  practical  standpoint,  the  current/ 
area  Is  the  most  significant  quantity,  and  this  is  slightly 
higher  for  the  high  density  case.  The  way  in  which  the  current 
Is  actually  dlstrlbuteo  on  the  target  is  shown  in  Figure  5 
where  the  current  density  (J)  Is  plotted  vs.  distance  along 
the  target  (x) . 
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Figure  3:  The  device  In  a steady  state  for 

V - 70  kV,  Hq  - 3.2  X 10^^  cm"^. 
There  are  9600  simulation  tritons 
(shown  as  d-'s)  and  9600  simulation 
electrons  (shown  as  dots) . The 
plasma  arc  source  Is  located  along 
A'b'  (see  Fig.  1). 


Figure  4:  The  device  In  a steady  state  for  the 

same  conditions  as  In  Fig.  3 except 
11  -3 

now  n > 10  cm  . 
o 
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Figure  S:  CurrenCI  diacributlon  on  target  for 

V “ 70  kV,  n_  - 10^^  cm’^,  and  arc 
source  located  along  A'B'.  J is  In 
arbitrary  units,  x is  in  units  of 
the  cell  size.  The  letters  B,  A,  A', 

B ' show  how  the  current  is  located  with 
respect  to  the  opening  AA'  (see  Fig.  1) . 


TABLE  I 


Coaparlson  of  Cases  with 

Different 

Densities 

n T. 

0 

Beaa 

Oleaster 

Noraallsed 

Current/Area 

mil  -3 

.40  saps 

.92 

.36 

3.2  X 10^^  ca“^  .77  saps 

1.17 

.42 

The  codes  have  be^n  uaed  for  e nuaher  c>r  other 
studies,  such  as  the  variation  of  been  disaster  with  V, 
the  ratio  of  tritons  hitting  the  target  to  those  being 
lost  on  other  boundaries,  the  effect  of  secondary  electrons 
knocked  froa  the  target  by  the  laplnglng  Ions,  and  the 
effect  of  different  arc  source  configurations.  Studies 
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which  are  expected  to  be  carried  out  in  the  near  future 
are  the  Inclualon  of  other  typea  of  ions,  different  tube 
aixea  and  boundary  conflgurationa,  and  the  Inclualon  of 
additional  Internal  electrodea  to  help  focua  the  Ion  beam. 

In  conclualoni  a cloud-ln-cell  alaulatlon  prograa  haa 
been  written  to  atudy  a particular  neutron  tube.  The  model 
on  which  the  program  la  baaed  la  somewhat  crude  Inacfar  aa 
simulating  the  plasma  region  la  concerned,  and  a complete 
treatment  would  require  a three-dimensional  simulation. 
Nevertheless,  the  code's  predlctlcns  compare  reaaonably  well 
with  experiment,  and  we  conclude  that  the  code  Is  a 
practical  tool  In  studying  the  neutron  tube’s  behavior. 
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ABSTRACT 

The  one-dimensional  behaviour  of  plasma  electrons  under 
the  Influence  of  an  external  electric  field  and  a parallel 
Ion  density  Inhomogeneity  was  simulated  on  a computer.  A 
non-linear  wave,  not  due  to  the  two-stream  Instability 
grew  to  large  amplitude,  causing  both  disruption  of  the 
electron  stream  and  heating  of  the  electrons  by  trapping. 

Introduction 

The  following  problem  was  studied:  the  Ions  In  a 

plasma  were  considered  fixed  with  spatial  density 

ni  = no  (1  ♦ & sin  ki  x) . 

The  electrons  had  a finite  temperature,  and  Initially  were 
given  the  same  spatial  density  as  the  Ions.  At  t = 0,  an 
external  electric  field,  which  increased  from  zero  with 
time,  was  applied  in  the  direction  of  the  density  perturbation. 

A one-dimensional  simulation  of  the  ensuing  electron 
behaviour  was  carried  out  on  a digital  computer  using  the 
P.I.C.  method  developed  by  Morse  and  Nielson^.  This  model 
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2 

Is  Similar  to  that  used  by  Burger,  Ounn  and  Halsted  , with 
the  additional  feature  of  linear  Interpolation  tff  the 
electric  field  betweel  cell  ends,  and  to  the  C.I.C.  procedures 

3 

of  Birdsall  and  Fuss  . The  Important  model  parameters  were 
as  follows:  A = 0.125,  30,000  sheets,  2 celluper  Debye 

length,  and  a total  of  500  cells  In  the  length  L - 2ir/k^. 

All  quantities  satisfied  the  condition  F(x)  = F(x  + L).  The 
length  of  the  time  step  was  varied  from  2ir/10up  to  2Tr/80a)p 
as  required  to  maintain  accuracy.  The  initial  thermal 
velocity  was  1.26  In  units  of  cell  length  per  time  step. 

Results  of  the  Computer  Experiment 

Figure  1 shows  the  drift  velocity,  U,  and  r.m.s.  velocity 

as  functions  of  time.  The  Increase  of  In  the  Interval 

a)pt/2ir  = 25  to  about  90  was  due  largely  to  macroscopic 

modulation  of  the  electron  stream  velocity  and  did  not 

represent  more  than  a very  little  heating  or  trapping. 

The  catastrophic  decline  of  U and  corresponding  Increase 

of  after  about  - 100  were  due  to  the  trapping 

of  many  of  the  electrons  in  the  field  of  a large  amplitude 

wave.  After  u t/27r  =110,  V leveled  off  and  U again 
p rms 

Increased  at  the  rate  due  to  free  acceleration  1n  the  applied 
field. 

The  energy,  e.  In  the  self  electric  field  Is  plotted 
against  time  In  Figure  2.  Also  shewn  are  the  energies  In 
modes  2 and  3 during  the  times  when  they  are  most  prominent. 
The  rapid  growth  of  e near  u)^t/2ii  = 75  and  95  corresponds 
to  resonance  of  modes  3 and  2,  respectively.  That  Is, 

U = (Dp/mk^,  where  m = 3 and  2.  The  frequencies  of  these 
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Figure  1.  Drift  velocity  and  r.m.s.  velocity.  The  solid 

curve  represents  the  velocity  of  free  acceleration 
in  the  applied  field. 


Figure  2.  Energy  in  the  s-»lf  electric  field.  The 

vertical  arrow  indicates  the  time  at  which 
mode  3 passed  through  resonance. 


Electron  Stream  Oieruption 

waves  were  Indeed  zero  1n  the  Ion  rest  frame,  as  revealed 
1n  plots  of  the  electric  field  or  charge  density  versus  x, 
for  successive  times. 

Before  mode  3 became  prominent,  appreciable  energy 

was  In  higher  modes,  whereas  after  about  ui  t/2n  > 75, 

P 

most  of  the  field  energy  not  In  modes  2 or  3 was  In  mode  1. 

Figures  3(a)  and  3(b)  are  phase  space  scatterplots 
for  Upt/2ir  = 80  and  100.  As  the  applied  field  was  positive, 
most  of  the  electrons  have  negative  velocities.  At 
(i)pt/2ir  « 80,  mode  3 has  reached  Its  greatest  amplitude  and 
three  inlnlma  of  the  streaming  velocity  magnitude  are 
visible.  These  correspond  to  maximi  of  the  density.  In 
Figure  3(b),  mode  2 Is  predominant,  and  has  grown  to  such 
a large  amplitude  that  electron  trapping  Is  occurring.  At 
later  times  most  of  the  electrons  become  trapped. 

In  these  scatterplots,  the  few  particles  separated 
from  the  main  stream  are  remnants  of  an  earlier,  weak, 
electron-electron,  two-stream  Instability  which  arose  because 
some  electrons  remained  at  near  zero  velocity  while  the 
rest  were  accelerating  in  the  applied  field.  The  author  has 

4 

reported  this  effect  previously  . 

Discussion 

The  observed  growing  wave  structures  are  not  due  to 
the  two-stream  instability,  as  the  two-stream  growth  rate 
is  zero  for  infinitely  massive  Ions.  The  uneven  spacings 
of  the  velocity  minima,  as  seen  In  Figures  3(a)  and  3(b) 
Indicate  the  presence  of  Important  higher  order  modes  and 
suggest  that  the  instability  Is  Inherently  non-linear  in 
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character.  It  is  possible  that  it  is  of  numerical  origin, 
but  if  so,  it  should  be  due  to  non-linear  effects,  as  the 
simulation  parameters  (marginally)  satisfy  Langdon's^ 
condition  for  the  absence  of  linear  numerical  instabilities. 
(Xq  » Ax,  where  Ax  is  the  grid  spacing.)  That  growth 
occurs  at  resonance,  as  described  above,  suggests  a real 
plasma  effect.  The  sharp  peaks  and  broad  valleys  in 
V(x),  Figure  3,  and  corresponding  features  in  n(x)  strongly 
resemble  the  form  found  by  Davidson  and  Schram^  for  large 
amplitude  electron  plasma  oscillations. 
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IMTgODllCTION 


The  reasons  tor  vhlch  this  voik  has  been  undertaken  are 
a little  bit  unusual  and  sosie  preliminary  explanations  are  in  order. 
The  motivation  is  strictly  "prnotical",  Ve  *ant  to  solve  the  classical 
Vlasov  equation  i.e.  an  equation  describing  the  motion  of  a phase 
space  fluid. 

This  equation  describes  very  lov  density  and/or  high 
temperature  plasma.  The  validity  and  Justification  of  the  Vlasov  equo- 
tion  are  nov  veil  established  and,  in  this  respect,  comi>arison  bet- 
veen  the  results  of  the  Vlasov  model  and  those  of  the  numerical  simu- 
lation of  the  N body  problem  (vith  the  possibility,  in  this  last 
case,  of  varying  the  graininess  factor)  have  been  very  useful  and 
interesting.  Consequently  a numerical  scheme  for  the  solution  of 
the  Vlasov  aquation  vould  be  an  extremely  valuable  tool.  Unfortuna- 
tely, the  difficulties  are  discouraging  and  actually,  vith  the  help 
of  the  biggest  available  computers  (C  D C 6600  IBM  360-91)  only  vexy 
simplified  problems  have  been  solved  (one  fluid,  one  dimension,  not 

* A part  of  this  vork  vas  done  during  the  tenure  of  a KAS  - NRC 
associateship  at  the  Goddard  Space  Flight  Center. 
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too  strong  nonlinearity,  solution  valid  for  a short  time  •••  plus 
sometimes  a credibility  gap). 

In  fact,  the  Lagrangian  model  (i.e.  the  simulation  of 
the  plasma  by  N bodies)  is  now  the  best  practical  scheme  to  study  the  Vlasov 
equation.  This  is  a someidiat  paradoxical  result,  the  Vlasov  model 
being  the  limit  of  the  general  case  (when  only  collective  motion 
are  taken  into  account  with  a graininess  parameter 

or 

(respectively  for  three  and  one  dimension)  going  to  zero. 

Usually  limiting  cases  are  simpler  to  solve  than  the 
general  ones  but  here  this  is  not  true  and  to  treat  smaller*  g ve 
must  increase  the  number  of  particles  and  consequently  the  time  of 
calculation. 

Vfhy  is  an  Eulerian  numerical  scheme  for  Vlasov  equation 

so  difficult  ? Ve  feel  that  the  origins  of  the  difficulties  must  be 
found  in  subtle  correlations  developping,  as  time  goes  on,  in  the 
phase  space.  To  keep  track  of  these  correlations  ve  introduce  smaller 
and  smaller  wavelengths  both  in  configuration  and  velocity  space.  To 
stock  and  t.eat  this  increasing  mass  of  information  is  a process 
vhlch  quickly  overcomes  the  possibilities  of  the  computer. 

In  part  I,  ve  review  some  of  schemes  vhlch  peurtly  solve 
this  problem.  Then  ve  Introduce  a new  schema  based  on  the  use  of  the 
Schroedlnger  equation.  At  that  point  we  introduce  quantum  mechanics 
and  its  relation  with  classical  mechanics  (since  ve  are  mainly  inte- 
rested in  claaslcal  plasma).  This  is  a very  complex  <ind  much  debated 
topic . 
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Itti«r«sting  connents  vill  be  found  in|lj.  Very  quickly 
this  question  brings  in  the  most  famous  papers,  authors...  and  dis- 
putes on  interpretation  of  Quantum  thchanics. 

Of  course  ve  are  not  going  to  settle  these  woblens. 

Let  us  repeat  that  our  approach  is  strictly  mathematical  and  numeri- 
cal. Ve  vill  find  that,  provided  some  initial  conditions  are  ful- 
filled, the  solutions  of  the  Schroedinger  equation  can  approximate 
as  closely  as  vs  like  those  of  the  Vlasov  equation  (with  equivalent 
initial  conditions).  The  mathematics  involved  in  this  projection  of 
the  phase  space  upon  the  configtiration  (or  the  momentum )space  vill 
bring  interesting  problems  (independent  of  the  exact  physical 
meaning).  The  solution  of  the  difficulties  connected  to  the  physical 
interpretation  is  not  -let  us  repeat  it  again-  the  purpose  of  this 
paper. 

Ne'  »rtheless,  it  is  reasonable  to  expect  that  the  mathe- 
matical vorks  conducted  on  the  connection  betveen  these  three  equa- 
tions (Vlasov,  Vigner,  Schroedinger)  vill  help  the  quantum  physicists 
and  vill  provide  some  stimulating  results.  Ve  hope  that  the  prelimi- 
nary results  presented  in  part  VII  vill  lead  in  this  vay.  It  is  veil 
knovn  that,  often,  useful  indications  on  the  physical  meaning  of  an 
equation  are  brought  by  the  solution  of  this  equation.  In  any  case 
a Justification  of  this  vork  is  already  provided  by  the  numerical 
schemes  vhich  vill  be  obtained. 


II  - DIFFICULTIES  VIIH  THE  NUMERICAL  SOLUflON  OF  THE  VLASOV  EQUATION 

The  method  vhich,  up  to  nov,  has  given  the  best  results 
is  undoubtedly  the  expansion  of  the  distribution  function  f(x,v,t) 
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into  a Fourier  Hermite  aerles.{2] 

K..«o  f^»o 

Numerical  and  analytical  studies  of  this  model  [2J  C3J 

have  shown  that  numerical  difficulties  appear  for  a time  TS((K  V 

0 0 

where  K is  the  maximum  wavenumber  kept  in  the  k summation,  T is  a 
0 o 

characteristic  (for  example  thermal)  velocity  and  N is  the  highest 
order  retained  Hermite  coefficient. 

Ve  note  the  slow  increase  of  T with  N and  the  fact  that 
must  Increase  when  the  jnroblem  becomes  more  non  linear. 

Up  to  now,  in  ptsctical  calculation,  the  k space  has 
been  "sacrificed"  to  the  velocity  space  by  taking  a rather  short  b03c. 
For  example,  for  the  study  of  a two  stream  instability,  the  number 
of  unstable  modes  considered  is  usually  two  or  three  and  the  others 
are  neglected.  As  a consequence,  the  physical  meaning  of  the  results 
ran  and  should  be  discussed. 

To  solve  this  problem  we  may  dispose  of  the  information 
stocked  in  the  high  order  coefficients  of  the  }>rmite  expansion.  Of 
course,  to  do  that,  ve  must  be  sure  that  this  information  is  useless, 
and  this  depends  of  the  problem  ve  want  to  tisat.  Moreover,  ve  must 
avoid  triggering  numerical  Instabilities.  The  best  way  is  to  imitate 
nature  and  to  introduce  a Fokker  Flanck  term. 


fSl)  , 

^ V 2.  . 

T)v 

L ] 

The  Fourier  Hermite  transform  of  this  term  is  nf, 

kn 

and  introduces,  for  each  component  n,  a damping  proportional  to  n 
and  to  a collision  frequency  which  must  be  kept  very  small.  A 
compromise  must  be  found  between  a too  large  (which  may  destroy 
the  interesting  results)  and  a too  large  N (with  the  associated  nume  • 
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rical  difficuitias).  Analytical  atudles  lead  to  the  interesting 
N ^ 2 or  3 coc^oaise. 

Another  popular  aodel  is  the  "Water  Bag”  [4^.  We  deli- 
neate a region  of  the  ^lase  spcae  such  that  at  the  initial  time  f^ 
inside  aid  0 outside.  We  know  that  the  initial  value  of  f is  carried 
over  the  trajectories  of  the  particles.  Consequently,  ve  do  not  need 
to  look  at  the  trajectories  of  the  particles  inside  the  contour  and 
ve  have  simply  to  follow  the  evolution  of  the  boundary.  If  the  initial 
pnase  space  region  is  limited  by  two  contours  v^  and  v ve  have  to 
solve  the  two  equations 

'7)  t ^ X 

Ve  feel  that  ve  got  rid  of  the  difficulties  of  the 
phase  space.  But  ve  must  m a remarks. 

1)  Ve  paid  a certain  price  for  that  t precisely  we  had 
selected  a special  subset  of  all  possible  intitial  conditions.  Espe- 
cially, by  so  dcdng,  ve  have  lost  the  important  Landau  damping  pheno- 
mena. 

2)  As  soon  as  the  problem  is  too  much  nonlinear  the 

phase  space  complications  are  reintroduced  because  and  / become 
multivalued  functions  for  a given  x,  and  the  two  contours  become 
quickly  very  complex.  (See  for  example  in  the  results  of  the  two 

stream  instability  problems).  Usually  ve  must  again  neglect  some  of  the 
details  of  the  phase  space  if  ve  want  to  keep  the  computer  time  under 
reasonable  limits. 
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III  - BESMg  TO  (aXD  HELP  FBOM)  QUiHTCM  HgOMMlCS 

These  finer  and  finer  structures  in  phase  spac'<  remind 
us  that,  in  this  space,  there  is  an  elementary  cell  vithin  which  it 
is  isQKMsible  to  proclsely  sx>eclfy  the  coordinate  and  the  momentum  of 
a particle.  The  surface  of  this  cell  is  it  a.  where  h is  the 

nanck  constant,  Ve  must  distinguish  between  two  cases. 

- Classical  case  : the  characteristic  wavelength  and 
aomentum  involved  in  the  problem  are  such  that  their  product  is  much, 
much  bigger  than  ii  and  we  cannot  follow  the  evolution  of  the  phase 
space  nicrostructure  to  the  point  where,  effectively,  quantum  effect; 
become  important.  Then  we  will  use  artificially  increased  quantum 
iffects  and  ii  . This  increase  should  be  sufficient  to  kill  the  nume- 
rical difficulties  hut  small  enough  in  order  that  quantum  effects  are 
unimportant  for  the  wavelengths  of  interest.  This  is  exactly  the  sane 
philosophy  which  leads  in  the  Fourier  Bernite  model  of  the  Vlasov 
equstion  to  the  introduction  of  a small  collision  frequency. 

Also  we  use  Lagrangian  (N  body)  models  with  an  increased 
-but  still  sufficiently  sma.l  grsininess  factor-  to  keep  down  the 
number  of  particles. 

As  in  these  last  models  the  more  negligible  we  want  to 
keep  the  undasired  quantum  effects  the  larger  will  be  the  computer 
time  required.  Finally,  in  this  case,  we  see  thst  we  can  be  "cavalier" 
with  the  physical  interpretation  of  the  sianipulated  functions  and  thr 
Schroedinger  scheme  will  be  (.  matheoatical  trick  to  solve  Vlasov  equation 

- Quantum  csss  i for  solid  state  plasmas  quantum  effects 
become  important  and,  now,  the  correct  interpretation  of  the  manipu- 
lated symbols  become  important.  Also  the  spin  effects  (and  quantum 
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statistics)  should  bs  introducsd.  Consequently,  the  results  found  in 
this  case  with  our  proposed  model  hare  only  an  exploratory  character 
in  agreement  vith  the  often  repeated  philosophy  of  this  work. 

Ve  r.ee  consequently  that  to  study  classical  plasma  we  must 
introduce  not  quite  negligible  quantum  effects  to  decrease  them 
being  quite  expensire).  Ve  should  see  if  the  scheme  is  worth  this 
price.  The  answer  is  yes. 

The  main  ndraiivage  is  tliat  we  are  going  to  get  rid  of 
the  phase  space  or  more  precisely  to  describe  it  through  one  single 
function  defined  either  in  the  configuration  or  in  the  momentum 
space  with  numerical  resolution  of  the  rather  simple  Schroedinger 
equation  on  ^ (x,  t) 

The  use  of  the  Schroedinger  equation  is  very  logical 
since  it  must  be  realized  that  in  this  equation  as  in  the  Vlasov 
equation  we  deal  vith  a single  particle  representing  statistically  all 
the  particles.  The  motion  takes  place  in  a self  consistent  field  ob- 
tained by  integration  of  the  Poisson  equation  where  the  electrical 
density  is  obtained  respectively  from  f(x,  v,  t)  and ^ (x,  t). 


IV  - SCffitOEDlNGEB  - VICXEE  - VUSOV 

Kow  ve  must  deal  with  the  exact  mathematical  formula tioii 
of  the  above  mentioned  ideas.  Especially  we  must  clearly  understand 
how,  vith  a function  of  one  independent  variable  ^ (x)  ve  can  repre- 
sent the  behaviour  of  a function  of  two  independent  variables  f(x,  v). 
The  crucial  point  is  the  use  of  the  Vigner  distribution  function  usiia'- 

V introduced  through  the  density  matrix  and  ensemble  average.  Here  v<. 
will  smke  a simpler  demonstration,  building  directly  the  Vigner  func- 
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tion  from  Y and  exhibiting  the  equation  governing  this  function. 

Let  us  specify  the  problem  and  the  notations. 

Ve  vill  suppose  from  nov  a one  dimensional,  non  relativistic 
motion,  taking  into  account  only  electrostatic  forces  described  by  a 
potential  0.  Moreover  to  simplify,  ve  vill  suppose  e = m =it  =1. 

Ve  have  inside  a box  of  length  L a population  of  N elec- 
trons embedded  in  an  uniform  motionless  distribution  of  N ions.  ^ is 


supposed  normalized  and  obeys  the  Schroedinger-Poisson-equations  sys- 
tem. Consequently 


(1) 


, 2^ 
I 


. I 

(l)  and  (2)  describe  the  evolution  of  the  information  in 
the  configuration  space.  But  itis  veil  knovn  that  ^ includes  also 
information  on  momentum  space.  Ve  define  & (k,  t)  the  Fourier  trans- 
form of  $ (x,  t) 


The  density  in  velocity  (momentum)  space  is  9$^  vhile 

?lj 

the  density  in  configuration  space  is  j y (Note  that  vith  our 


notations  k = m v/'^  = v). 


As  it  is  veil  knovn  there  is  quite  satisfactory  recipro- 


city betveen  the  two  spaces.  For  example,  the  operator  connected  to 
the  average  position  is  X a in  configuration  space  and 
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in  Bonentum  space  while  the  ayerage  momentum  is  giren  by  the  operator 

and  ^ =>t'<y^in  configuration  space.  Conse- 


^ = k in  BomentuB  space 
quently 


(3) 


$ J,  je*  t ^ <*!< 

-16*1  ©‘<1' 


Ve  see  that  the  Schroeiiinger  equation  gives  consequently 
information  on  the  properties  of  the  particle  in  both  spaces.  Can  ve 
get  simultaneously  Information  on  both  spaces  with  of  course  an 
uncertainty  margin  7 At  that  point  -and  within  our  utilitarian  philo- 
sophy- the  introduction  of  the  Vigner  function  allows  us  to  answer  yes . 
(See  [i]  for  a more  physical  discussion  on  the  statistical  interpre- 
tation of  quantum  mechanics). 

Vigner  introduces  a function  f(x,  v)  from  the  Schroe- 
dlnger  function^  (x).  Ve  like  to  consider  this  process  as  an  induc- 
tion of  information. 

Ve  have 

fc.v)  fjtt?  $*(*- 


(4) 


Ve  like  to  point  out  that  radar  theoreticians  introduce, 
froB  a signal  S(t)  the  so  called  ambiguity  function  through  a quasi 
identical  relation.  See 

:nrcJr 


(5) 


E . Hsct)!* 

J.oo 


If  in  (4)  we  change^  to- the  element  under  the 
sign  is  changed  to  its  complex  conjugate.  Consequently,  f is  real  t 
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unfortunately  f is  not  necessarily  positive  and  this  is  probably  the 
biggest  difficulty  for  a physical  interpretation  of  the  Vigner  function. 

Nevertheless,  f can  be  used  as  if  it  was  a "bona  fide" 


distribution  function.  For  example,  to  compute  the  density  n(x)  ve 
will  write 


The  last  integral  is  trivial  and  gives  0 (/i)«  Consequent- 


Then  we  compute  the  Fourier  transform  with  regard  to  the 
X variable  of  f(x,  v) 

(6)  r(v, If).  ( 

I umbining  (4)  and  (6)  we  find 
1'/  —0#  ^ 

Taking  into  aceoimt 

Ve  carry  over  (8)  into  (7) 

F(v.  If)  s (ff[ciT)-^  0V*J  ^ 

.jenf^  i |f)vj  cItJjc 

The  two  integrals  on  ^ and  x give  : 
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(ivf  I (v'- V-  j i ( 


and  ve  obtain 


(9)  F(v.t)=  6(''*|)®*(''-|) 


(9)  is  for  the  oiomentum  space  the  equivalent  of  (4)  for 
the  configuration  space.  If  ^ = 0 

F(v,^aO)  - jfdx,  V)  Jx 

and  ve  obtain  the  density  in  the  velocity  space. 


V - EQUATION  OF  EVOLDTION  OF  f.  THE  POTEOTUL  j 15  ZERO 


Starting  from  (4)  we  get 


-<?c 


But 


$ 


satisfies  the  Schroedinger  equation.  Consequently 

iTf  A r X? 


iT-.i 


Combining  (11)  and  (10) 

T)t  1 -I  I 

r> 


(12) 


.-jj-d.  2^'J  ' 
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Ve  take  into  account  the  definition  of  f. 

V 


(13) 


Ve  integrate  (13)  by  partr 
V C)t|t  -tvA  <IA 


Ofs  1.  fck 


-LvA 


(14) 


Consequently 
V 

(15) 


itly  - '' 


Iti) 


(15)  and  (12)  ahov  that 


This  is  the  Llouvilie  equation  for  free  particles. 


VI  - EQUATION  OF  EVDLUTTON  » (<  =afe=  0 


The  computation  of  v 'il!  is  the  same.  But  the  computa- 

r,P 

tion  of  ^ is  different.  Instead  of  (IT)  we  get 

<Qfc 

li . i ti. 

'IV  ■■•I  ^ , . 

Ve  plug  (17)  in^f  and  compute  ^ V ^T, 


(17) 


mt. 
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Ve  gev  instead  of  (14) 


(18)  I 

We  Introduce  the  operator  A defined  in  the  following  way 

(19) 

,f(,v't)Av' AA 

Introducing  in  (19)  the  f definition  (See  (4)  ) 

^ ^ 'uv)4f[ ***^ " i)]  ■ 

aaAaA''’ 

Ve  first  integrate  on  y*.  Ve  gel  Then 

we  integrate  on  ^ and  obtain 

,'P(-A)f**-A)AA 

Except  the  change  of  notation  ^-t^(20)  is  strictly  iden- 
tical to  the  last  term  of  (18).  Finolly  we  obtain  the  Vigner  equation. 

=^(''-''')A[#  (»-  *|)J. 

• f ( el  A - O 

Olassica]  limits  and  quantum  corrections 
Ve  want  to  obtain  the  classical  limit  of  (21).  Ve  must 
remember  that  we  have  takeniv  = 1 and  consequently  the  term  exp-ivA 
of  (18)  should  be  written  exp-imv  A/t-  lf1i-*0  (classical  limit) 
this  term  is  violently  oscillating  and  only  the  region  in  the  neigh- 
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bourhood  of  As  0 gives  a non  negligible  contribution«  Consequently 
we  nay  developp  and  ^^K-^^around  tbe  value  x,  keeping 


only  the  four  first  tenss 


uie  lour  rirsi  tenss.  . 

rt**  jy  tfS 


(18)  is  written 


Qf.v2£.^fr4  2L*  / ^]. 
Dfc  Qn  ■»rjl  M J 


(22) 


-ivA  4 A *•  O 


V?  easily  check 


(23) 


X |a  A)  ^ fA- 

« _ -V.  Ik  N I - • 


J_ 


Introducing  the  field  E s we  obtain  for  (22) 


(24) 


"J)t  Ov* 


Ve  introduce  e.  is  and'i)  in  (24)  which  becomes  : 


Qf 

(25)  JJ_+V-^45£  — 

Qt  On  *n  Qv 


e Vi"  oV 


m»  Ox*  Ov-» 


(23)  is  just  the  Vlasov  equatioi>  provided  with  a second 
member,  vanishing  with  ')i  . It  is  interesting  to  compare  the  orders  of 
magnitude  of  this  term  and  the  Vlasov  term.  The  ratio  is 

where  v^  is  the  characteristic  velocity  of  the  distribution.  Consequent- 
ly the  order  of  the  correction  is  irtiere  ^ is  the 

De  Broglie  wavelength. 
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YII  - INITIAL  CONDITIOMS  » A SINTHESIS  PROBLEM 


Ve  h&ve,  in  the  preceeding  paragraphs,  found  an  interes- 
ting connection  between  the  Schroedinger  equations  on  one  side  and  thi 
Vigner  and  Vlasov  equations  on  the  other.  To  solve  Vlasov,  ve  replace 
it  by  the  Vigner  equation  (keeping  small  the  quantum  correction)  and  go- 
to the  Schroedinger  formalism.  Consequently,  ve  must  use  a wave  func- 
tion which  will  represent  through  its  variation  in  x both  the  varia- 
tion in  configuration  space  and  velocity  space  of  f(x,  v).  Probably 
this  will  require  quite  a few  modes.  To  get  a more  precise  idea  let 


us  consider  the  momentum  space  (See  Figure  1). 

0 ko 


If  is  the  siaximuffl  velocity  above  which  the  number  of 

particles  is  negligible,  ve  must  keep  all  the  wavenumbers  up  to 

. On  the  other  hand  we  know  that  the  Fourier  components 

of  the  electric  field  are  damped  above  a certain  wavenumber  k (k  is 

0 0 

tho  inverse  of  the  Debye  distance  for  a Mnxvellian  Flasnia)*  Conscq,uenC 
ly  the  ratio  of  the  correcti>e  term  to  the  Vlasov  term  is  given  by 


and  if  *./«••  10  the  corrective  terra  will  be  of  the  order  of  4 x 10 
Finally  if  we  uso  a box  of  length  L we  can  hope  that  10  wavenumbers 
will  give  already  a good  picture  of  nonlinear  interactions.  Altogethei 
this  gives  100  modes.  Of  course,  this  guess  must  be  submitted  to  a 
numerical  test.  Finally  we  isay  find  come  comfort  in  the  fact  that  quan- 
tum effects  are  also  interesting  by  themselves. 

One  important  advantage  is  that  we  do  not  have  to  decide 
how  we  will  divide  our  effort  between  the  C'  nfiguration  and  momentum 
space.  This  is  automatically  solved.  Also  sclved  is  the  problem  of  the 
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QJ_ 


convection  term  V which  in  the  Fourier  Uermite  model  was  respou- 

sible  of  the  appearance  of  higher  and  higher  Hermite  coefficient. 

A difficulty  appears  on  the  time  behaviour  of  the  small 

wavelengths  components  which  oscillate  with  the  very  high  frequency 
But  this  difficulty  appears  also  in  a classical  frame 
as  this  has  been  recently  recognized  on  the  Fourier  Hermite  model. 
Numerical  multiple-time -scale  treatment  would  help. 

Finally  the  Schroedinger  equation  must  be  considered  as  a 
new  numerical  model  in  plasma  physics.  Practical  results  are  now  neede'l 
in  order  to  test  the  exact  value  of  this  method. 

However,  there  is  a fundamental  problem  that  ve  have 
still  to  solve.  The  resolution  of  Vlasov  can  bo  replaced  by  the  reso- 
lution of  the  Schroedinger  pi'ovided  there  is  the  possibility  of  intro- 
ducing correct  initial  conditions. 

From  (4)  we  see  that^(x)  gives  f(x,  v).  But  the 
inverse  is  not  true.  Finally  ve  face  again  the  problem  of  doing  with 
the  independent  variable  x the  job  of  the  two  independent  variables 
X and  V, 


In  a certain  way  the  situation  reminds  UE  of  the  Water  Bag 
model  where  the  initial  situation  lias  a very  special  form.  However,  we 
think  that  as  soon  as  ve  go  to  the  classical  case  ve  may  synthesize 
any  initial  conditions,  at  least  in  average.  Let  us  take  an  example. 

Ve  want  to  represent  the  initial  situation  corresponding 
to  an  homogeneous  two  stream  plasma  with  velocities  - y.  Ve  feel  that 
ve  should  take 


(26) 
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Plugging  (26)  in  (4)  we  obtnin 

The  two  first  terms  of  (27)  correspond  to  the  situation 
we  wanted  to  realize  but  we  get  an  extra  third  term  which  in  fact 
oscillates  in  space  with  the  very  small  wavelength  2 m . If  1v*^0 
as  soon  as  we  average  on  a small  but  finite  distance  this  distribution 
of  particles  alternatively  "existing"  and  "antiexisting"  we  get  zero. 

But  we  seo  that  the  disappearance  of  the  unwanted  term  is  not  trivial 

and  we  forecast  difficulty  in  the  synthesis  problem. 

As  we  point  out  already  the  Radar  theoreticians  have  stu- 
died this  problem  for  the  ambiguity  function  (as  given  by  ( 5)  ).  They 
introduce  what  they  call  sophisticated  signals,  obtained  by  repeating 
a large  number  of  timesthe  same  elementary  signal.  Ve  study  the  distri- 
bution function  corresponding  to 

(28) 

m-oo 

Let  us  cull  0(k)  the  Fourior  transform  of^  (x).  Ve  intro- 
duce (28)  in  (4)  and  obtain  after  a little  algebra  : 

(29)  *=-•• 

is  a velocity  ^ = ^T/-^ 

Ve  see  that  f(x,  v)  corresponds  to  a set  of  beams  of  velo- 
cityS\^i2-*  The  stratification  of  the  velocity  field  is  not  surprising, 
(f(x)  being  a periodic  function  of  spatial  period  L.  In  fact  ve  would 
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expect  a stratification  with  a jump  equal  to  \ll  and  not  yH/l.,  (The 
Fourier  transfora  of  ^(x)  being  different  frou  zero  only  for  integer 
■ultiples  ot  yff  ),  This  is  at  this  point  that  ve  see  that  the  Vigner 
function  has  been  ebtained  by  introduction  from  ^(x)  of  a Bore  detailed 
information  (with  a controversial  physical  Beaning). 

On  the  other  hand  if  ve  integrate  f(x,  v)  as  given  by  (29) 
on  X to  get  the  velocity  distribution  ve  obtain 

‘A> 

Ve  see  (ou  30)  that  if  s ^ the  last  integral  is 
zero.  On  the  ( tier  hand  if  s is  even  ve  get  (s=  3i|) 


vhich  is  nothing  else  but  the  usual  results  of  the  theory  of  velocity 


Beasureaeut  in  quantum  mechanics.  Finals,  if  ve  take 


ve  have 


y.c 


k»-oc 


Vc  see  that  particles  will  be  located  a1  points  x = h * ; 
ve  take  into  account  this  result  to  replace  in  (29)  x byi^/t  and 
compute 

S s{-|J 

Conseqaently 


kS 


(33) 
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Eq.  (33)  (See  figure  2)  shows  a distribution  of  particles 
"existing"  and  "antiexisting"  with  well  precised  relocities  r = 5^/2, 
and  locations  x = The  uncertainty  principle  appears  in  a curious 

fom.  It  would  be  interesting  to  tiy  to  synthesize  distribution  functions 


with  no  "antiexisting"  particles  and  also  to  try  to  concentrate  on  one 


of  the  "existing"  particles  an  important  probability. 

Sophisticated  signals  as  giren  by  (28)  show  how  we  will 
build  a plasma  homogeneous  in  average  with  a given  velocity  distribu- 
tion. An  often  used  trick  will  allow  us  to  build  from  this  situation  a/i 


initial  wave.  Let  us  suppose  that  we  apply  to  this  plasma  a large  po- 
tential 0 (x)  during  a veiy  short  time  "C  such  that  0(x) t is  finite 


and  can  be  considered  as  arbitrarily  small. 

M ; i ' 1 , 1 - 1 : 1 ' i ' t 


. , 

- ^ ^ . -f- ^ ^ u ♦ . >-f - 

-0-  i-f-i 

- -0-4-1  >-4 1»-4-  o 4 o-i 


■3  -i 


"existing"  particles 
"antioxisting"  particles 


was  the  Schroedinger  function  before  the  application  of  the 
pulse,  due  to  the  smnlluess  of  f one  can  easily  obtain  for  ^ (x)  (the 
function  after  the  pulse) 


(30 


This  last  expression  corresponds  to  a f(x,  v)  given  by 
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oo 

• «ii|\  -i.vA  J A 

in  the  classical  limit  vs  have  already  pointed  out  that 
should  be  expanded  around  x 

Combining  (3S)  and  (36)  we  get  for  the  classical  limit 
as  it  should  be. 

The  applied  potential  can  be  as  strong  as  ve  like  : pro- 
vided its  duration  is  arbitrarily  short,  (34)  is  always  valid. 


VIII  - LINEARIZED  FORM  OF  THE  WIGNER  EQUATION  - QUAXTW  DIELECTRIC 
CONSTANT 

In  the  linear  treatment  of  the  Vigner  equation  ve  suppose 
that  the  distribution  function  f(x,  t,  t)  = fi[v)  f fj(x,  v,  t)  where  f^ 
(and  also  the  self  consistent  potectiai  |f  associated  to  f ^ ) are  consi- 
dered as  small  perturbations.  It  nust  be  pointed  out  that  because  of 
the  nonlinear  relation  connecting^^  and  f,  it  is  impossible  to  consi- 
der the  strictly  equivalent  problem  in  the  Sebroedinger  formalism  where 
the  interaction  between  thermal  and  collective  effects  is  taken  into 
account  through  interactions  between  the  different  ^^^(The  only  excep- 
tion is  the  cold  plasma  case  with  "$^t{-»-^,and  F(v)s^lv) 

The  linearized  form  of  the  Vignor  equation  is  now  written 
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(„.i  ‘ ''It 

. F(v’J  Ja  <iv'=  O 


Ve  t«k«  into  account 


(38)  4^*)  ’ 

We  Fourier  analyse  (37).  Ve  get 

(39)  ^ - i-Avf,  4^ 

^(i)  fC^'jJA  ^*''^0 

(39)  is  integrated  first  on  A vhich  brings  the  Dirac 
functionsJ(v-w'4^^  and 

The  Y integration  becooes  trivial.  Taking  into  account 
E(k)  s ikjll(k),  (39)  becomes  : 

« V f . E f » ,t)  . o 

To  obtain  the  classical  limit  ve  take  the  first  tens  of  the  k expansion 
of  F ( V 1 ^ ^ 

4"'  §)  - — a. 

The  Laplace  transform  on  time  is  introduced  in  (40)  and 
f^  and  the  density  are  computed.  Completing  with  the  Poisson  equation 
the  dielectric  constant  is  easily  obtained.  The  dispersion  equation 
takes  the  fom  (ve  call  s = ioo  the  Laplace  rariabK) 

,.„€(4..)»  I.  J,..  O 

*»  ”>»  ii  srt  reintroduced  and  if  - 4T  UC^/tn 
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(41 ) takas  the  form 


II  - SUTIOKAHI  SOLOTIONS  OF  THE  VIGNER  EQUATION 

Taking a.  0 gives  the  stationary  solutions  of  the 
Vigner  aquation  (21).  Lat  us  show  that  these  solutions  correspond  to 
the  stationary  solution  of  the  Sehroedinger  equation  defined  by 

(«)  H = E $ 

(43)  can  be  written 

Introducing  (44)  in  (20)  we  compute  the  term  A f in  the 
Vigner  equation  A\  t 


Vigner  equation  h\  ^ ^ 

({'  - ^ H) 

In  (45)  the  first  and  third  lorm  in  u cancel.  We 
compare  with  (15).  I^  f is  solution  of  (13)  then,  indeed  : 

y,  ^ Af.O 

Finally  wc  notice  the  interesting  case  of  the  harmonic 
oscillator  with^=  (1/2)  Kx^ 

E =.  - = - K'  X 

dx 

(46)  ^ ^ 
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Feix 


Consequently  for  the  harmonic  oscillator  the  Vigner  equa- 
tion is  strictly  identical  to  the  classical  equation.  This  is  also  true 
for  uniform  and  uniformly  accelerated  motions. 

Consequently  for  the  harmonic  oscillator  the  solutions  are 
function  only  of  the  energy  E = (1/2)  + (K/2)  x^ 

#(x,  ▼)  = F(l/2  + K/2x^) 

Ve  compute  the  distribution  f(x,  y)  for  the  tvo  first 
eigen  functions  of  the  Schroedinger  eqtuitions  for  the  harmonic  oscilla- 
tor. We  take  the  cnergy'JifOsii^^ equal  to  unity.  We  get  for  the  first 
eigenfunction 


(47) 


O 1/3, 


In  this  case  f is  positire  for  all  value  of  x and  v.  For 
the  iiecond  eigenfunction 


>»  a I 


(48) 


=U/'n’) 


It  should  be  noticed  that  the  element  dx  dv  of  the  phase  space  can  be 
witter  2T  <tf  where  f 

Taking  into  account  E = (1/2)  (t^  + x^)  we  see  that  Pdf=  dE  and 
dx  dT — ^ 21Td£  (the  integration  on  E being  carried  from  0 to  infinil'). 
It  can  be  checked  that  (47)  and  (18)  fulfill  the  two  relations. 

J|  ^ dwdv  t J ^ ^ 
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